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ABSTRACT

An approach for generating dependent random variates
with specified marginal distributions and measure of
correlation 1s developed based upon an analogy between
correlation and force. We first examine the mathematical
transformation 1mplied by this analogy and attempt to
construct a general algorithm for generating varates that
have the desired properties. We then examine the limita-
tions of this approach, noting some potentially surprising
distributional consequences associated with linear combina-
tions of random variables. We conclude with the develop-
ment of an algorithm for generating correlated Uniform(0,1)
random variates with (approximately) a specified product-
moment correlation

1 INTRODUCTION

An important issue in simulation concerns the genera-
tion of correlated random variates. Most existing methods
generally assume that the joint or conditional distributions
of the variates can be completely specified. [For some good
summaries of methods, see Johnson, Wang, and Ramberg
(1984), Devroye (1986), or Johnson (1987)]. In many
practical situations, however, such complete information
may not be known Methods particularly designed for such
contexts are relatively scarce, with the notable exception of
Johnson and Tenenbein (1981). Other relevant works
include Plackett (1963), Kimeldorf and Sampson (1975a),
and Ali, Mikhail, and Haq (1978)

In this paper, we consider the general problem of
generating a pair of simulated values (x,y) from the joint
distribution of two random variables X and Y when only the
marginal distributions of X and Y and a measure of the
correlation between them are known In particular, we
assume that the dependence between the two vanates is
measured by the product-moment correlation coefficient

p = 0,y/0,0,
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where o, denotes the covariance between X and Y defined
by

0y = El(X - (Y - ppl

and where py. py., oy, and o, denote the means and
standard dewviations of X and Y respectively.

If X and Y are independent, then p = 0 and we can
produce the desired point by independently generating x
from the marginal distribution of X and y from the marginal
distribution of Y. If X and Y are dependent, this method is
inadequate since it obviously does not account for the
correlation between them. We will account for this depen-
dence by first considering an analogy between correlation
and force that was introduced to the authors by Huang
(1986) who provides a unique view of the analogy from the
perspective of computer-graphics windows.

2 CORRELATION AND FORCE

Correlation i1s a measure of the degree of dependence
between two random vanables. Thus, if X and Y are
positively correlated, then large (small) values of X tend to
be associated with large (small) values of Y, and vice-versa.
Although a cause-and-effect relationship may not actually
exist between the variables, 1t is intuitively appealing to
envision, however, that the value of one random variable
influences (or exerts a force upon) the value of the other

We thus consider accounting for the dependence
between X and Y by first generating x and y as if they were
independent and then "repositioning" v to account for the
"force" on y exerted by the particular value of x. Although
this may seem rather novel, the idea 1s not new. Indeed, a
similar 1dea applies in the general random vanate generation
technique known as "conditional sampling" wherein the
influence of the particular value of x on y 1s accounted for
by first generating x from its marginal distribution and then
generating y from the conditional distribution of Y given x

Assume now, for clarity of presentation, that X and Y
are positively correlated and that values x, and v, have been
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obtained independently from the marginal distributions of
and Y, respectively. In order to induce the desired correla-
tion, consider exerting a force F, proportional to the distance
between x, and its mean py;, on the point (x,.y,) parallel to
the y-axis, as shown in Figure |.
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Figure 1 Influence of Force on (x,, y).

The result of this force is to reposition the point (x,,y,)
to (Xyy;) wWhere y, =y, + F. Using the point (u..y,) as
reference, we can relate the direction and magnitude of the
force F to the angle 6 (shown in Figure 1) via

F - tan(8)(x, - k-

This repositioning of y, is equivalent to transforming the
random variable Y into a new random variable Y, via

Y=F+Y-tan(®)X-p)-+7Y.
2.1 Properties of the Transformed Variate Y,

Since this last equation implicitly defines Y, as a linear
function of X and Y, it can be immediately established that
(i) the mean of Y, is the same as that of Y (i.e., R ),
(11) its variance is

2 2 2 2
Oy = Oy + tan“(8) oy,

and (iii) its correlation with X is

o, tan(0)o,.
Pyy, - tan(®)—= - .

o, \/ozy + tan’(B)oi,

If we next select ® so that this correlation is equal to the
value of p desired. i.e., so that p,; = p, we find that
1

tan(@) - —L—| 1

/1 ~ pZ OX

Choosing 6 in this manner thus produces a variate Y, with
the same mean as Y and the desired correlation with X but,
unfortunately withour the same variance as Y. To overcome
this, we transform Y, into a new random variate Y, via

o] O,
Y ¥

Y2 = —o Yl + 1 - _o ,JY.
¥, Y,

By doing so, we produce a random vartate Y, that has, by
construction, the same mean and variance as Y and also has
correlation p with X. The overall transformation of Y into
Y, can be simplified to obtain:

Yz=%X*\/l'sz-i?—u'—Y+(l'Vl-Pz)Pr
X x

2.2 Properties of the Transformed Variate Y,

Although the preceding transformation produces a
variate that has the desired correlation with X and the same
mean and variance as Y, Y, can not, in general, be expected
to have the same marginal distribution as Y. One exception,
however, occurs when X and Y are both normally distrib-
uted. Then (as a consequence of the reproductive property
of the normal) Y, will also be normally distributed with the
same mean and variance as Y. Indeed, in this case, the
approach we have developed leads to a standard method for
generating correlated normal random variates.

Unfortunately, such a reproductive property does not
apply in general to non-normal distributions. For example,
suppose X and Y are two independent, Uniform(0,1)
random vanables. Then, the marginal probability density
unction (PDF) of Y, depends on p and has a decidedly non-
uniform shape, as evidenced by the examples in Figure 2.
These vividly demonstrate that the marginal distribution of
Y, is not Uniform(0,1) nor is its range the [0,1] interval.

l ==== RHO = 0.0 == RHO = 0.40 = RHO = 0.60 —— RHO = 0.707

Figure 2 PDF's of Y, as a Function of p
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3 GENERATING CORRELATED UNIFORMS

We have seen that the transformation developed thus
far only preserves the mean and variance of Y and its
correlation with X but not its marginal distribution. Hence,
it does not directly yield a viable method for generating
random vanates with specified marginals and product-
moment correlation (unless, of course, we are clever
enough to determine the marginal distribution of Y that
would produce the desired marginal distribution for Y,).

We thus retreat from this general objective and consider
refining the approach to produce bivariate Uniform(0,1)
random variates. Our rationale is that, if we can produce
two Uniform(0,1)'s with the desired correlation, then we
should, by transforming these Unifori(0,1)'s appropriately,
be able to produce variates with other distributions and
approximately the same correlation. Such an approach has
been used by a number of other authors including Barett
(1980), Devroye (1986), Johnson, Wang and Ramberg
(1984) and Kimeldorf and Sampson (1975a, 1975b).

[Whether or not the resulting variates will have exactly
the same correlation as the bivanate Uniform(0,1)'s will
depend, in general, (i) on the type of transformation applied
and (i1) the measure of correlation used. For a more rigor-
ous discussion which treats altemate measures of correlation
and transformations under which these measures of correla-
tion are invariant, see Cheng (1991).]

Now, in the preceding section, we produced a random
variate, Y. that has correlation p with X but does not have
the desired marginal distribution. To now produce a variate
with a Uniform(0,1) distribution, recall that, if Y is a
random variable with cumulative distribution function
(CDF) F whose inverse F! exists, then the transformation
U = F(Y) yields a random variable U that is Uniform(0,1).
Thus, we transform Y, into a new variate Y via

Y, - F, (1),

where Fy:(y) denotes the inverse CDF of Y, (the derivation
of this is omitted here).

By construction, then, the transformed variate Y, has a
Uniform(0, 1) distribution but, on the other hand, this variate
can not be expected to have correlation p with X, as did Y.
However, it turns out that correlation between X and Y, can
be expressed as the following function of p:

2
P - 3p " Osps—l—,
1-p2 1001 -p?) V2
Par, 2 232
1-"9*(]_91), — <ps L
2p* 5p° V2

A plot of this correlation as a function of the desired
correlation p is provided in Figure 3, which clearly demon-

strates that Py, = P- If one does not consider this approx-
imation to be sufficiently close, then the preceding relation
can be used to determine (approximately) the value of p
which would produce the value of Py, desired.
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Figure 3 Correlation of X and Y, as a Function of p

3.1 An Algorithm

The preceding results can be summarized as an
algorithm for generating correlated Uniform(0,1) random
variates with specified product-moment correlation p* > 0.
[If negatively correlated variates are desired (i.e., if p* < 0),
first generate X and Y, with correlation |p*| > 0 and then
retumn U, =X and U, =1 - Y, as the desired vaniates.]

Step 0: (Optional) Use the preceding equation to find the
value of p to yield the desired correlation p *.

Step 1 Set A= p,
B-y1-(p),

C-i-p-VI- (D

Step 2: Generate two independent Uniform(0.1) random
numbers X and Y and let

and

Y,-AX . BY . C

Step3:1f 0 < p* < 1/y/2, then set

M_ ifCe<Y¥,<A4.C,
24B B
-4/y-C
Y, - XLLEQ__, fA+C<Y,<B.C,
A+B+C-Y)
1_£_—zﬁril,#B~CsﬁsB+CsA¢B*C
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otherwise.1e . 1f 1/y2 < p* < 1) set

Y,-C)? ,
g if C-Y, <B.C,
24B
Y,-(B/2)-C
Y, - —2—(—4'—, B CcY,-A.C,

(A+B.C-Y)

L AC- Y, BiC=A B C
248 ‘

Step 4 Return U, - N and U, - Y, as the desired vanates
3.2 A Final Observation

The algorithm we have produced 1s similar to one
developed by Johnson and Tenenbem (1981) who consid-
ered using weighted linear combinations of independent
random variates to produce correlated random variates. In
particular, they proposed generating independent variates U
and V from a specified "underlying distribution” and
transforming these into a pair of dependent variables via

U - u
and
e cd « (1 - o)V

It can be shown [Cheng (1991)] that our algonthm is
equivalent to Johnson and Tenenbein's with a Uniform(0, 1)
"underlying distnbution” and A=candB=1-¢

4 CONCLUDING REMARKS

Our purpose has been to explore the implications of
using the correlation/force analogy n the development of
procedures for generating correlated random vanates
Although this approach does not produce a general method
for generating random vanables with specified marginals
and correlation, it does lead to a viable approach for generat-
ing correlated Uniform(0,1) random numbers and helps to
establish a more mtuitive perspective on the problem
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