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ABSTRACT

A Frequency Domain simulation Experiment (FDE)
is a discrete-event simulation experiment in which se-
lected system parameters are oscillated sinusoidally
to induce oscillations in one or more system re-
sponse statistics of interest. A spectral (Fourier)
analysis of these induced oscillations is then per-
formed to gain valuable information about the sys-
tem. FDEs are based upon an intuitive frequency-
invariance assumption—if a particular system re-
sponse statistic is sensitive to a system parameter,
then sinusoidal variation of that system parameter at
a fixed frequency will induce similar sinusoidal vari-
ations in the system response statistics, at the same
frequency. In this paper we provide some theoret-
ical and experimental support for this FDE model
assumption as it applies to a non-stationary M/G/1
queue with sinusoidally varying arrival rate and fixed
service rate. Specifically an analytical expression for
the departure rate (system frequency response) is pro-
vided which verifies frequency invariance and quanti-
fies the extent to which the induced sinusoidal varia-
tion is amplitude modulated and phase shifted rela-
tive to the arrival rate.

Traditionally, the frequency response of a system
is represented by two plots—amplitude versus fre-
quency and phase angle versus frequency—together
known as a Bode plot. Although Bode plots are com-
monly used to characterize the behavior of linear sys-
tems, never before have they been used to character-
ize a nonstationary M/G/1 queue. In this paper an
FDE method to generate Bode plots for a nonstation-
ary M/G/1 queue with sinusoidally varying arrival
rate and fixed service rate is presented. The FDE-
generated Bode plots are compared with the analyt-
ical frequency response expression. In this way we
demonstrate that a nonstationary M/G/1 queue is
characterized as a low-pass filter.
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1 INTRODUCTION

FDE’s were introduced to discrete event simulation
in 1981 by Schruben, et al. (Schruben and Cogliano
1981). Frequency Domain Experiments (FDEs) were
first used in discrete-event simulation to perform sys-
tem parameter sensitivity analysis for factor screen-
ing in stochastic system simulations. Since their in-
troduction 13 years ago, significant work has been
done to extend the applicability of FDEs to regression
analysis (Sanchez and Buss 1987), (Sargent, Som and
Schruben 1987), to simulation optimization (Morrice
and Schruben 1989), (Schruben 1986) and gradient
estimation (Jacobson 1990).

FDEs are based on an intuitive “w-in/w-out” or
frequency-invariance model assumption—if a partic-
ular system response statistic is sensitive to a system
parameter, then sinusoidal variation of that system
parameter at a fixed frequency will induce similar si-
nusoidal variations in the response statistic, at the
same frequency. Spectral (Fourier) analysis of these
induced oscillations is then used to characterize and
analyze the system. There is, however, a lack of theo-
retical support for this linear-system-type FDE model
assumption. In section 2 some of that theoretical
support is provided—an equation is presented which
accurately characterizes the extent to which the de-
parture rate from a M/G/1 queuing system can be
modeled as an amplitude-modulated, phase-shifted
version of the oscillated arrival rate. This equation
defines the frequency response of the system.

Traditionally, the frequency response of a system
is represented by two plots—amplitude versus fre-
quency and phase angle versus frequency—together
known as a Bode plot. Although Bode plots are com-
monly used to characterize the behavior of linear sys-
tems, they have not been used to characterize a non-
stationary M/G/1 queue. In section 3, a method
of generating Bode plots using the FDE Histogram
method (Mitra and Park 1991) is discussed. The
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Bode plots generated in this way are compared with
the analytical expression for the frequency response.
The comparison indicates that the analytical expres-
sion for the frequency response of a nonstationary
M/G/1 queue given in section 2 matches the simu-
lation results, provided the queue does not saturate.
The Bode plots support the characterization of a non-
stationary M/G/1 queue as a low-pass filter.

2 FREQUENCY RESPONSE OF THE
M/G/1 QUEUE

In this section we provide some mathematical support
for the “w-in/w-out” or frequency-invariance FDE
model assumption as it applies to a M/G/1 queue
with sinusoidally varying arrival rate

A(t) = Ao + acos(27wt) (1)

and fixed service rate p. In this equation Ag is the
nominal arrival rate, a is the amplitude of oscillation,
w 1s the frequency of oscillation and t is the simula-
tion clock time. The corresponding departure rate (as
given by Cohen (Cohen 1969)) from such a system is

& = u(1- ), (2)

where Py(t) is the probability of a free server at time
t.

Because the queue is nonstationary, an exact ana-
lytical expression for Py(t) does not exist. However,
in (Hazra 1993) an approzimate expression for Py(t)
was established for the case when the maximum am-
plitude of oscillation of A(t) is less than p; i.e., when
Ao + a < p. That is, in this case

Po(t) = <1—’\_°)_3 1

—_— X
[ B 1+ (w/we)?
cos(2nwt — tan~!(w/w,)) (3)
where ) \
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We="oxy T on (4)
and pp = Ag/p is the average system utilization.

This approximate expression was established for an
M/M/1 queue; a large amount of experimental study
(as discussed in the next section) verified that the ex-
pression is valid in the more general context of an
M/G/1 queue. Moreover, this expression is consis-
tent with recently published light-traffic results for
the M/G /oo queue (Eick, Massey and Whitt 1993).

An equation for the departure rate can then be
obtained by substituting equation (3) in equation (2)

to yield

cos(2mwt — tan™ ! (w/we))

\ﬁ"' (w/we)?

provided Ao + @ < p. Equation (5) validates
the frequency-invariance FDE assumption by demon-
strating that, provided the maximum amplitude of
oscillation of the arrival rate is less than the service
rate, the departure rate is an amplitude modulated,
phase-shifted version of the arrival rate. In that sense,
the nonstationary M/G/1 queue behaves as a linear
system.

A linear system is characterized by its frequency
response or, equivalently, its frequency transfer func-
tion (Liu and Liu 1975). In this case, the M/G/1
queue frequency response, H(w), is the ratio of the
variational part of the departure rate to the varia-

tional part of the arrival rate, as a function of w.
That is,

€(t) =X +a (5)

eitan” Ywlwe)

e ®)
V14 (w/we)
where w, is given by equation (4).

Figure (1) is a plot of the amplitude, |H (w)|, versus
w and the phase, ZH(w), versus w—a system Bode

plot for two different values of average utilization.
The Bode plots illustrate two things.

H(w) =

o Low frequencies are passed unaltered by the sys-
tem, but high frequencies are filtered out; i.e.,
the M/G/1 queue behaves as a low-pass fil-
ter. Traditional FDE practitioners had intu-
itively recognized this low-pass filter characteris-
tic and had therefore selected driving frequencies
at the low end of the frequency spectrum. The
Bode plots provide analytical and visual support

for the low-pass filter characterization of the sys-
tem.

¢ The system’s pass band decreases with an in-
crease in the average utilization of the system.
This can be explained using equations (6) and
(4). From equation (4) it follows that as the av-
erage utilization pg increases, w, decreases (since
po < 1). Equation (6) indicates that when w, de-
creases, |H(w)| decreases, thereby resulting in a
smaller pass band for higher po.

3 GENERATING BODE PLOTS USING
THE FDE HISTOGRAM METHOD

Bode 'plots for the M/G/1 queue can also be obtained
experimentally by performing a FDE. In this paper
the FDE Histogram method proposed by Mitra et. al
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Figure 1: Bode plots for the frequency response of a
M/G/1 queue using analytical results.

(Mitra and Park 1991) and Hazra (Hazra 93) is used
to perform the FDEs. As in the previous section,
jobs arrive as a non-stationary Poisson process, with
an arrival rate

A(t) = Ao + acos(2mwt) (7

where )g is the nominal value, o is the amplitude of
oscillation and w is the frequency of oscillation and ¢
is the simulation clock time. The thinning method is
used to simulate the arrival process. A fixed service
rate p is used with Ao + a < p.

The FDE output is a response sequence of obser-
vations corresponding to the departure rate from the
system. For each value of w of interest, the FDE
Histogram method is used to build histograms of the
number of arrivals to and the number of departures
from the system. For each replication, the values of
Ao, @ and p are unaltered. After a selected number of
replications, S, an arrival rate sequence is estimated
by dividing the number of events in each bin of the
arrival histogram by S and the bin width. Similarly,
a departure rate sequence is estimated by dividing
each bin of the departure histogram by S and the
histogram bin width. The discrete Fourier transform
(DFT) of the arrival rate sequence and departure rate
sequence are then calculated to give the arrival spec-
trum and the departure spectrum respectively. The
ratio of the magnitude of the departure spectrum to
that of the arrival spectrum gives |H(w)| while the
difference between their phase angles give ZH(w).

Bode plots obtained by using the FDE Histogram
method for different values of utilization are com-
pared with those given by the frequency response
(equation (6)); figure (2) shows the amplitude plots
and 3 the phase plots for different values of Ag/p =
0.1, 0.3, 0.5, 0.7, with @ = 0.1 and XAy = 1.0. The
figures indicate that the analytical solution for | H (w)|
given by equation (6) matches the simulation results
even for high average utilization, while the analyti-
cal solution for £ H(w) matches the simulation results
only for small utilization and w. This is not a major
problem, however, since, in FDEs all the important
system information is obtained from the amplitude of
the response. Like the Bode plots generated by using
the analytical solution for H(w), the Bode plots gen-
erated by using the FDE Histogram method confirms
two things.

e The nonstationary M/G/1 queue behaves as a
low-pass filter, provided the maximum amplitude
of oscillation of the arrival rate is less than the
service rate.

o The system’s pass band decreases with increase
in the average system utilization.
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Figure 2: Amplitude plots for the frequency response
of a M/G/1 queue comparing simulated and analyt-

ical results.
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Figure 3: Phase plots for the frequency response of

a M/G/1 queue comparing simulated and analytical
results.
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4 CONCLUSIONS

In this paper we have provided some theoretical and
experimental support for the “w-in/w-out” frequency-
invariance FDE assumption for a non-stationary
M/G/1 queue with sinusoidally varying arrival rate
and fixed service rate. Specifically an analytical ex-
pression for the frequency response of such a queue
was presented. This expression for the frequency re-
sponse was used to generate system Bode plots. An
experimental method of using FDEs to generate Bode
plots was also discussed. The experimentally gener-
ated Bode plots and the analytical expression for the
system frequency response were compared.
Traditionally, Bode plots have been used for char-
acterizing the behavior of linear systems. To the best
of our knowledge never before have Bode plots been
used to characterize a M/G/1 queue. The practi-
cal significance of this is fairly profound—it opens
up avenues of FDE-based (Bode plot) modeling and
(Fourier) analysis of such systems common in a wide
variety of applications including communication net-
works and distributed systems. Analysis tools for
such systems today are limited and the potential for
FDE-based (Bode plot) analysis is tremendous.
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