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ABSTRACT

Approximation techniques are devcloped to evaluate
the performance of symmetric fork-join synchroni-
zation dclays for K M/G)] qucucs. Tor a scrver
utilization p, thc mean response time for fork-join
requests is expressed as the sum of the mean re-
sponse time at one of the queucs and the mean syn-
chronization delay as  follows: REM(p) =
R (p) -+ Frax(p)oi(p), where Iy is obtaine d from the
previous equation at p =0 (since ﬂk(ﬂ) = 1). Ri(p)
and o(p) are the mean and the standard deviation
of response time at any one of the qucucs, respec-
tively, and ag(p) is a low-degrec service-time distrib-
ution dependent polynomial in p, whose cocflicients
are determined from simulation results. We also use
simulation results to show that when fork-join re-
quests share the servers with local requests, a good
approximation (and an upper bound) 1o the fork-
join response time is obtained by treating the com-
ponents of fork-join response time as independent,
e., the mean fork-join response timc can be ap-
proximated by the expected value of the maximum
of the response times at the K qucues.

1 INTRODUCTION
We consider a fork-join queueing system where an
arrival gencrates K requests for the K servers of the
system. The fork-join responsc time is then defer-
mined by the completion of all requesis generated
by the arrival. Note that this response time denoted
by REM(p) at server utilization p is different from the
maximum of K independent response times (denoted
by R®*(p)), which is in fact an upper bound o the
mean fork-join response time as shown by Nelson
and Tantawi (1988).

The present study was motivated by the need to
analyze the performance of disk arrays operating in
degraded mode by Thomasian and Mcnon (1994),
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where an access to the failed disk requires accesscs
to corresponding blocks on all surviving disks to re-
create the data block being accessed. Next we dis-
cuss the two papers on fork-join synchronization,
which are most dircctly related to this study.

A system with Poisson arrivals and exponential
scrvice times is considered by Nelson and Tantawi
(198R). A scaling approximation is introduced based
on the obscrvation that both the lower and upper
bounds of RE(p) grow at the same rate as a function
of K. This observation leads to the expression
REP(p) =Sk(p)Ra(p), where Sx(p) =
a(p) + (1 — a(p) /1>, with [p=3K_ 1/k and
Ri(p) = (1.5=p[R)Ri(p). The coefficients of the
polynomial x(p) arc estimated using simulation re-
sults as o(p)~4p/11, leading for K> 2 to

Hy
REM(p )—-[——~—+— (1 -+ T, 1Ry p). (1.1)

More rceently, an inferpolation approximation
between light and heavy traffic is infroduced by
Varma and Makowski (1994) for fork-join qucucing
systems with general inter-arrival and service times.
The light traffic approximation is based on comput-
ing the mcan fork-join response time and its deriva-
tive, the Iatter of which is especially involved. The
heavy traffic approximation is based on solving an
instance of the problem for K = 2 and an agrecment
between the light traffic derivative and the heavy
traflic limit.  While the proposed heuristic approxi-
mations arc shown to be acceptably accurate
(through validation against simulation results), the
approximate solution method proposed in this paper
is also of interest duc to the following reasons:

I. Tt is based on fewer approximations and re-
quires less sophisticated  analytic  techniques,
which makes the methodology accessible to a
wider range of performance modeling practi-
tioners,
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2. Tt can be applied to any scrvice time distrib-
ution, while analytic expressions for service dis-
tribution time specific parameters are required
by the other methed, which is the reason that it
has been applied only to the cxponential,
Frlang-2, and hyperexponential distributions.

3. Our method works best for larger valucs of K,
while the error introduced by thc other method
tends to increase with K (a maximum value of
K =15 is considered in this study).

4. 'The method described in this paper is similar in
naturc to Neslon and Tantawi (198R) and re-
quires initial simulations, while the other
method does not.

We consider a fork-join queueing system with K
servers, Poisson arrivals (with parameter 1) and
general service times with PDI" B(¢), > 0. The ith
moment (resp. variance) of service time is denoted
by b (resp. o%). The moments of responsc time at
individual queues are that of an Af/G// queucing
system with the mean (resp. standard deviation) de-
noted by Ri(p) (resp. ai(p)), where p = Ab is the
utilization of each server. 1hc coefficient of vari-
ation of response time is ¢z = (r.(p)/R (p)-

In Section 2 we propose a mcthodology which
uses the cxpression RE(p) = Ri(p) + I'xax(p)ei(p)
as a starting point, with Iy = (bp™ — by)/e 5, where
bp* is the expected value of the maximum of K ser-
vice times given as hp™ = f"’[l — B"(l)]dl (note that
B"'(l) is the distribution for the maximum of K ser-
vice times). Given that Ri(p) and &,(p) can be dec-
rived analytically, we use simulation to obtain an
adequate number of data points for Rf/’(p), which
are then used to obtain ag(p) by using surface-fitting.
Given ok(p) the above equation can bc used to
compute I'F7(p) at a very low cost.

Next in Section 3 we consider fork-join qucucing
systems with balanced interfering traffic, i.c., local
requests with equal arrival rates at the servers.
Conclusions appear in Section 4.

2 AN APPROXIMATION FOR FORK-JOIN
RESPONSE TIMES

Before considering gencral service times, we first
consider the Markovian qucucing system by Nelson
and Tantawi (1988) with Poisson arrivals and expo-
nential scrvice times. [iq. (1.1) in Section 1 can be
rewritten as:

591 — 1) — 13

(0) = Ry(p) + [HK Ny

r/z

e — 1.5
n Lﬁ_ pz]a, ) (2.1

Note that a(p) = Ri(p) since the individual queucs
are M/M/1 and that //x denotes the expansion factor
for the response time due to synchronization delays
at p =0. The synchronization delay in this casc
normalized by (I1x — Dei(p) 1s

RE(p) — Ry(p)

o 2.
Klp) = (HK— Dey(p) 22
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In Tigure 2.1 we plot ax(p) versus p for
K=2,510,and 15 (the four cases considercd by
Varma and Makowski (1994)) and
K = 32,48, and 64 (new simulation results showed
that I’q. (1.1) estimates the mean fork-join response
time for K > 32 very accurately as well). In fact, the
“lettered dots” connecting the graphs are the mid-
points of confidence intervals with a width of 1% at
95% confidence level (slightly wider at the highest
utilization for K > 32 to limit the simulation time).
Note that ax(p) decreases with increasing p, which
means that the normalized synchronization delay
decreases with increasing p (this is not generally
true). In addition the graphs are linear in K becom-
ing less distinguishable as K incrcases until a limiting
slope is reached. This is also true for the other dis-
tributions considered in this study. This is attribut-
able to the fact that the increase in the
synchronization delay is just reflected by Fx and that
ax(p) has a negligible additional effect for small in-
crements in K when K is already large.

We next propose the following expression for
REM(p) for a general service time distribution

R (p) = Ry(p) + Fgo\(p)o(p) (23

This equation is motivated by scveral approxi-
mations and upper bounds of similar form discussed
in Chapter 4 by David (1981). Given that 1# denotes
thc mecan waiting time in cach qucue, then
Ri(p) = by + W with W = 1h,/(2(1 — p)) and o¥(p) =
ok + ot + 2Wh with afy = 172+ 1h/(3(1 — p)) (sce
Takagi (1991)). Ik captures the increasc in response
time at p = 0 and is conscquently given as

bmax _ b]

I‘K g
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Note that I’y = /g — 1 in the casc of the exponcntlal
distribution and Fy = y\/—( In(K) — 1)/n in the casc



Solutions for M/G/1 Fork/Join Synchronization 363

of the extreme value distribution (scc e.g., Johnson
and Kotz (1970)). where y =0.57722 is Fuler’s
constant. Given Iy we have

R () = Ry (p)
Fgo(p)

In the case of the exponential service times, the
distribution of response time at individual scrvers is
also  exponential  a)(p) = Ri(p), such that
Rp™(p) = HxRi(p). Since it is shown by Neslon and
Tantawi (1999) that

REM (0) < RE™(p) = HyRy(p).

it follows that ax(p) < 1. For K= 2 we simply havc
axp) =1— p/4. If we ignore the non-lincar term in
Fq. (2.2) (or equivalently postulate that ax(p) is lin-
ear for K> 2 ) then it is observed that the absolute
value of the slope of the line increases with increasing
K. In fact this behavior was obscrved for all other
distributions considered in this study. It can be ob-
served from Figures 2.1-2.4 that «x(p) attains a value
smaller than one as p — 1 and K — on, which is ob-
served to get smaller as ¢, decreascs. Tor fixed ser-
vice times Fx = | and ak(p) =0 for p > 0.

In the case of the exponential distribution and
other distributions with a small coefficient of vari-
ation it can be observed from Figures 2.1, 2.2, and
2.4 that ax(p) decreases with increasing p. This be-
havior is not consistent, however, and is violated in
the case of hyperexponential distributions with high
variability (see Figure 2.3).

We next test the suitability of Fq. (2.3) in esti-
mating RE’(p) for the various distributions consid-
ered by Varma and Makowski (1994) and one
additional distribution (b, = 1 in all cases). Bp™ re-
quired for computing /x can be computed easily
from Bp* —f""[l — BX¥(0)]dt for some distributions
such as exponentlal Frlang, and hypercxponential
distributions. Numerical integration tcchniques arc
required in other cases, while simulation can be used
alternatively to estimate R§”/ with 2 — 0. The values
of RE(p) used in this study are bascd on simulation
results given by Varma and Makowski (1994) and
provided by our own simulator.

Figure 2.2 shows ak(p) versus p for the lrlang-2
distribution with o5 = ]/\/2 bp™ is given by Varma
and Makowski (1994)

agl(p) = (2.5)

n

K
SO (3 S (A R

n=1 m=1

fence I"K=,J2_ (hp — 1). Trends previously ob-
served for the exponential distribution also hold in
this case, e.g., ax(p) decreascs with p and K but the
graphs become indistinguishable as K increases.

The graphs for the hyperexponential distribution
B)y=1—(pe "' —ppe ), 1 >0, with 0<p <1,
p=1—p and pu, # p,, considered by Varma and
Makowski (1994) appear in Figure 2.3. The com-
putations are simplified for py/j; = popa = 0.5, which
implies g1, + pu, = 2 for b, = 1. The following param-
eter settings are used with p=0.1, pp=19,
p = 0.05, and p, = 0.95. The variance of service time
is 6y =2/(upu) — 1 =41.10 and cz=6.4. bp>™ is
given by Varma and Makowski (1994):

max Z (

n=1

m n—m

n + 1 n P ,,,
Z <m) muy + (n— m);: 7

from which Fx follows. In contrast to previous
cases, ax(p) increases initially with p and this in-
crease is the highest for K= 2, i.e., the variability in
service times has the most effect for smaller values
of K. After achieving a maximum ag(p) decreases
with p and for increasing values of K the maximum
is attained at smaller values of p, until the graphs
become almost linear.

We also consider a second hyperexponential dis-
tribution with less variability with the following pa-
rameters y = 0.5, up = 1.5, py =0.25, and p,=0.75
yielding by =1, o3 =1.67, and cp=1.3. Tt can be
observed from [Figure 2.4 that the corresponding
values of ax(p) in this case are much smaller than
thosc for the previous hyperexponential distribution
and that they attain a linear form in p for much
smaller values of K than in I'igure 2.3.

We carried out the following experiments to ob-
tain ax(p) for the forementioned distributions. We
first plotted ax(p) (given by Iq. (2.5)) for a set of
values for K versus 0<p <0.9. We then used
surface-fitting to derive the function ax(p).

In the case of the exponential service time distrib-
ution, referring back to Tiigure 2.1, ax(p) can obvi-
ously be cxpressed quite accurately as a linear
function. The surface-fitting operation of the AGSS
package developed at IBM Rescarch (sce e.g., .anc
and Welch (1987)) yiclded scveral functions of which
ax(p)=1-(a— b/K)p with a=0.409 and b= 0.310
turned out to be the most simple satisfactory fit.
Note that for larger values of K ax(p)~1 —ap and
since I’y increases very slowly with K, the values of
Rp™(p) become indistinguishable as K is gradually
increased. It follows that lim RP>(p) =~R(p)
+ (In(K) + y — 1)(1 — ap)ai(p) With a = 0.409.
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Figures 2.1-4. The function ax(p) versus server utilization (p) for varying num-
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midpoint of a 95% confidence interval with a 1% width obtained by simulation
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In the case of the two hyperexponential distrib-
utions a limited degrec of experimentation with
surface-fitting yielded

2 log,K

ag(p) =1+ ap + bp” — p(c+ dp) Kto (2.8)
Note that lim ax(p) = 1 + ap + bp% The cocflicients
for the fifS{"and second hypercxponential distrib-

utions are respectively:

a=—(0.5783, b= —0.1395, c=—4.3110,
d=1.4629, and e = 0.4068;
a=(.08879, b= —0.4902, c=59.0712,

d=—12.3882, and e = 596.4158.

It turns out the above function is also a good fit for
the Lirlang distribution in which case surface-fitting
yielded: a=—0.4404, b=0.0317, c=5.6817,
d=—4.1722, and e = 172.7550.

Tigures 2.1-2.4 are plots of the function ax(p)
versus p for different values of K for the four dis-
tributions (the lcttered dots arc simulation results).
In Figures 2.5-2.8 we have plotted the relative crror
(with respect to the value obtained by simulation) in
estimating ax(p) through the surface-fitting process.
This is tantamount to a smaller error in RE/'(p), cs-
pecially when the coefficient of variation of response
time (cg) is small. It is observed from the graphs that
the relative error is in the range of few percentage
points in all cases, with the first hyperexponential
distribution being an exception. 'This is attributable
to the different forms of the ax(p) graphs for different
values of K for this particular distribution. In fact a
better fit could be obtained by considering two sep-
arate regions for smaller and higher values of K.
Finally, it can be shown by plotting the mean fork-
join response time (RE/(p) versus p, that by applying
this “inverse transformation” we arc ablc to estimate
the mean fork-join response time quitc accurately.

It is observed from Figures 2.2-2.4 that ax(p) for
K — oo attains a linear form and also demonstrates
a limiting behavior. There arc two benefits: (i) lin-
ear interpolation is the least difficult; (it) the limiting
behavior makes it possible to extrapolate perform-
ance for even higher values of K.

Bascd on the above experiments we next outline
a simple methodology to obtain the required pa-
rameters for Iiq. (2.3).

1. Tor a given service time distribution compute
Ri(p) and o,(p) as p is varied.

2. Compute Iy using I'q. (2.4) after obtaining
bp™ for an appropriate sct of valucs for X.

3. Use simulation to cstimatc RP™(p) for the sct
of values for K and p.

4. Obtain an adequate number of data points to
compute the coefficients in Tiq. (2.8), by solving
the associated non-linear equations.

This technique is expected to be particularly ro-
bust, yiclding very accurate cstimates of RE” when
the coefficient of variation ¢ is not very large and the
interest is in higher valucs of K. While Iiq. (2.8) was
found to be applicable to the scveral distributions
considered in this study (the exponential distribution
is a special case), other forms might be more suitable
for other distributions. Thus the major contribution
of this work is the methodology, rather than the
specific equations derived in the process.

3 PERFORMANCE ANALYSIS OF SYSTEM
WITH INTERFERING TRAFFIC

A symmctric fork-join system with ordinary requests
uniformly distributed over the servers in addition to
fork-join requests is considercd. To study the be-
havior of the system the arrival rate of requests as
well as the intensity of local requests is varied, such
that the contribution of ordinary requests to server
utilization is in the range 0.1 to 0.9. The service time
distribution of local requests is assumed to be the
same as fork-join requests in this discussion.

Figures 3.1-3.4 shows the mean response time of
fork-join (not overall) requests versus server utiliza-
tion for different intensitics of local traffic (specified
as a fraction of server utilization) in a system with
K = 8. The four figures correspond to the exponen-
tial  distribution, the Frlang and the two
hyperexponential distributions in Scction 2, respec-
tively. The graph in Tigurc 3.1 which is denoted by
I, is the approximate solution by Nelson and
Tantawi (1988) for the casc of no local traffic (this
approximation is very accurate and simulation rc-
sults are therefore not plotted in this casc). We also
plot the maximum of the K response times (denoted
by TI) which in the exponcntial case is simply
Re™(p) = IgR\(p). Tt can bec observed from Tigure
3.1 for the cxponential case that the approximation
by Nelson and Tantawi (1988) becomes less accurate
for higher levels of interfering traffic and in fact for
such levels of interfering traffic the maximum ob-
tained using the independence assumption is a good
approximation.

The fact that the response times at different
queucs tend to be indcpendent from each other is
duc to the fact that the distribution of queuc lengths
encountered by fork-join requests (which determine
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Figure 3.1-4. The effect of varying the rate of local requests on mean fork-join
response time versus server utilization (p) for K = 8. servers.
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the individual fork-join response times) tend to be
independent of each other when the fraction of such
requests processed by each server is small with re-
spect 1o local requests.

A similar conclusion can be drawn from Tigures
3.2-3.4. To obtain the upper bound to fork-join re-
sponse time in thes cascs, we first derive the response
time Iaplace transform at each M/G// qucuc, invert
it, and then evaluate Rp™ = fo"”[l — RX(1)]dt, which
can be done easily since it consists of exponentials,

4 CONCLUSIONS

We have presented a methodology to estimate the
mean response time for fork-join requests (RE''(p)).
This responsc time is expressed as the sum of the
mean and the standard deviation multiplicd by a
distribution specific coefficient, which also depends
on server utilization. The latter is the product of a
coefficient Iy related to the maximum of K service
times and a polynomial ax(p). While ax(p) may have
a rather irregular shape for smaller values of K and
higher values of the coefficient of variation of service
time, it tends to a linear function in p with a negative
slope. In fact a limiting behavior at K, is obscrved
as K increascs. The above obscrvations have two
practical implications: (i) interpolation can be uscd
to estimate Rk/(p) after appropriate curve-fitting; (i)
RE(p) can be extrapolated beyond Kji.

In the case of a fork-join system with interfering
traffic the intensity of this traffic affects the fork-join
response time. When fork-join requests constifute a
negligible fraction of server utilization, then the
components of fork-join response time can  be
treated as independent requests. The independence
assumption yields an upper bound to response time
which 1s also a good approximation. Notce that this
solution mcthod is also applicable when the loeal
traffic is unbalanced.
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