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ABSTRACT

Distributed and parallel simulation has been a pop-
ular research topic in recent years. The research has
primarily concentrated on correctness and speedup of
distributed simulation. The statistical output analy-
sis that is an essential part of simulating stochastic
systems has attained only small attention.

Parallel simulation is often mentioned as an attrac-
tive alternative for steady-state simulations. How-
ever, empirical results are not widely reported. In
this study we present results of the parallel spectral
method. The results are based on 12 simulation mod-
els executed in simulated parallel environment and on
measured executing times and message passing de-
lays.

1 INTRODUCTION

Since the fundamental contribution by Chandy and
Misra (1981) a number of articles has been pub-
lished covering various aspects of distributed and par-
allel simulation. The research has primarily con-
centrated on distributed simulation in which several
processors cooperate on a single realization of the
stochastic process simulated. The empirical stud-
ies — see e.g. Baik and Zeigler (1985), Comfort
(1984), Duda (1989), Fujimoto (1988), Nicol (1988a
and 1988b), Reed (1985), Reed and Malony (1988),
Reed et al. (1988), Reynolds and Kuhn (1987), Wag-
ner and Lazowska (1989) — have reported only mod-
est speedups unless the queueing process simulated
has a special structure.

Parallel simulation in which each processor simu-
lates independent realizations of the stochastic pro-
cess 1s an attractive alternative for steady-state simu-
lations, see e.g. Rego and Sunderam (1992). The at-
traction arises from the fact that only minor modifica-
tions to uniprocessor simulation software are needed.
The most notable drawback is that the size of the
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simulation model is restricted. Each processor must
be able to simulate the whole model.

The research papers have considered primarily the
correctness and speedup of the simulation. On the
the other hand, statistical aspects of simulation have
attained only minor attention. Notable exceptions
include Heidelberger (1986 and 1988) and Glynn and
Heidelberger (1990 and 1992). However, if we sim-
ulate a system having random input processes, the
simulation study is only a programming exercise if
the analysis of output processes is not properly car-
ried out Pawlikowski (1990, p. 124).

In this paper we examine empirically one possi-
ble scheme for run length control in parallel simu-
lation. The objective of run length control is to ter-
minate the simulation as soon as the results are esti-
mated to meet the given accuracy requirements. The
importance of sequential estimation is widely recog-
nized when stochastic queueing systems are examined
through simulation.

The method examined combines the spectral
method introduced in Heidelberger and Welch (1981)
and the method of independent replications. Our ob-
jective is to find out whether a fixed number of in-
dependent replications executed in parallel and the
spectral method can provide estimates that are accu-
rate enough. Our second objective is to examine prac-
tical speedups gained through parallel execution. Fi-
nally, we want to learn the limitations of the method
proposed.

In Section 2 we describe the method of parallel
batch means. We give a brief mathematical descrip-
tion of the method. In addition, we outline the imple-
mentation. In Section 3 we report the observed cover-
ages and estimated expected practical speedups. The
results are based on 12 simulation models executed
in simulated parallel environment and on measured
executing times and message passing delays.
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2 DESCRIPTION OF THE METHOD

2.1 Mathematical Description

The spectral method in uniprocessor simulation
maintains non-overlapped batch means {X;}7., of
the output sequence {X;}7_;:

b

Xj= Z‘\'(J'—l)b'i-k/by n=mb.
k=1

The number of batches (m) varies from M to 2M —1.
When the number of batches with the current batch
size (b) increases to 2M, the current batch size is
doubled and the number of batches is reduced to M
by averaging two adjacent batches.

The accuracy of X(n) = Y./, Xi/n as the es-
timate of 4 = E{X} is examined at prespecified
checkpoints ny,n9,...,maz, Nit1 = In;. The ac-
curacy of the estimate is specified as the relative
half-width of the confidence interval. The confidence
interval estimated is based on assumption that the
distribution of (X (n) — #)/Sf(n) is the Student t-
distribution with v degrees of freedom. Therefore,
the simulation is terminated at the first checkpoint
(n = min{ny, ..., Nmac}) in which

sx(ny/ X(n) <e/t,(1-a/2), (1)

where s}(n) is the estimated variance of X (n) with v
degrees of freedom, ¢ is the relative accuracy of the
confidence interval specified by the user, 1 — « is the
confidence level specified by the user, and t,(r) is the
100xth percentile of the Student t-distribution with
v degrees of freedom.

In the spectral method the estimated variance
of X(n) is obtained through the periodogram of
X, . Xm. A polynomial of order d is fitted to
the first K ordinates of the bias corrected logarithms
of the smoothed periodogram. Periodogram ordi-
nates are evaluated using Fast Fourier transforms and
smoothing is done by averaging two adjacent ordi-
nates. For details, see Heidelberger and Welch (1981)
and Pawlikowski (1990).

If we can generate multiple output sequences
{Xw},, k = 1,..., P, in parallel, we have their
batch means { Xx; e, k=1,...,P, simultaneously
available. The confidence interval for p = E{.X'}
can be constructed using averages of batch means:
Y; = Yf_, Xij/P and i = 3°7_, Y;/m. The spec-
tral method applied to sequence {Y; }7=, provides the
estimated variance of fi. As in the uniprocessor case,
the simulation is terminated at the first checkpoint in
which

sifis < e/t,(1-a/2). (2)

Mathematically the termination rules (1) and (2)
are asymptotically (¢ — 0) equivalent, when P is
fixed and n;4; = n; + 1. In practice, the rules may
have different properties when ¢ > 0. The frequency
of checkpoints (n; = I'1n;) also affects the proper-
ties.

2.2 Outline of Implementation

When we can simultaneously execute several pro-
cesses, the parallel simulation can be arranged as fol-
lows. One process is the master and the rest are
slaves. Each slave receives simulation request mes-
sages from the master. Two kind of requests are
needed:

initialize: The slave obtains initial seed, batch
size (b), and the number of batches (m). It ini-
tializes the model, generates the first bm obser-
vations, and sends m batch means in the reply
message.

simulate: The slave obtains batch size (b) and the
number of bathes (m). It generates the next dm
observations, and sends m batch means in the
reply message.

The master initializes the parallel simulation by is-
suing the initialize request to each slave. When
the master obtains a reply message, it identifies the
slave sending the message, recognizes the checkpoint
(n;) the slave reached, calculates the batch size and
number of batches needed to reach the next check-
point (n;41), and sends the simulate request to the
slave. When each slave have reached the checkpoint
(ni), the master generates the confidence interval us-
ing the sequence Y1,..., Y. If the interval is nar-
row enough, the master sends the KILL-signal to each
slave.

3 EMPIRICAL RESULTS

We examined the properties of the parallel spectral
method outlined in the previous section using 12 dif-
ferent simulation models and 6 different accuracy re-
quirements. As stated in the Introduction our objec-
tive was to get an answer to the following questions:

1. Does the parallel spectral method provide esti-
mates that meet the accuracy requirement pre-
specified by the user?

2. Is it possible, in practice, to obtain remarkable
speedup through parallel generation of observa-
tions?
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3. What kind of limitations for the method does
exist?

The answers to these questions are based on results
obtained through simulated parallelism. In addition,
we have used measured execution times and message
passing delays in a local area network. The decision
to use simulated parallelism and measurements was
based on the fact that it was our only possibility to
obtain completely controllable experimental environ-
ment. The simulations were executed in a VAX8800.
The execution times were measured in a dedicated
SPARCstation IPC. The message passing delays were
measured using two SPARCstation IPCs connected
by 10 Mbs Ethernet. Before presenting the results
we describe the experiments.

3.1 Description of Experiments

The simulation models examined are taken from the
survey of sequential procedures for steady-state simu-
lation by Law and Kelton (1982) and from the paper
introducing the spectral method by Heidelberger and
Welch (1981).

Models 1-9 are exactly the same as in Law and
Kelton (1982). Model 10 is a slight modification of
Model 10 in Law and Kelton (1982). Models 11 and
12 are the queueing network models used in Heidel-
berger and Welch (1981). Appendix A gives detailed
descriptions of the models.

The internal parameters of the spectral method
were: M = 512, d = 2, K = 31, n; = 512,
Nmaer = 8388608, I =2, and v = 9.

In the experiments we examined six pairs of (¢, a)
specifying the accuracy requirement: ¢ = 0.10 and
0.05; @ = 0.10, 0.05, and 0.01. The number of slave
processes examined was 1,2,...,20. An experiment
consisted of two phases. In the first phase we gener-
ated 20 independent sequences of observations. The
sequence length was npa;. At each checkpoint we
recorded the batch means {}_(kj};-":l, k=1,...,20.
In the second phase we used these batch means to
determine the termination point and to generate the
confidence interval. When the number of slave pro-
cesses examined was P, replicationsk =1, ..., P were
used.

With each model 100 independent experiments
were executed. The simulations were initialized using
the known (Models 1-3, 5-8, 10-12) or approximated
(Model 4) steady-state distribution for the number of
customers at different service centers. Model 9 was
initialized as in Law and Kelton (1982).

Table 1: Number of models for which the method was
valid: The method s valid if the hypothesis that the
true coverage is al least 1 — a cannol be rejected at
significance level «

Number €
of 0.10 0.05
slave @ a

processes | 0.10 0.05 0.01 | 0.10 0.05 0.01
1 10 11 12 12 12 12
2 10 9 12 12 12 12
3 10 12 12 10 12 12
4 12 12 12 12 12 12
5 11 12 12 12 12 12
6 11 12 12 11 12 12
7 11 11 12 12 12 12
8 10 11 12 12 12 12
9 11 11 12 12 12 11
10 11 11 12 11 12 11
11 11 11 12 11 12 12
12 11 12 12 11 12 12
13 10 12 12 12 12 12
14 12 12 12 12 12 12
15 12 12 12 12 11 12
16 9 12 12 11 11 12
17 9 12 12 12 12 12
18 8 12 12 11 12 12
19 9 11 12 12 12 12
20 11 11 12 12 12 12

3.2 Observed Coverage

The question whether the estimates satisfy the pre-
specified accuracy requirement is examined through
analyzing the observed coverages. The observed cov-
erage is the fraction of experiments in which the es-
timated confidence interval, [& — s;t,(1 — a/2),jt +
saty(1 = «/2)], includes p. The number of experi-
mental points (12 x 20 x 6 = 1440) is too large to
allow the presentations of all the observed coverages.
Therefore, we only give a summary.

Following Lavenberg and Sauer (1977) we regard
the method as valid for a particular model and accu-
racy requirement (¢, a) if the observed coverage does
not provide evidence enough to reject at significance
level o the hypothesis that the true coverage is at
least 1 — . Since the experiments were independent,
the observed coverage has binomial distribution with
parameters n and p, where n is the number of exper-
iments and p is the true coverage. Table 1 gives the
number of models for which the method is valid.



Run Length Control Using Parallel Spectral Method

Table 2: Measured Execution Times

Tupdate(p)x p>1

Taetup 2.61 ms
Tdelay 5.67 ms
Tnon—overlapped 1.39 ms
Tanal 38.17 ms

1.17+ 0.58p ms

Tupda!e(l) 0.26 ms
Tgene(") *
Tiripy(n) *
Pr{n;|p} *

Setup time of Cholesky fractorization and Fast Fourier Trans-
form used in spectral method (mean of 1000 replications)
Delay due to sending request and receiving reply using Internet
socket (mean of 3000 sends and receives)

Non-overlapped part (in master) of Tye1qy

Time needed to estimate the confidence interval using the spec-
tral method (mean of 1000 replications)

Time needed in maintaing batch means (mean of 1000 replica-
tions and lsq-fit)

(mean of 1000 replications)

Time needed (in slave) to generate n observations (measured
execution times in 100 replications for ny, ng,...)

Expected time needed to obtain the k" set of n observations,
when p sets are generated in parallel (continuous, piecewise-
linear empirical distribution function from measured Tyene(n)’s)
Fraction of experiments in which the simulation with p slave

processes was terminated at the checkpoint n;

*. Highly model depended; Not reported in this papers but are available from the author.

The overall conclusion is that the parallel spectral
method usually provides valid estimates for the mean.
However, when the number of slave processes is high
and the accuracy requirement is not stringent, it is
possible that observed coverage is low. In the light of
results reported for the method of independent repli-
cations this is not surprising. If the number of slave
processes is high and the accuracy requirement does
not force the simulation to be continued until the Stu-
dent t-approximation applied in the spectral method
is accurate enough, the constructed confidence inter-
vals will usually have a low coverage.

3.3 Expected Practical Speedups

The results above were based on simulated paral-
lelism. Now we give estimated practical speedups.
These results are based on observed sequence lengths
and on measured execution times in two SPARCsta-
tion IPCs connected through 10 Mbs Ethernet.

We assume that 1 processor is executing the master
processes and p processors are dedicated for p slave
processes. The expected practical speedups with p+1
processors, S(p + 1), are based on estimated means
of turnaround times:

Sp+1)=T,/T,, p>1.

The estimated mean in uniprocessor simulation, Ty,

1s:
mar

Tu = Tsetup+ Z PI‘{'R]'Il}(q}1|1)(nj)+jTanal) . (3)

i=1

The estimated mean in parallel simulation with p+ 1
processors, Tp, is:

Tp = Taetup + Tdelay + Tupdate(p) + Tanal +

Z Pr{n;|p}(Tipip)(nj) + Dp(nj)) . (4)

i=1

The terms in the expressions above are explained
in Table 2 that also contains their measured values.
In (4) the term Tyeray + Tupdate(P) + Tanar is the time
spent in the last construction of the confidence in-
terval. The term Dp(n;) is the delay in the master
if the previous constructions of confidence intervals
and the updates of batch means do not overlap with
generation of observations:

0 i=1,

D”("”:{ Dy(nj1) + Gplny), j>1, O

where
Gp(nj) = max {0, Taetay + Tupdate(p) + Tanat
—(Tapy(ni) = T(Plp)("j—l))}

p
+ Z max {0» Tnon—overlapped + Tupdaie(p)
k=2
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—(Tikip)(n5) = T(k—llp)("j))} :

Since the delay D,(n;) is cumulative, it corre-
sponds to a frequent synchronization of the master
and the slaves. The first term of G,(n;) is the possi-
ble delay due to the fact that the construction of the
confidence interval at the previous checkpoint is not
ready, when the first slave reaches the current check-
point. The term in the sum are the possible delays
due to the fact that the update of the batch means
cannot be done between the arrivals of replies.

Figures la and 1b show the expected practical
speedups separately for each model. The figures in-
dicate that the expected speedup heavily depends on
model. The overall conclusion is that we usually ob-
tain moderate speedups only when the number of
slave processes is less than ten. The primary rea-
son that restricts the speedup is the variance of ex-
ecution times in generating the observations. When
the number of processor is high, the variation signif-
icantly reduces the speedup, since each slave must
reach the checkpoint before the confidence interval
can be constructed.

In Model 4 the overlinear speedup is due to the
fact that the sequence length grows exponentially, i.e.
ni = I'"'n,. However, the coverage is not valid in
the most of the experimental points showing overlin-
ear speedup. The explanation for Model 9 is that the
simulation is so simple that the run is always termi-
nated at n; = 512.

3.4 Limitations of the Method

The results reported above indicate that the method
should only be used when the number of slave pro-
cesses is moderate, say from 5 to 10. If the number
of slave processes is high, we have

e a high possibility to obtain estimates that does
not satisfy the accuracy requirement specified by
the user,

e a high possibility to waste processing time, since
the same or better speedup can be obtained with
fewer processes.

4 SUMMARY

We have introduced a parallel spectral method and
outlined one possible implementation. Results from
extensive simulation experiments indicate that the
method is an attractive way of using parallelism in
networks of 5—10 workstations.

The observed coverages indicate that method pro-
vides valid confidence intervals, when the number

of slave processes is not very high. The estimated
turnaround times indicate that the variation of the
execution times needed in generating the observations
significantly reduces the speedup, when the number
of processors increases.

Before we implement a parallel spectral method, we
want to develop a method for detecting the initializa-
tion bias. In addition, we want to examine various
communication and synchronization schemes. Par-
ticularly, we are interested in schemes that allow the
confidence interval to be constructed without waiting
for each slave process to reach the checkpoint. Such
a scheme improves both the efficiency and reliability
of the method.

APPENDIX A: DESCRIPTION OF MOD-
ELS EXAMINED

Model 1: Mean waiting time in M/M/1-queue: ) =
1, p = 1.25, FCFS

Model 2: Mean waiting time in M/M/1-queue: A =
1, u = 1.25, LCFS

Model 3: Mean waiting time in M/M/1/M/1-
tandem queue: A =1, y; = po = 1.25, FCFS

Model 4: Mean turnaround time in Time-Shared
Computer Model:

TTY
unfinished jobs
CPU
Population 35
prry = 0.04
Hepu = 1.25

round robin scheduling at CPU
- quantum 0.1
- switch overhead 0.015
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Model 5-8: Mean round trip time in Central-Server

Computer Model:
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Model 11-12: Mean

p
10-2 >
—> 10-2
ccu L
plO—l N
10-1
Model 5 6 7 8
Population | 4 8 8 8
Hcpu 1 1 1 1
Hioa 05 05 045 1.8
Hio-2 0.5 05 0.05 0.2
Pio 05 05 0.9 0.9
Pio.-2 0.5 0.5 0.1 0.1

Server Computer Model

Model 9: Expected total cost during one period in

(s,S) Inventory System:

Let X; be the amount of inventory on hand be-
fore ordering, Y; the amount of inventory on
hand after ordering, and @Q; the demand, each
in period 1.

If X; < s, then S— X, items are ordered (Y; = S)
and an ordering cost K + ¢(S — .X;) is incurred.
If X; < S, then no order is placed (Y; = X;) and
no ordering cost is incurred.

After Y; has been determined, then a demand Q;
occurs. If Y; > Q;, then a holding cost h(Y; —Q;)
is incurred. If Q; > Yi, then a shortage cost
7(Q; — Y;) is incurred. In either case, X;y; =
Y — Q.

Parameters: s = 17, S = 57, K = 32, ¢ = 3,
h=1 7 =25, X; =S. The demands (Q;’s)
are independent Poisson random variables with
mean 25.

Model 10: Mean queue length at arrival instance in

M/M/1-queue: A = 1, u = 1.25, FCFS

601

response time in Central-

Prry
TTY
104
> 10-3
CPU [ Poz Q
10-2
10-1
Model 11 12
Population | 25 25
Hrry 0.01 0.01
Hcpu 1.0 1.0
Moy Hio-2 0.72 0.18
Hio-3, Hio-4 0.08 0.04
Pio-1; Pro-2 0.36 0.36
Pio-3, Pio-4 0.04 0.04
Prry 0.2 0.2
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