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ABSTRACT

In this paper we discuss the effects of initial transients
on the harmonic estimates used in frequency domain
simulation factor screening experiments. For certain
additive initial transients, we show that frequency
domain methodology (FDM) remains asymptotically valid
though such transients change the distribution of the
harmonic component estimates for finite sample sizes.

1. INTRODUCTION

Traditional time domain factor screening
experiments attempt to determine the importance of
input factors by changing the inputs after each complete
run of the simulation. By looking at the outputs from
many simulation experiments, each with different
inputs, inferences can be drawn concerning the
significance of various factors in the input/output model
relationship. This basic strategy is the foundation of
response surface methodology (Myers 1971).

As an alternative to traditional factor screening
approaches, Schruben and Cogliano (1987) introduced
Frequency Domain Methodology (FDM). The
motivation for FDM is to determine the same information
(i.e., the importance of factors in the input/output model
relationship) using only two runs of the simulation
model. The key difference between frequency domain
and time domain experiments is that for frequency
domain experiments, the inputs are varied during the
simulation run, while in time domain experiments, they
are kept fixed throughout the entire run. By varying the
inputs during the run, one is able to shift the anaylsis
from the time domain into the frequency domain.

A common problem in steady state simulation output
analysis is accounting for initial transient effects for
finite simulation run lengths. In this paper, we discuss
how initial transients affect the harmonic estimators in
frequency domain experiments. In Section 2,
background on frequency domain experiments is given.
Section 3 contains an examination of the effects of an
additive transient term in the metamodel relating the
input and the output of the simulation. A summary of
the results and some concluding remarks are contained
in Section 4.

2. BACKGROUND

Consider a simulation model with K continuous input
factors, (Xk, k =1, ..., K} and output, Y. In FDM, the
assumption is made that the relationship between the
inputs and the output is adequately represented by the
metamodel relationship,

K ok

Y0 =), Y he®Xp(t-r) +e(0),

k=1 r=0 2.1)
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where,

t = 0, ..., N-1, is an index which counts the
observations generated within a run of the
simulation model,

hxk(r) is the rth unknown coefficient in the memory
filter associated with input factor k, and

gk < N is the lag length of the memory filter for the kth
input factor,

e(t) is a zero-mean covariance stationary error
process.

The purpose of FDM is to detect the importance of an
input factor in relation to the output (i.e., to determine
the significance of unknown coefficients). This goal is
achieved by making two runs of the simulation
experiment. On the first run, the input factors are held
fixed at nominal levels described by,

Xk(t) = Xi(0),

for k =1, ..., K. The purpose of this run, called the noise
run, is to estimate the variance of the error process,

{e(t)), in the frequency domain. The second run, called
the signal run, involves varying each input factor
according to the expression,

Xk (t) = Xk(0) + ak cos(2rnwit),

for k = 1, ..., K, during this simulation run. The {ay} are

the oscillation amplitudes and the {0k = px/N, p € {1, ...,

[N/2]-1)} are the driving frequencies (note that here '[.]
denotes the integer part of the quotient). The purpose of
the signal run is to estimate the strength of signals in the
output affected by the input factors.

On each run, a frequency domain statistic called the
periodogram is constructed. It is defined as,

N-1

Iwy =(%) 1 E,OY(@ o103t|2, -

For the noise run, the periodogram provides a frequency
domain estimate, at frequency ©;j, of the variance of the
error process; on the signal run, it provides a frequency
domain estimate of the strength of the output signal

associated with each input factor. Suppose the {g(t)} have
the following additional properties:

oo

D lwe) | <o,
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e = Z w(s) e(t-s), where
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i) y(h) = Cov(e(t), e(t + h)) is real, absolutely

summable, and symmetric,
i) {e(t)} are independent with distribution function

{F(e)} where E(e(t) =0, V(e(}) = 6%, and
2
suPt:O, 1. jfe|>d e~ dFi(e) »0,asd — e,

Then for large sample sizes, on the control run and on
the signal run, under the null hypothesis, (2.2) is

approximately distributed as ajx2(2), where

2
3]

N . (N
Y(h)e_lthﬁ—y(%)e‘lmJ( ?), N even

y(h)e i05h N odd
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On the signal run, under the alternative hypothesis, (2.2)
has an approximate ajx2(2;5j) distribution, where,
qj
N D hyr) o5 |2

r=0

5% =
204
J
(see Morrice [1990]).
Denoting the signal and noise periodograms as IS and

I, respectively, a ratio statistic called the Signal-to-Noise
Ratio (SNR) is defined as,

s
P(wj) '

In(coj)

SNR(O)J') =
(2.3)

If ®j is the term indicator frequency for Xj, then SNR((:)J')

can be used to test the significance of the FDM
hypothesis,

9
—1m;
Hoj: Z hj(r) e %% = 0,
r=0
9
HAj: z h;(r) e 10T 2 0.
r=0
For large sample sizes, (2.3) has an approximate Fg 9
distribution under the null hypothesis and an
approximate F2,2;8j distribution under the alternative
hypothesis.

3. AN ADDITIVE INITIAL TRANSIENT

The metamodel relationship in (2.1) is based on the
assumption that all initial transient effects have been
removed from the simulation output process. In
practice, for finite simulation run lengths, some initial
transient will be present. To reflect this , we rewrite (2.1)
as,
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Y0 =D, Y he@Xg(t-1) + K0 + (0,
k=1 r=0 3.1)
where f(t) is a deterministic function of the index, t, and
typically depends on the initial state of the system
through some nuisance parameters. For example, f(t) =

B et where the unknown parameters o > 0 and B
depend on the initial state of the system.

Since f(t) is not related to the input factors, its
periodogram components appear in both the signal and
noise runs. Also, since f(t) is a deterministic component
in (3.1), it only changes the distribution of the
periodogram ordinates through a non-centrality
parameter. If on the signal run the frequency oj is the

term indicator frequency for an important term in the
model then,

E[Is(wj)]
N-1
_ 2 —iwjt |2
-E(N)|ZOY(t)e it |
qj N-1
S(FNT mwe @2 (21 o et
r=0 t=0
qj N-1
+2 z hj(r) cos(wjr) 2 f(t) cos(wjt)
r=0 t=0
qj N-1
+2 z h;(x) sin(wjr) Z f(t) sin(wjt)
r=0 t=0

N-1
+ (%) | Z,Oe(o e l0jt |2

(3.2)
The first term in the above expression follows from the
trigonometric relationships found on page 392 of Priestley
(1981). Note that all cross product terms containing {e(t))
evaluate to zero since E[g(t)] = 0. Assuming {e(t)} has the

properties stated in Section 1, then,
N-1

| Z e(t) e_i(‘)jt|2 = Naj
=0 (3.3)

(see Proposition 4.5.2 on page 130-131 of Brockwell and
Davis (1987)). Substituting (3.3) into (3.2) and comparing
the result with the expectation of an non-central chi-
square distribution with two degrees of freedom (see

Scheffe (1959), page 414), yields the non-centrality
parameter,

9

N |z h;(r) e 1057 | 2
'9 r=0
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N-1
2| Y £ o052
t=0
N o

qj N-1

(a—zj) Z h;(r) cos(wjr) 2 f(t) cosojt) | +
r=0 t=0

qj N-1

(ai) Z hj(r) sin(wjr) Z f(t) sin(wjt)
I\ r=0 t=0

+

(3.4)
Since the first term in (3.4) is O(N), then as long as,
N-1 N-1

2 f(t) cos(wjt) and 2 f(t) sin(wjt)
=0 t=0 (3.5)

are o(N), the influence of all other terms will diminish as
N approaches infinity. A sufficient condition for this to
occur is,

N-1

z [ft) | < oo

t=0
(see Priestley (1981), Section 4.5.1). As an illustration,
consider f(t) = ¢y (a constant) for t = 0 and (B / t2) sin(wt)

for t > 0, where f(t) is absolutely summable. Then both
summations in (3.5) are bounded above, in magnitude, by
a function that is O(In(N)).

On the noise run or equivalently under the null

hypothesis, the distribution is no longer ajx2(2) but

rather ajx2(2;5j"). To determine Sj", we can use the
expectation in (3.2) which for the noise run becomes,

N-1
213 ) eioft)2
t=0
2 o5+
N

From the expectation of a non-central chi-square
distribution, (8j")2 is given by,
N-1
2| fw e 5|2
t=0
Naj

If the summation in (3.5) are o(N), then Bj“ diminishes to

zero as N approaches infinity.

A consequence of the transient term for finite sample
sizes is that the distribution of the SNR under both the
null and alternative hypotheses becomes a doubly non-
central F. Under the null hypothesis, the distribution of
(2.3)is a F2’2?5j" 8j"§ under the alternative hypothesis,

(2.3) has an F2,2;55' Bj" distribution. In the limit, as N
approaches infinity, these distributions converge to Fg 2

and Fg 9.5, respectively, the case with no initial
transient effect.
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4. CONCLUDING REMARKS

In this paper we have discussed the effect of an
additive initial transient on the harmonic estimates used
in frequency domain simulation factor screening
experiments. We showed that under reasonable
conditions, the harmonic effect is asympotically
negligible. This implies that the initial transient effect is
no worse, asymptotically, in the frequency domain than
in the time domain.

For finite sample sizes, we showed how the additive
initial transient effect changes the distribution of the
SNR, which in turn may affect the power of the statistic
for rejecting the null hypothesis. In order to reduce an
additive initial transient effect, the difference between
corresponding observations from the signal and noise
runs can be considered. If the transient is identical for
both runs, then it is, eliminated in this difference
between the signal and noise runs (see Jacobson (1990)
for some related work).
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