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ABSTRACT

This paper develops two extensions of the Gupta-Santner
restricted subset selection procedure. The (exact) pro-
cedure RE screens a set of k normal populations with un-

known and unequal variances using independent random
sampling within each alternative population in order to
select a final subset of at most m alternatives; in the
least favorable configuration of population means, there

*
is the minimal probability P that the selected subset
includes the population with the largest mean. The sim-
ulation-oriented (heuristic) procedure RS similarly

screens a set of k covariance stationary normal process-
es with unknown and nonidentical covariance structures
such that the {correlated) sampling within each alterna-
tive process is carried out independently. A rigorous
development is given for procedure RE together with ap-

propriate tables of constants required to apply the
rule. The experimental performance of procedure RS is

summarized for a wide variety of stationary autoregres-
sive-moving average processes.

INTRODUCTION

In many experimental situations, the fundamental prob-
lem is to select the best of k alternative treatments

or populations based on a specified population parame-
ter -- for example, the mean, the variance, a particu-
Tar quantile, or the percentage of the population fall-
ing below a certain cutoff point. In this paper we con-
sider the problem of selecting the population with the
Targest mean in the case that all populations are nor-
mal.

Bechhofer's indifference zone approach [1] to the selec-
tion problem was originally formulated for the case of
normal popuiations with a known common variance. This
approach allows the experimenter to select a single pop-

ulation so that he has at Teast the probability P of
making the correct selection, provided that the popula-
tion means do not lie in a user-specified indifference
zone where it is not practically important to distin-
guish among alternatives. Also assuming that ail popu-
lations have a known common variance, Mahamunulu [2] de-
veloped an indifference zone procedure to select a sub-
set of fixed size m (1 € m < k) that contains at least

¢ of the t best populations. For the case of normal
populations with unknown and unequal variances, Dudewicz
and Dalal [3] developed a two-stage version of Bechhof-
er's procedure; subsequently Koenig and Law [4] devel-
oped a similar generalization of Mahamunulu's proce-
dure. For the case of correlated observations within
each population, Dudewicz and Zaino [5] proposed a heu-
ristic rule to select the best of k stationary autore-
gressive processes of order 1, Using spectral analysis,
Dickinson [6] extended the Dudewicz-Zaino procedure to
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handle general covariance stationary processes with un-
known and unequal autocovariance functions.

In contrast to the indifference zone approach, Gupta's
subset selection approach [7, 8] yields a subcoilection
of the full set of k alternatives that has a random
size and that includes the best population with minimal

*
probability P over all possible configurations of the
population means. This approach enables the experiment-
er to screen a large set of alternatives so that the se-
lected subset can be examined more thoroughly in a fol-
Tow-up study. To reserve adequate resources for the
follow-up study, Gupta and Santner [9] devised a re-
stricted subset selection procedure that allows the us-
er to specify an upper bound m on the subset size; see
also Santner [10]. Subsequently Santner [11] proposed
a restricted subset selection rule with the goal of in-
cluding at least one of the t best populations in a sub-
set of maximum size m. For k normal populations, all
of these procedures require a known common variance.
In this paper we develop two extensions of the Gupta-
Santner rule: (a) The procedure Re handles vandom sam-

pling from normal populations with unknown and unequal
variances; and (b) The procedure Rg is designed for use

“on the fly" in steady-state simulation, where the out-
put processes of interest are covariance stationary nor-
mal processes with unknown and unequal covariance struc-
tures. Thus in the context of the restricted subset se-
Tection approach, procedures RE and Rs are respectively

analogous to the Dudewicz-Dalal and the Dudewicz-Zaino~
Dickinson extensions of the indifference zone approach.

STATEMENT OF THE SELECTION PROBLEM

Suppose that we have a set of k populations LI N("i’
c%), 1 <1<k, with unknown {u;} and {c%}. Let upqq
<... < s denote the ordered means, and Tet () de-
note the the population with mean Hrige 1<i<k. We
do not assume any prior information about the correct
pairing of the {"i} and the {ﬂ(i)}. The goal of the
rule RE is to determine the following: {(a) the size n;
of the random sample to be taken from LD 1<9<k; (b)
the statistic Xi to be used as an estimator of the pa-
rameter ju;, 1< i< k; and (c) a screened (selected)
subset of candidate populations based on the {Xi}' The
selection rule has three user-specified parameters:

{a) the maximal subset size m; (b) the minimal differ-
ence 6 between the best mean Bkl and the next'best mean
P11 that is of gractica] importance; and (c) the min-
imal probability P of including the best popuiation
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Tk in the selected subset whenever there is an "impor-
tant" difference among the alternatives.

Formally we let @ denote the underlying configuration

space for the vector p of population means:
ﬂE{u=(ul,..,uk):—w<u_i<oo, all i}, (1)
He are primarily interested in the preference zone con-

sisting of those configurations with differences that
the user considers to be worth detecting:

a(s) = fue @ 2 upy 17 S ppq - 8 . (2)

and in particular we must effectively handle the sub-
space of least favorable configurations (LFCs):

QO(G) = ‘[]J € Q(G) H “[1] = ”'=“Ek—1] = Ii[k] - &8}, (3)
The indifference zone is defined to be the complement

Q - (&) of the preference zone. If S denotes the size
of the selected subset, then the budget constraint on
the follow-up study is expressed as

1<S<m where 1<mc<k, (4)
(Note that the choice m = 1 reduces to the Dudewicz-
Dalal procedure, and the choice m = k reduces to Gupta's
original subset selection procedure; hencé we only con-
sider the case in which 1 < m < k.) Finally the prob-
ability requirement takes the form

*
inf P cs|Ry > P (5)
pea(s) ¥

THE SELECTION PROCEDURE R- FOR NORMAL RANDOM SAMPLING

Steps of Procedure R-

1. Take an initial random sample {Xij c1<j< no} of
size g 2 2 from L¥ and calculate the corresponding

sample mean and variance:

n
0 o 12
i3 .E (Xij - Xi) - (6)

Ry= ngt 3 Koo 5= (ng-D)7
j=1 j=1

2. Determine h = h(k,m,P*,s,nO) and d = d(k,m,P*,s,nO)

from Tables 1 and 2 below or compute these quantities as
the simultaneous solutions of (29) and (45) below.

2

3. For population w; compute the final required sample

size

smallest

ry = maxing + 1, rhzsﬁ/d21}, where [r]

integer > r (7)

and collect ng-n extra observations from LT

0
4, Compute the second-stage sampie means

3

S -1 s
o= (n, - n.) T X, 19Kk (8)
i i 0 j=n0+1 1J

and the corresponding weights

W, = (no/ni)[l + {Ine- (hS,/d) % - 11+(n; - nO)/no}%ﬂ,

" (9)
W% = 1- wi, 1<i<k, (10)
in order to compute the final weighted means
Bi= WX, +WIXL for 1<i<k (11)

5. Using the ranked weighted means X[l] <...< X[k]’
apply the final selection criterion:

Select m; <==> Xi > max{Xp) 4110 Xpgy - 43 (12)

Probability of Correct Selection for R. in the LFC

khen the population means 1ie in a least favorable con-
figuration, we must compute the probability of the cor-
rect selection event CS, where CS = {x is selected}.

If i denotes the number of X-values that are smalier than
the statistic X(k) for the best population (k) then

the occurrence of event CS implies that k-m < § < k-1;
furthermore for each value of i, there are

k-1 (k-1)!
[ i ]  TenTT (13)

different ways to select the corresponding populations

from among the set {n(l), ees “(k-l)}' For every pos-
itive integer g with 1 < g, let the sets

Qj(gai), 1< <0(g,i) = gl/[it-(g-1) ], (14)

represent an enumeration of the distinct subsets of size
i that can be taken from the set {1, ..., g}, and let

Qg(g,i) =11, ..., 9} - Q5(9,1) (15)

be the complement of Qj(g,i) for 1 < j <c¢(9,1).

The event CS can be decomposed into a finite number of
mutually exclusive and exhaustive subevents

A'ij = {X(u) < X(k)’ Ue Qj(k-l,'i); X(k) < X(u), ue
Qg(k-l,i); X(k) +d > X g (16)

for k-m € i € k=1 and 1 € j <€ C(k-1,1), where X(u) is de-

fined to be the statistic associated with population
M Thus we have:

, k-1 C(k-1,1) -
PLCSIRY = 5z PiA}, uea. 17
WOUED egem ge1 BOW

Now when the event A1.j occurs, we have

% > %, > % HESWIE

X(k) +d X1 X(u) for all u e QJ(k 1,1)3 (18)
and it follows that we can express Aij as

A'IJ = {X(u) < X(k)’ ue Qj(k"l’i)‘;

R < Kuy S Xy * ds ue Qg(k-l,i)}. (19)

To compute Pu{Aij}’ we define the variables Yu and egu
as follows:
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Y

egu = {“[g] - “[u]}/(d/h)

{X(u) - “Eu]}/(d/h)

1< g.u<k. (20)

Then the relationships in display (16) can be rewritten

X(u) < X(k) E=> Y, <Y +oe (21)

k™ ku?

X(k) < X(u) < X(k) td <D Ve <Y< Yk*"ku“(" )
22

Lemma 4.2 of Mahamunulu [2] can be used to show that the
Function Alu) = Pu{CSlRE} is a nonincreasing function

of My 1 <3< k-1 (see Sullivan [12]); thus it fol-

Tows that
inf P {CS|R:} = inf P {CS|R:]}. (23)

pen(s) ™ E pen®(s) ¥ E
Henceforth we assume the LFC, and we suppress the condi-
tion 1 e ©°(8) in all subsequent displays. In this case
the o-values defined by (20) satisfy
Oy = {“Ek] - (“[k] - 8)}/(d/h) = hs/d, Isusk-1. (24)
Using the methods of Dudewicz and Dalal [3], Sullivan
[12] showed that the Y-variates defined by (20) consti-
tute a random sample of size k from Student's t-distri-
bution with ng - 1 degrees of freedom:
- 1d.f.)

Y, s 1<u<k 1D~ t(n (25)

0

The justification of (25) differs from the Dudewicz-
Dalal analysis in only one respect: the definitions for
the weights {wi, N%} and for the {Yu} involve the con-

stant d of procedure RE rather than the indifference
zone width 6.
Applying the law of total probability to each summand of
(17) by ctonditioning on the value of Yk and combining
(21), (22), (24), and (25), we get
KL k1) (7
inf P {CS[RE} = 3 { i ]-J F'(y+hs/d)-
ne(s) L i=k-m - (26)
[F (y+ha/d+h) - Fy+hs/d)TE " T¢(y)dy,
vhere F(+) is the distribution function and f() is the
density function for Student's t-distribution with no—l

degrees of freedom. If we let b = F(y+hs/d), ¢ =
F(y+hs/d+h) and if we reverse the order of integration
and summation in {26), then the integrand in (26) has
the form

k-1 ; .
- [k'l]-b1-(c - k-l
i=k-m L 4

[kgl]-(b/c)i-(l _ b/c)k-l-i

K L1(b/e; kem, m), (27)

X
I(x; p.q) = F%é?%%%y JO zp—l-(l-z)q'ldz, 0<x<1 (28)

where

is the incomplete beta function with parameters p and
q; see [12], equation (6.6.4). Thus we can express the
orobability requirement (5) as

*
P =

(29)

[7FR=1(yens/d+h)- ILF (y+ho/d)/F(y+ha/dh) s kemom]- F(y)dy

§), we can solve (29)
h(ksmap*,sanogd) that

satisfies the probability requirement. To fix a value
of d for procedure RE’ we compute the expected subset

size as it depends on the values of h and d.

For a given value of d (say, d
numerically for the constant h

Expected Subset Size for R. in the LFC

Santner [10] suggested setting d so as to fix the ex-
pected value of the subset size S in the least favorable
configuration. Let Hu be the indicator function of the

event in which the population () is selected for the
final subset:

1 if T(4) is selected,

Hu = (30)
0 otherwise.
k
=> § = 3 Hu’ and (31)
u=1
ue Q°(s) = Eu[Hll = E“[Hu], u<k-1; EuEHk] = P* (32)
Thus in the LFC, we have
= - . *
EuES] (k - 1) E“EHIJ + P*, (33)

By analogy to the notation (14) and (15), we make the
following definitions for positive integers g = 2 and
i<g:

R:(g,i) = the jth combination of i integers selected
J from the set {2, ..., g}, and (34)
Rg(g,i) =102, ... g) - Rylg,1), 1< § < Clgoi). (35)

To compute Eu[Hlj’ we use an analysis similar to that
given for Pu{CSIRE}. We partition the basic event

{m(q) selected} = {Xqy > Rpy pggs Xiqyt d > Xppqh (36)

into mutually exclusive and exhaustive subevents:

Bij = {X(u) < X(l), UeRj(k,i)S X(l) < X(u), UERg(k,i);
X(l) +d2 X[kl}
= {X(u) < X(l), ue Rj(k,i);
Ry <Xy <Xy +doue Rg(k,i)}. (37)
8s with (21) and (22), we get:

=> ¥, <Yyt es (38)

<
X < X = X == = =
X(l) X(u) < X(1)+d <==> Y1+61u < Yu < Y1+91u+h. (39)
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Note that in the LFC, we have:

=0, 1 su<k-l; Big = ~hs/d. (40)

elu
There are two conditions which allow us to further par-
tition Bij' We can first consider the case in which
the Y-value associated with the best alternative (k) is

greater than the Y-value associated with the worst al-
ternative w4 In this case, we combine (38), (39),

and (40) to define

BT. =

i {Yu <Yy, ueR (k-1,1);

I\j
Y SY, <Y +h ue Rg(k-l,i);

Y1 - hs/d < Yk <Yy - hs/d + h3. (41)

When Y1 < Yk’ there are C(k-2,7) ways to select the i

alternatives with Yu < Yl'
jext we consider the case in which Y1 > Yk. There are

C(k-2,i-1) different events of the form

Bij

n

{Yu < Yl’ ue Rj(k—l,i—l); Yk < Y1 - hs/d;

Yy <Y, <Yy +hue Rg(k—l,i-l)},

(42)
where again we make use of (38), (39), and (40). To
compute'Pu{B:j} and Pu{B;j}’ we apply the Taw of total

probability to (41). and (42) by conditioning on the val-
ue of Yl;‘then combining all of the terms composing

the event {n(l) is selected}, we get

k2 (.
ETHI= 3 [ka
1

k-1
+ k2).p g
Iy EROSI (K4)-p, 3

i=k-m j=k-m Y1) BT

- " IF(y-ho/dth) - Fly-he/d)]-F<-2(y+h)-

ELF(y)/F(y+h); k-m,m-13-f(y)dy
(43)

+ j " F(y=hs/d)-F<8(y+h) I[F(y) /F(y+h)s kem-1,mIF(y)dy

For the procedure RE we take the expected subset size to

be the midrange of the acceptable sizes specified by the
user:

ELST = (m+ 1)/2; (44)

and combining (33), (43), and (44), we finally obtain:

f " [F(y-hs/dth) - Fly-hs/d)]- FK-2(y+h)-
I[F(y)/F(y+h); k-m,m-1]-F(y)dy

+ f mF(y-hs/d)-Fk'z(y+h)-I[F(y)/F(y+h); k-m-1,m]- F(y)dy

= [(m+1)/2 - P*1/(k-1). -(45)

An iterative numerical method for computing the solution

{h, d} of equations (29) and (45) is described in the
next subsection.

Tables for Procedure BE

Since § only appears as a divisor of d in (29) and (45)
Tables 1 and 2 show how the constants h and d' = d/¢
depend on k,m, P*, and e The required values of d

can be computed from d = d'-8. The table values were

generated by an iterative algorithm producing succes-

sively closer approximations to the simultaneous solu-
tions of equations (29) and (45). The algorithm is as
follows:

1. Initialize the current trial solution

hy= B dp = Al (46)
where HO and aé are initial values selected so as to

accelerate the convergence of the algorithm. With no
other information available, acceptable starting values

are EO = 1.0, 36 = 1.0. Better starting values are
given by the solutions of relevant previous cases:

ho(k,m,P*,n

s

h(k—l,m,P*,nO), (47)

o

dg(kom,P*,n (48)

n

O) d'(k,m,P*,nO-AnO).

Such a bootstrapping scheme was used in generating Ta-
bles 1 and 2.

2. Solve equation (29) for a new h-value Hz given the
current d-value di. We used the IMSL routine ZSCNT

[14] for solving a nonlinear equation by the secant me-
thod, and we specified a maximum absolute error of

5.0x10°% in the estimated solution. To evaluate the
integral in (29), we used the IMSL numerical quadrature

routine DCADRE [14] with maximum absolute error 1.x107°

and maximum relative error 5.0x10'4.

3. Solve equation (45) for a new d-value 32 given the
new h-value h2. We used the IMSL routines ZSCNT and
DCADRE in the same way as for step 2.

4. Compute the increments

ah = hZ - hl’ ad' = dé - di; (49)
and test the termination condition
[ah| < e and |ad'| < e'. (50)

If (50) is satisfied, deliver the final solutions h <
hé and d « dé and stop; otherwise go to step 5. We

used the tolerances € = €' = 107" in computing Tables 1

and 2.

5. Update the current h- and d-values

hy«hy,  dj<dy (51)
and go to step 2.

To generate additional h- and d-values for parameter
sets {m, k, P*, no} not appearing in this paper, we




Table 1: Values of h for Setection Procedure Rg

P* = 0,90 P* = 0.95 P* = 0.99
k n0=10 n0=20 n0=30 n0=10 n0=20 n0=30 n0=10 n0=20 n0=30
3 2 la173 le098 1177 1.483 1369 1337 26333 2.089 2.026
4 2 1175 l.091 1eL67 1517 1.3%0 1356 24423 2.162 2.096
3 1354 1268 1e244 1e612 1486 1.452 24302 2.041 1973
S 2 1.179 2.088 1.963 1.535 1.402 1367 2.461 26193 2125
3 1326 le230 1204 1605 Ta467 1429 24358 24075 24003
L] 1499 1.403 1275 14735 14599 14562 26359 2087 2.017
& 2 le183 1.087 1.061 14547 1410 1374 2.483 24210 24141
Rl 1313 14210 l.182 14606 1.458 1419 2.391 24098 24024
L] 1.458 14353 1,324 1718 1562 14522 24384 24088 24013
5 1.616 1.510 1.480 14839 1698 1.654 2428 2146 2075
T 2 10185 l.086 1.059 1555 1.415 1379 2497 24221 2151
3 14306 1197 1167 1+608 1a454 1a413 24413 2115 24040
L) le436 1323 1.292 14698 14541 1.499 Z2eA0GA 24095 2.917
S 1569 lead6 1e424 1.805 1648 1.6%6 20422 2e128 20052
8 2 1187 1.08% 1.058 1561 1e419 14383 20507 22227 2.158
) 1.202 1.188 1.157 1.610 1451 Y810 2428 2126 24051
4 la422 1303 1.270 14692 1527 1.484 2.420 2102 24023
S 16541 14421 3287 1.785 1.620 1576 2+442 24122 24043
9 2 1.189 1085 1.658 14566 1.423 1386 2514 24232 2163
3 la200 1182 1.3150 1.612 1.450 1.407 264450 24135 2470
L] 1.413 la288 1254 14689 1518 1473 24432 2109 2028
5 1523 12396 1.361 1a774 1631 1555 24451 2122 24040
10 2 1.192 10385 1.058 14570 1425 14389 2520 2237 2167
3 1.298 1177 16144 14618 1e449 1e406 2849 24142 2067
4 le406 14277 16282 1.687 1.512 1465 2+443 2115 2034
S le510 1377 1.241 1766 1587 1540 2.480 2123 2039
15 2 10198 1.085 16857 1.582 1433 1397 2.538 24248 24178
R 1297 lel62 14127 14623 1448 14403 2.477 2.164 2090
4 led¥2 1246 1207 le687 1495 14846 24475 2136 24054
5 le480 1327 1.286 1733 14552 1.500 2430 24134 2047
20 2 1.203 1085 1057 1590 1.437 l1.402 2549 24254 2.183
3 le298 1e136 1119 1.630 1.848 1.404 24492 24176 2,102
L 14389 le231 1190 14691 1.489 1.438 24493 20149 2966
] 1a270 1303 1259 1752 14538 1483 24509 20143 2955
30 2 1.210 1086 1.058 1e601 1.442 1.407 22562 2260 2190
3 le303 1e149 1l.111 l.681 1849 1.405 24511 20188 Z2e114
4 1289 1217 1373 1.699 1.484 1eA32 24515 20163 2.082
S le465 1280 16232 1.756 16525 1.467 24533 2156 24069
an 2 1.216 1.086 1.058 1.607 14445 la4119 24572 22263 2.194
3 1308 lel46 1.107 le649 1851 1.486 24522 2195 2123
4 1392 1209 1-163 1707 1.482 1.429 26530 2171 2sN92
b1 1.466 1e268 l.218 1.762 1519 1460 24549 24168 2079
50 2 10220 1.087 1158 14613 1a847 1811 24577 22265 2196
3 12313 lel44 1105 1655 1a452 l.478 24531 2e.200 2127
L] 14396 1205 1158 1713 1.4R1 1.428 2.548 2177 2099
b 1.469 le261 1.209 14768 1.516 1456 24560 24170 24985

Table 2: Values of d/¢ for Setection Procedure Re

P* = 0.90 P* = 0.95 p* = 0.99
k m n0=10 n0=20 n0=30 n0=10 n0=20 n0=30 n0=10 n0=20 n0=30
3 2 « 743 »736 °134 »740 «T730 728 «798 «786 «782
4 2 «609 «5Y8 «595 =641 «629 «625 «729 714 «T180
3 «898 «896 «595 «849 o885 «B42 «851 o841 «838
5 2 «547 «535 «532 «591 +»578 «575 «699 =675 «67D
3 <7486 «737 * 134 «738 o726 «723 «779 *763 «758
A l.004% 1.006 1.007 «923 924 924 «891 «885 «884
6 2 «509 %97 «49% «359 526 «543 o664 «648 o644
3 667 «655 «€51 677 *663 «659 737 «718 «713
4 «851 «845 =EBAJ «B814 «B06 «804 «820 «B06 «803
5 1.082 l.088 1090 «980 =984 «385 «921 «919 919
7T 2 «481 «471 =468 «536 «524 «521 o644 «628 «625
3 «617 6103 «£99 637 «622 o617 «708 «688 «6R3
4 o764 o7H4 «751 o748 736 °733 o776 o758 o754
] «933 «931 «530 «873 «869 «B68 «853 «BA3 «840
8 2 «463 «251 e84g #9519 =507 504 «628 «613 «609
3 «583 568 «563 «699 «592 =588 +686 o666 «660
L} «707 694 «€91 708 «689 «685 «TAE »725 «728
5 843 o836 «834 «806 « 797 o795 «809 « 794 «790
9 2 *348 «836 «433 «585 «893 *4291 «616 o601 «597
3 «357 o541 « 336 «587 «570 «565 669 «648 w643
q 667 o652 .EAT «672 #655 «650 «723 «733 2695
8 «783 o712 «169 =760 «TAT o743 «7178 »759 » 754
e 2 «336 A28 »421 «894 «482 <4810 «6105 «590 «587
3 «936 #520 <815 «370 «352 *548 «655 «634 629
4 «636 «620 o615 647 «629 624 =704 =682 «675
S «738 o725 «721 «725 «710 «705 «754 «733 o727
15 2 «J396 «386 «283 «a55 «846 =845 «569 »556 «553
3 «475 408 *453 «516 «499 494 6109 «589 «585
4 « 538 «028 #3523 «574 «553 547 *648 «623 «617
5 «618 b8 +593 «629 607 o611 «684 «658 »651
20 2 «373 364 0362 433 «425 «H24 «SA7 «535 «533
3 PXL ¥4 *825 »420 «486 469 o465 «583 o564 «3560
4 «52a%5 883 «A77 «336 «514 «528 «616 «592 «586
5 #5562 «540 «533 «581 +558 «551 o646 o620 «613
Jg 2 «347 339 «338 296 <400 eACD «519 =509 «50N8
3 «406 «389 «285 452 «436 433 «550 «533 «530
4 «4358 +436 «430 «8493 -472 oA66 «579 »556 +551
5 =508 279 «472 «531 «506 »499 o604 «578 «571
40 2 «331 324 0323 «389 «385 «385 «5181 «493 <493
3 «385 «368 »JE4 «831 «417 ohld «530 515 #9512
L] «431 «409 «403 «46% «4AB «343 «556 »535 «530
-] 472 447 440 «502 -AT7T7 «270 580 «553 «548
-1 «J19 «313 213 «377 =374 #3375 o289 «482 «882
3 o370 354 «351 «A17 «A03 «4N1 +516 «501 «499
L] .318 #391 « 386 «452 «431 427 <540 520 516
5 «452 225 «418 «483 *458 *451 «562 «537 «532

S90UeTJe) Tenbau)) PUE UMOLDIUN U3TM SUOTIETNAOd TEWON JOJ UCTA0STeS 3950NG DojoTaqsey

Lle
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recommend using Tables 1 and 2 to set appropriate start-
values as prescribed by (47) and (48).

SELECTION PROCEDURE R. FOR STATIONARY NORMAL PROCESSES

lfotivation

If Ty = {Xij : j 2 1} is the output process generated by

the ith in a set of k alternative steady-state simula-
tion models, then it is reasonable to assume that L is

covariance stationary with mean Kis varijance c%, lag-2

covariance
Yi(z) = E[(Xij - ”i)'(xi,j+£ - “i)]’ (52)
and the summability property
:ly(e)] < e (53)

L=-w

so that we can also define the associated covariance
parameter

o= 2 vy (54)
g:-m
and the power spectrum
pilo) = 5 yi(a)-expl-2me2e0-v/(-1)], H<w< kL
e (55)

Now if each alternative T is an autoregressive process

of order 1
ig = owg teg(X

[¢1] <1 and {Zij

i,j-1 " ”i) + Zij’ J=z1

: J 21} 1ID ~ ®(0, c%f)

(56)

then the Dudewicz-Zaino procedure A [5] for selecting
the process with the largest mean consists essentially

of the following steps: (a) Compute the sample size n;

required by the first stage of the Dudewicz-Dalal pro-
cedure P [3] together with the first-stage estimator

¢y of the autoregressive parameter 53 (b) Inflate the
required sample size according to the formula

(57)

and take n? - Ny additional observations on LI and fi-
nally (c) Select the process with the largest (unweight-
ed) sample mean

*
"

(n;.«)"‘l T X
=1

x5 = i I<i<k (53)
The significance of the inflation factor (1+4,)/(1-¢;)

is that it captures the effect of the covariance struc-
ture of an AR(1) process as follows:
(1 + ¢i)/(1 - ¢1) = Yi/Yi(O) = pi(o)/ﬁz; (59)

thus the required sample size n; for independent sam-

pling under procedure PE must be adjusted by the number

of correlated observations that are "equivalent" to one
independent observation in order to yield the final sam-
ple size n? for procedure A.

From the foregoing discussion it follows that an exten-
sion of the restricted subset selection procedure RE to
handle general covariance stationary processes require§
a first-stage estimator ?i for v, = pi(O) to replace S?
in equation (7) with the following properties: (a) ?i

should be an appropriately scaled chi-square variate
with degrees of freedom vq common to all populations --

at least asymptotically as the first-stage sample size
becomes sufficiently large:

¥i ._Tr§g¢_+ vi°x2(vg d.f.) /vy for 1< <k (60)

0

and (b) ?i and the final statistic X? should be asymp-
totically independent with

- Db
nGres §+0

(X% - u3)/(d/h) t(vg d.f.). (61)

These considerations motivate the heuristic procedure
Rg described below.

Steps of Procedure RS

1. Take an initial sample {Xij :1<j< no} of size
A = 120 from Lr and compute the Heidelberder-kelch es-

timator ?i [15] of the spectrum at zero frequency pi(O).

a. CQompute the periodogram
2

=

0
= ngt 2 Xygrexpl-2ns (§-1)-ay/(-1)]

j=1

o) (62)

at the frequencies w, = u/no, 0<u< ng-

u

b. Average adjacent periodogram values to yield "nor-
malized" variates, take logarithms to stabilize the
varjance, and adjust for the bias introduced by the
logarithmic transformation:

Yoy = 1n{%[1$((2u-1)/n0) + 11(2u/n0)]} + 1n{2) - w(2)
1<u <50, (63)

where y(z) = ©'(z)/r(z) is the digamma function [13,
Table 6.1].

c. Using the independent variables
= v
Giuv = [(4u'1)/(2n0)] s

fit a quadratic polynomial to the first 25 values of
the series {Yiu : 1 < u <50} by the method of ordi-

nary least squares:

0<sv<l, (64)

2

Vi = T BB, teqs 1<u<2s, (65)
v=0

Let §; denote the matrix]leiuvll having the element

Giuv in row u and column v, and let Big denote the
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least-squares estimate of the intercept in (65).

d. Compute the Heidelberger-Helch estimator

Ti = expByg - ' (2)-[(88,) 11} (66)

Note that as nj + =, ?i is approximately distribut-

ed as Yi'xz(vi)/“i’ where the "effective degrees of
freedom" vy is given by

vi = 2/(expty’ (2)-[(818) 7153 - 1) (67)

i <<

moreover, ;i is independent of the sample mean of
the original process {Xij 1 j =1},

2. Take v; as the degrees of freedom for Student's t-

distribution in equations (29) and (45); then as in pro-
cedure RE’ solve these equations simultaneously for h

and d.
3. Calculate the final required sample size

_ 2- .2
n¥ = max{ng, [h%./d°1} (68)

and collect nf - additional observations from LD

4. Compute the final (unweighted) sample means according

to (58).
5. Using the ranked sample means Xfl] < ... € ka], ap-

ply the selection criterion:

Select Ty <== X? Z maX{ka_m+1], ka] - d}.  (€9)

Experimental Performance of Procedure RS

The selection rule RS was tested using various sets of

time series generated from autoregressive-moving aver-
age (ARMA) processes of the form

p g
= - - i
Kig=mg b B oeqgWh sy F 250 T ooggl g
(70)
With (Z;; ¢ 3 > 1 110~ K0, o3,) for 1< 1 <k,

such that each process s is stationary anc invertible
f16]; moreover, the process means {ui} 1ie in the LFC.
For each case, § was selected as a fraction of max {/&1

: 1 <1<k} The experimental protocol for evaluating
the performance of procedure Rs consists of the follow-

ing steps:
e . . (p-1) € 5 < -
1. Initialize s with Xij His (p-1) € j <0, ang Z1J

=0, ~(g-1) < j < 0; and "warm up" the process by gener-
ating (and discarding) an initial series of 100 observa-
tions. For the white noise process {zij 1 J 2 1} drive
ing LD the IMSL normal deviate generator GGMML [14] is

used, The purpose of this step is to eliminate trans-
ient effects from each process.
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2. Generate the first-stage time series {Xij : 1<'<n0}
of length ng for Tis 1 <1 < k;apply rule RS; ana re-

cora the occurrence or nonoccurrence of event CS,

3. Independently reseed the IMSL random number genera-
tor GGUBS [14] and repeat steps 1 and 2 until a com-
plete meta-experiment consisting of 50 independent rep-
lications of procedure Rs has been performed.

Table 3 presents a condensed description of the layouts
of the various ARMA processes that we used, and Table 4
summarizes the results of each meta-experiment.

Table 3: Summary of Layouts of ARMA Processes Used

Layout k max{yi} min{yi}
A 40 2.78 0.36
B 10 100.0 0.00277
C 40 100.0 0.00277
D 25 100.0 0.00277

Table 4: Experimental Performance of Procedure RS

gigzj Layout k m p* 8 ng %CS
1 A 40 5 0.95 0.23 90 0.90
2 A 40 5 0.98 0.23 90 0.98
3 A 40 2 0.95 0.23 90 0.94
4 A 40 2 0.95 0.23 120 0.96
5 B 10 2 0.95 1.0 30 0.96
6 B8 10 2 0.95 1.0 60 0.93
7 8 10 2 0.95 1.0 90 1.0
8 B 10 2 0.95 1.0 120 0.98
9 B 10 Z 0.99 1.0 30 0.94
10 B 10 2 0.99 1.0 60 0.98
11 B 10 2 0.99 1.0 90 1.00
12 3 10 2 0.95 0.5 90 0.94
13 C 25 3 0.95 0.5 90 0.96
14 C 25 2 0.98 0.5 90 0.96
15 C 25 3 0.95 0.25 S0 0.80
16 C 25 3 0.95 0.25 120 0.98
17 C 25 3 0.95 1.0 50 0.9
18 C 25 3 0.95 1.0 90 0.96
19 D 40 5 0.95 1.0 30 0.86
20 D 40 5 0.95 1.0 60 0.92
21 D 40 5 0.95 1.0 90 0.98
22 D 40 5 0.95 1.0 120 0.93

The results in Table 4 show that the probability re-
gquirement P* is closely matched by the observed relative
frequency of correct selection (%CS), although degraded
performance is observed for small values of ng- This

is attributable to the poor behavior of the Heidelberg-
er-Welch estimator ?i of the spectrum at zero frequency

when fewer than 25 points are available for fitting a
quadratic polynomial to the log-periodogram (63). Since
an initial sample of size "o yields only n0/4 points of

the log-periodogram, we conclude that in the first stage
of procedure RS the experimenter should take g = 120.
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In a meta-experiment consisting of r = 50 independent
repTications, the standard error of the estimator %CS is

SE[ %CS ] = [P*+(1 - P¥)/rT% (71)

and when g = 120, we observe that %CS falls within 2

standarc errors of the nominal correct-selection prob-
ability P* in each tayout of ARMA processes shown in Ta-
bie 4. These results strongly suggest that procedure

RS is a viable solution to the restricted subset selec-

tion problem in the context of steady-state simulation.
We are continuing our development and analysis of this
procedure. )
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