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ABSTRACT

We discuss a general concept of natural stratification in simulation, and present
an approach to estimating mean performance measures in stationary simulations

which possess a natural stratification,

1, INTRODUCTION

Frequently the data produced by a simulation pos-
sesses a natural stratification, such that the
simulator wishes to know not only the overall mean
performance measure, but also the mean performance
measure within each stratum. For example, in a
priority queueing system, the jnvestigator might
wish to know the mean waiting time for each prior-
ity class and the overall mean waiting time,

Suppose that we have a stationary simulation with
s > 1 distinct strata. Let

r. be the stationary mean of observations
J 4n stratum 33

I. be the stationary proportion of obser-
vations in stratum j; and

r be the overall stationary mean.

It is generally true that

(1.1)

r o= jZ] njrj R

and the proportions Iy, M, ..., JI. can be com-
puted in most simu]atqons. Let r,°be an estipator
of ryy, j=1,2,.4.,5. A stratified’estimator, v, of
r isddefined to be ’

I.r. .

(1.2) r= Tt

J

ne~—iwn

2. STRATIFIED ESTIMATORS FOR REGENERATIVE SIMU-
LATIONS

If, for the system being simulated, there are
points in time such that the system "begins anew"
in a probabilistic_sense at each of these times,

then the simulation is said to be régenerative.

For example, in a queueing system in which all
interarrival and waiting times are independent,
when a customer arrives to find the system empty
and idle, a regeneration occurs, See Fishman
(1978) and references therein for further dis-
cussion of regenerative simulations. The impor-
tant characteristic of a regenerative simulation is
that observations can be grouped into groups of
random size, called cycles, so that these cycles of
data are independent and identically distributed.

A cycle of data consists of the observations be-
tween two regeneration times,

Suppose that the system has s > 1 strata (e.g.,
classes of customers), and (1.T) specifies the re-
Tationship between the stationary mean waiting

time r, for customers in stratum i and the overall
mean wéiting time, r. We assume that the values of
Mys Ty wee, Mg ave known, Let

be the sum of observations from stratum j

X
i during cycle i; and

Ni' be the number of observations from stratum
J J during cycle 1.

The regenerative estimator for r is

1) § =
2.1) r, =~
J Nj
where
R, =1 ¢
(2.2) i- ﬁ-iz1xij
and
- 1 n
(2.3) Ny -ﬁiz]Nij.
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A 100(1-a) - percent confidence interval for v is
given by 75 i_hj(a), where

.
(2.4) h.a) =2 ,, —=— ;
J /2 {3/
a2 _ o =1r 2 a 24
(2.5) o5 = n [sxj - erszNj + syl s

n
s = ¥ Xi.No.s and
Ky g
Z,,, is the 100(1-a/2)™ percentile of the unit
R8ffal distribution.

The stratified regenerative estimator is given by

S
(2.6) ¥= ) m.p. .
o 9

This estimator is strongly consistent and asymp-
totically normal, An approximate large sample
confidence interval for r is given by Seila (1980).

N n
ny ag o
(2.7 (r - ZOL/2 7% , P Zm/2 p= ),
s s I, ,
(2.8) ¥ = § ) Ko,
=1 k=1 Nij
. 1 0 o v A
(2.9) S = 3'121 (xij - erij)(nik-rknik)
and Z is the 100(1-a/2)th percentile of the

unit ﬁégmal distribution.

3. STRATIFIED ESTIMATION IN NONREGENERATIVE SIMU-
LATIONS USING BATCH MEANS

Frequently, the regenerative approach cannot be
used, either because the system is not regenera-
tive, or because the system is regenerative but
regenerations occur so infrequently that excés-
sive run lengths aré required in order %o get a
sufficient number of cycles of data. A number of
alternative approaches have been develpped for
estimating the stationary mean performance measure,
including time series methods, independent renli-
cations and batch means.

‘Suppose that the simulation is stationary but not
regenerative and that each observation comes from
one of s mutually exclusive strata. The sinula-
tion run consists of n consecutive batches of m
waiting times each, taken while the system is in
steady-state. Let:

Xi‘ be the sum of observations from stratum
J§ in batch i,

Nij be the number of observations fromstratum

.given by (2.4) through (2.5).
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Jj in batch 1.

Since the batch size is fixed at m, we have

N..=m
1 W

i~

J

for each batch i=1,2,...,m. However, the N..'s
are random variables since the number of obdérva-
tions (customers, in this case) from each stratum
is not fixed for each batch. We will assume that
bat;he? are large enoug? that thﬁ}vectors {(Xsq5
Noads (Xo0s Nop)s wues (Xoos N are approxi-
m%%e]y uﬁ%orré%ated betwedR batdhes.

If we treat each batch as a cycle, we can apply the
stratified regenerative method., The estimators for
mean waiting time within each stratum are given by
(2.71) through (2.3), and the confidence intervals
for mean waiting time within each stratum are

The point estimator
and confidence interval for the overall mean is
given by (2.6) through (2.9).

Sometimes the strata in the model are defined so-
that observations are independent with respect to
the strata they represent. This is the case for
example, in a queueing system with s priority
classes, when each customer's priority class is
selected by making an independent random drawing
from the discrete distribution {I., T,, ve.s I ).
Frequently, in queueing, service 8r p?oductions
system models, customer or job attributes are de-
termined upon arrival by an independent random
drawing from an appropriate probability distribu-
tion. -If these attributes are the basis for de-
fining strata, then the observations are indepen~
dent with respect to their strata.

If the observations are independent with respect to
their strata, and I. is the probability that an gb-
servation falls in Stratum j, then the vector of
strata occupancy {N.], Nig’ eess N._} has a multi-

nomial distribution'with'parameterd®m and n;, Hg,
a bi-

N HS. In this special case, each N,. ha
nomial>distribution with parameters m ald nj, and
Hll ) o mge
b, . 5) = mm, + (m=-1)1,
E(N;7) = mmy (1 + (m-T)m,),
and
E(NijNik) = m(m-1)njnk ifj#k
‘ = m(m-])n§ + mnj if i = k.

When these expressions are used for analogous
sample quantities in (2.4)-(2:9), we obtain esti-
mators, Y., j=1,2,...,S, and v which are unbiased
but have Qarger variance than the ratio estimators.
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