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ABSTRACT

This paper examines several procedures for optimi-
zing simulation models having controllable input
variables x.,i = l,...,n and yielding responses
n.,j = 1,...7m. This problem is often formulated
ad a constrained optimization problem, or it can be
formulated in one of several multiple-objective
formats, including goal programming. Whatever the
mode of problem formulation, the optimization of
multiple~-response simulations can be approached
through direct search methods, a sequence of first-
order response-surface experiments, or by applying
mathematical programming techniques to a set of
second-order response surfaces.

INTRODUCTION

A computer simulation can be regarded as a "black-
box" into which values for n controllable input
variables x.,,i = 1,...,n are combined in somec
manner to produce values for m responses n,,
j=1,...,m. These responses are usually meadures
of effectiveness for the system under study.

A given simulation trial aﬁ a specific set of values
for the input variables X yields an observation
y% for each system response n.. The responses
ate also affected by a set of uncontrollable
factors zp,% = 1,...,p, causing the true response
nj at xk” to suffer a disturbance gys SO that

k xk .
= q, +e,, 3 =100, 1
A nJ( ) €5s 3 m (¢

In many instances, the purpose of computer simula-
tion is to evaluate the qualitative effects of
various policies for operating a system. That is,
each of the input variables x,,i =1,...,n has

a set of distinct, qualitative levels. To find the
best operating policy for the system under study,
it is necessary only to perform simulation trials
of sufficient duration at each possible combination
of values for the controllable input variables, se-
lecting as a solution the combination yielding the
most favorable results. Often the objective of com-
puter simulation is to find optimum values for con-
trollable input variables x,,i = 1,...,n which
can assume either a wide range of discrete values
or an infinite number of real values. The latter
problem would fall into the domain .of classical
optimization except that (a) the functional forms
of the response relationships

~uncontrollable factors
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n, = gj(xl,-..,xn), j=1,...,m (2)

3

are usually unknown and (b) an observation yk of
the system response ns at X* contains random
error €5 due to the unpredictable effects of the
ZL,Q = l,...,p.

Most of the response surface methods described in
this paper require the assumption that the error
component €; be a normally distributed random
variable witﬁ

E(ej) = 0, j=1,...,m (3)
Var(e,) = o%, j=1l,...,m (4)
3 3

This assumes that the actual response surfaces are
the expected values of the observed responses.

Since an observation ¥ from a simulation trial

is usually the sample mean of s realizations of
the response variable, the variance 0% is actually
1/s as large as the variance of the pdpulation of
the response variable. Indeed, the minimization of
02 through so-called "variance reduction” techni-
ques is an essential feature of the simulation-
optimization strategies discussed here, although

variance reduction will not specifically be address—
ed here.

Note that we have m separate (nt+l)-dimensional
surfaces, each having its own characteristic random
variation as expressed in (3) and (4). The problem
at hand is to have the computer simulation model
which produces these m responses either automati-
cally or interactively controlled by an optimization
procedure. The interface between the optimization
method and the simulation model is illustrated, in
a general sense in Illustration 1. The extent of
the interaction between the simulationist and the
optimization procedure can be almost mone, as in
the case of a fully algorithmic technique, to al-
most completely sequential decision-making. This'
paper describes several such techniques.

METHODS OF PROBLEM FORMULATION

We shall consider two basic approaches to formula-~
ting the problem of optimizing a multiple-variable,
multiple~response simulation model. One approach

is the familiar constrained optimization formulation
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ILLUSTRATION - 1

The Interface Between Optimization and Simulation

Optimization
Procedure
k+1
Caip R =, 5
Simulation
0 O . Model * %
(X,Y) (X’Y)

in which one of the system respomnses, say nj, is
to be maximized or minimized, subject to maintain~
ing the remaining m~l response within prescribed
bounds. The second approach is the multiple~
objective formulation, in which the m responses
are either weighted to form a single objective or
treated in manner akin to goal programming. Each
of these two approaches is described in the follow-
ing sections.

Constrained Optimization

Under the constrained optimization approach, the
problem is stated as

Max(or Min) ny = g (x;,..,%)) (5)

subject to the constraints

a; <% <e¢, 1= i,...,n (6)
z

.= g (X, 5eeesX =%d,, j=2,...,m 7

N gJ( 1 n){<} 4o N

The constraints expressed in (6) are bounds on the
controllable input variables =xj,...,X, and are
typically known a priori. Thus the bounds (6) gen-
erally form the known experimental region prior to
conducting simulation trials. In contrast to that,
the response functions g-(xl,...,xn) in (7) are
not usually known a priori and the responses nj
must be estimated experimentally via simulation.
Hence simulation trials performed at points satis—
fying (6) may yield responses violating (7).

To complicate matters even more, the random error
s can lead to erroneous decisions relative to the
constraints in (7), leading the simulationist to
believe that a given response is feasible when it
is not, and vice versa. The same is true relative
to the objective function in (5). That is, one
simulation trial can appear to represent an
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improvement over amother when the true response at
this particular set of values x3,...,X; does not,

These difficulties can be countered through variance
reduction techniques.

Multiple Objective Optimization

One approach to a multiple objective formulation is
to assign weights wi,j = 1,...,m to the m re-
sponses and form a single objective function

m
Max(or Min) W = jzl w&gj(xl,...;xn) (8)

The bounds (6) still apply, so that the problem
remains one of constrained optimization, but one in
which the entire feasible region is known a priori,
The weights wi,j = 1,...,m are typically assigned
through the sugjective judgment of the decision-
maker in the system being simulated. These weights
are usually normalized, so that

m

¥ ow, =1 9
=1

One frequently encounters the situation in which cer-
tain of the responses ny are to be maximized and
others minimized. This case is handled by maxi-
mizing the negative of those functions which dre to
be minimized, so that the objective function in (8)
is rearranged to the form

S
Max W= I w.g.(X,400e,X
i JgJ( 1o es®)
m (10)

- I ow.g. (X ,eeerx)

jestl 3371 n

where s functions are maximized and m-s functions

are minimized.

A second approach to the multiple objective formu-
lation is one which casts the problem in the format

Max U[gl(xl,...,xn),...
ey gm(xl,...,xn)] (11)

subject to the bounds in (6). The formulation in
(10) is a special case of that in (11), in which
Ulg: (X1 ,+.45,%3)] is a linear additive function.
Mon%gomery and Bettencourt [15] discuss various
formulations of the multiple objective optimization
problem, as well as several approaches to its solu-
tion, and demonstrate its application to multiple-
response simulation.

Another multiple objective optimization formulation
is that called goal programming. This procedure

is initiated by establishing a set of goals in
terms of the m system responses. These goals are
expressed as

G, = gj(xl,...,xn), j=1,.0.,m (12)

J

Each goal must have an associated right-side value



dj; that is,

< .
G, = g. (X, ,.00s =¥d,,j=1,..., 1
5 = 850 x) {>} i " (13)

Henéee each goal cantbe expressed as an equalit
cAnr LN Ha%ﬂw}r SRS P 4 y

gj(xl....,xn) + nj— pj= dj,J = Llyees,m (14)

where n; is a negative deviation from dj, and
ps 1is a positive deviation. Either ny or P
must be zero in any given solution, and both could
be zero. WNext, each of the m goals Gy is
assigned to a priority level Py,k = 1,...,%,
where Pj represents the highest priority and Py
the lowest. For any goal falling within a given
priority level Py, the decision-maker is unable to
say that one goal is preferred to another. The
final step in problem formulation is to combine
these several levels of goals into an achievement
function, which has the form

8= {P,(,p,)> By(my,py)s--.,B, (0 B0} (15)

This achievement function is simply an ordered
%~vector. Its structure is predicated on one of
the following procedures for achieving the j-th goal:
(a) To equal or exceed d;, minimize n,
(b) To equal or be less than d;, minimize ps

- . J
(c) To equal dj, minimize (nji P1)
A solution (x*,,...,x%;) is cohsidered optimal if,
for this solution the corresponding value A% is
the same as or preferred to any other value A.

Thus, the general goal programming problem is to
find X]s--.4Xy S0 as to minimize the ordered
vector (15) such that the goals (14) are satisfied
and

x, > 0, i=1,...,n
n, > 0, j=1,...,m (16)

pj > 0, j=1l,...,m

The functions gj(xl.....xn) in (14) are generally
unknown, but are usually assumed to be nonlinear.
Any technique proposed for solving this problem in
the simulation domain must provide experimental
estimates of these unknown functions, as well as a
mathematical procedure for optimization. Moreover,
the experimental observations are produced via
simulation -~ each simulation trial at a point
Xgeees produces m responses ys= 1,...,m.
Biles [3] has described the application of nonlinear
goal programming to the multiple-respomse simula~
tion problem.

The following sections describe several optimization
procedures which can be applied to one or more of
the above formulations of the multiple-response
simulation problem.

OPTIMIZATION TECHNIQUES

Various procedures have been applied in combining
optimization and simulation to seek the "optimum"
solution to systems possessing a single response
n. The multiple-response problem described here

is complicated by the necessity to observe several
responses at once, and to incorporate these values
into the optimization technique. But many of the
same techniques that have been applied successfully
to the single-response problem can, with appropriate
modifications, be extended to accommodate multiple
responses. Moreover, these modified procedures

are often applicable to more than one of the afore-
mentioned formulations of the multiple-response
problem.

The optimization procedures described below fall
into three categories: (1) direct search techni-
ques, (2) first-order response surface methods, and
(3) second-order response surface procedures.
Although numerous techniques will be cited, only a
few broadly stated procedures will be outlined here
due to space limitations. It should be remembered
that, although we may refer to "optimization"
techniques, the classical notion of an "optimum"
solution is inapplicable due to the presence of the
sampling error e: associated with each response
variable nj;. Rather we shall seek a solution which
hopefully lies close to the true solution. In a
more formal sense, we might state that we are to
some degree, say 90%, confident that the true solu-
tion lies within some interval about our estimated
solution.

Direct Search Methods

Direct search methods are those which, applied in a
purely computational manner, do not require the use
of derivatives. These methods progress through a
sequence of points according to some algorithm.
Typical of this class of optimization techniques
are the pattern search algorithm by Hooke and Jeeves
[11], sequential simplex search by Spendley, Hext
and Himsworth [19], and the so~called "complex"
search method by M. J. Box [6]. In general, these
direct search procedures make rapid early progress
toward an "optimum", but iterate laboriously as a
solution is neared. This is particularly true in
the presence of random error, as encountered in
simulation.

Among the direct search techniques, Box's '"complex"
method [6] is most easily adapted to a multiple-
response environment. It also performs better than
any of the other direct search techniques in the
face on random error and constraints, In fact,
Y'complex" search is not at all complex, but derives
its name from a contraction of the words "con-
strained simplex'": it evolved from the sequential
simplex method [19] and the necessity to deal with
constraints. Noh [17] has suggested a mofication
of Box's method [6] which makes it especially
suitable for the multiple-response simulation pro-
blem. The following procedure describes a gen-
eralized "complex" procedure as it might be applied
to the multiple~response simulation problem:

1. Randomly generate a set of N > nt2 search points
satisfying the known bounds (6).

2. Perform a simulation trial at each of these N
search points and record the mN estimated re-
sponses y%,j = l,...,my £ =1,...,N.

3. Where a giVen search point K is observed to
violate one or more comstraints (7), if such
constraints apply with the particular problem
formulation being emﬁ}oyed, generate a replace-
ment search point XX , perform a simulation
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trial at xk
‘sponses at Xfc

4, After N feasible search points have been es-
tablished, evaluate the objective function for
each of these N points. This "objective
function" might be n; 41n (5), W in (10),

U din (11), or A in (15). Among these N
search points, find the worst point X¥; that
is, the search point giving the least desirable
value of the objective function. Define XC©

as the centro1d of the N-1 remaining points.
Project from bod through X¢ to the image
point ', If the known bounds (6) are vig-
lated by this move, shorten the step to XV
until no violation occurs. Perform a simula-
tion trial at XV¥'.

5. Repeat steps 3 and 4 until a solution (X ,Y )
is obtained which represents the best solutlon
that can be achieved within the available com-
puter time.

and record the m estimated re-

A significant advantage of complex search is that,
once N feasible simulation trials (and perhaps
several infeasible trials) have been performed,
trials are conducted one at a time thereafter. The
search can be continued as long as improved solu-
tions are obtained. If several successive simula-
tions are performed at scattered points around the
known experimental region without achieving an
improved solution, however, the search can be termi-
nated and the best available solution adopted.

First-Order Response Surface Methods

First—-order response surface methods attempt to
accomplish experimentally what the "method of
steepest ascent" accomplishes computationally.

From a current point X", a designed experiment is
conducted (with a simulation trial at each design
point) to estimate the gradient direction Vg(Xk).
Simulation trials are then conducted at points along
this direction to a new point X
the best solution obtained along Vg(X ). This
process is an experimental approximation of

o g R e an

The step length Ak can be estimated by a line
search or by a regression procedure as described by
Biles [1,2].

The gradient direction Vg(Xk) is estimated by
placing an appropriate first-order experimental
design, such as a 27 factorial, 2%°P fractional
factorial, or n-dimensional simplex design (see
Myers [16]) around the current point K. Brooks
and Mickey [7] have shown that the n-dimensional
simplex design, which employs n+l design points
at the vertices of a regular simplex, gives the
greatest efficiency in terms of information per
design point. That is, the n+l observations
¥y“,% =1,...,ntl are the minimum number from
which the: multiple linear regerssion model
~ n
y = bO + 2 bix (18)
i=1

can be estimated. Since the gradient direction
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which represents

Vg(xk) is mathematically defined as the n-vector of
first partial derivatives of g(X) evaluated at

Xk, it is clear that Vg(X*) 4s simply the n-vector
of regression coefficients, or

l,...,bn)‘ (19)

gxH =
In the multiple~response simulation problem, a simu-
lation trial is conducted at each design point in the
n~simplex design and the m observations yﬁ,
j=1l,...,m are recorded at each design point.
Multiple linear regression (see Draper and Smith
[8]) dis applied separately to each set of observa-
tions (assuming independence among the m responses),
producing the m models

n

. = Db, + I b, .x,
yJ

5,0 % 2 Byt j=1,00.,m (20)

and thus the m gradient vectors

ngcxk> = (b paeeby D1 = lm @D)

jon

These estimates can then be employed in any one of
several optimization schemes to produce an improved
solution X A generalized procedure for accom-
plishing this improved solution, and an estimated
"optimum", will be described later. But first it is
necessary to give attention to the experimental
de51gﬁ employed to estimate the gradient vectors
VgJ(X ) j=1,...,m.

As stated earlier, the n-simplex design is the most
economical design for estimating the first-order
model (18). It is usually desirable to minimize
the variances of the regression coefficients bi,
i=1,...,0n. To accomplish this the first~order
experimental design should be otrthogonal. That is,
the placement of the N experimental points (in
our case, simulation trials) is described by the

N by n design matrix D, where

) .
*11 Far vt %
¥12. Fa2 ot Ep

D =f. (22)
T ) N

Then an N by nt+l matrix X is constructed by
placing a unit vector to the left of D. Thus,

r b
1 xll xzl e X1
1 X9 %90 . X,
x=- (23)
1 x b9 e X
. 1N 2N nN,

It is usually convenient to code the design levels,
so that




z xi2 =N
w=1
i=1,...,n (24)
N
z ia " 0
u=1 u

If the actual value of the u~th level of the i-th

variable is £in’ then the corresponding coded value
is

iu iu
T @)
i
_ N
where €, = (= eiu)/N (26)
u=l
, N _
and S;=1]¢% (eiu - Ei) /N 27)
u=1 ¥
Then
N 0 0 “ae 0
0 N 0 e 0
X'X=]. . (28)
0 0 0 e N

Since the nt+l vector of regression coefficients is
estimated by the least-squares relation

b= lxy (29)
the variance of bi, i=1,...,n is

Var (b,) = /N, i=1,...,n (30)

where 02 is the variance of the error €. Since we
are interested in m different respomses y;, j=l,...m,
equations (29) and (30) can be generalized to

b, = @ty ¥, . i=L.m (29a)
2 i=1,...,n
Var (bj’i) - Gj/N’ j=1,...,m (302)

For any orthogonal first-order design, the results
in (28)-(30) are true, giving a "minimum variance
design. The 2% factorial and 207P fractional
factorial designs are orthogonal and minimum
variance. Orthogonal n-simplex designs can be
easily comstructed by starting with any orthogonal
N by N matrix O and proceeding as illustrated in the
following 2-dimensional example:-

1 1 -1
0 ={1 -1 -1
0 2

V3113 ¥3/7Z ¥31/&

Multiple each element in the j~th column of matrix

0 by the term shown at the bottom of the columm,
which is
= -
ﬁ/’ z o.,i,
i=1 4

to give the matrix X. 1In this example, we get

1 B -u33
x=l1 -¥72 -u¥
10 2/

From this it is seen that the design matrix is

B2 -8
p=|-B2 -1/¥
0 2/42

which describes the vertices of an equilateral tri-
angle in 2-dimensional space, as shown in Illustra-
tion 2. Other choices of X are possible simply
by choosing different starting orthogonal matrices
0. These other choices of X simply represent dif-
ferent orientations of the n-simplex. The X'X
matrix is diagonal for each, and thus they are all
orthogonal. See Myers [16] for a complete treatment
of simplex designs. )

ILLUSTRATION 2

First-Order n-Simplex Respohse Surface Designs

One additional requirement for the n~dimensional
simplex to place two or more design points at the
centroid of the simplex, which corresponds to X%,
the current point in the search. These points
allow degrees of freedom for testing lack of fit,
and they provide a starting point for the subsequent
line search along Vg(Xk).

Biles [1] has described a first~order procedure for
approaching the constrained formulation of the mul-
tiple-response simulation problem. This procedure
consists of a gradient search along Vg1 (XX) as
long as the search is interior to the constraints
(6) and (7), but follows the gradient projection
direction (see Rosen [18]) once one or more con-
straints are encountered. Swain [20] has compared
several first-order and second-order techniques,
including those of Rosen [18], Klingman and
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Himmelblau [14}, and Zoutendijk [21]. Swain repor-
ted very little difference among these techniques
in terms of experimental requirements, and hence
simulation computer time, but saw somewhat greater
variability in computational requirements for the
optimization algorithms. The Zoutendijk technique
required significantly greater computation than

the other methods.

Biles [3] demonstrated both first-order and second-
order approaches to a nonlinear goal programming
formulation of the multiple-response simulation
problem. These approaches are based on Ignizio's

- adaptation [12] of the method of Griffith and
Stewart [10] to goal programming .and, like the con-
strained procedures mentioned previously, combine
simulation, experimental design and mathematical

. programming.

The following generalized procedure is followed in
employing a first-order response surface approach to
‘- the multiple-response simulation problem. The
particular problem formulation and optimization pro-
cedure will govern the precise sequence of steps in
implementing this procedure.

1. Identify the known experimental region 8.<x,<c,,
i=1,...,n. Select a starting point X imiTi
within this region. With X" as its center,
array an orthogonal first-order n-simplex re-
sponse surface design within a selected design
‘'radius. Place n.= n/2>2 points at the design
.center X (codeg as the 0 - vector).

!+'2, Perform simulation trials at each of the N =

‘gt ntl  experipental design points and record
the response y:, i = 1,...,m3 & = 1,...,N,
Using multiple iinear regression, fit linear
-models of the form (20).

3. Apply the appropriate optimization technique
to locate the next center point in the search.

4, Repeat steps 1-3 until an "optimum" solution is

- located. It may be appropriate to add design

points to complete a second-order response
surface design to test this optimum solution.
The procedure for accomplishing this is described
in the mext section.

Second~Order Response Surface Methods

The first-order response surface techniques descri-
bed previously involve an adaptation of mathematical
programming in which experimentation forms an essen-
tial component in the sequence of search steps. This
section described procedures in which experimentation
and computation are performed separately. applying
nonlinear mathematical programming techniques to
functions that are estimated through designed experi-
ments. The following discussion treats these two
aspects separately.

Experimental designs for second-order response sur-—
faces involve at least three levels of each control-
lable input variable xj, i =1,...,n. The design
that is automatically suggested by this requirement
is the 3% factorial design: The number of design
points needed for this is prohibitive, however. Box
and Wilson [4] have devised a workable alternative

to the 3% factorial system through the development
of central composite designs. These designs involved
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adding 2n radial points plus center points to a 2"
factorial or 2%°P fractional factorial structure.
Given that p is zéro for a full factorial design,
the number of design points needed for the central
composite design is 207P+ 2n + n., where 1,
points are placed at the design center, coded as
described previously.

The n-simplex design can be extended to allow esti-

mation of the second-order response surfacée model

n , B m

T b,.x,+2 I b, . x.x, (31)
i=1 j=1 3 *

n
d+ ‘Z b.x +

y=b 1 i1
=1+t g= Y

i#j

Note that this model has (ntl) (n+2)/2 regression co-
efficients. It is a convenient coincidence that by
adding a design point for each edge of the n-simplex,
exactly (n+l) (n+2)/2 design points are obtained.

Of course, n, design points are placed 4t the de-
sign center to enable testing for lack of fit.

The placement of the design points is as follows:

l.n+l design points are placed at the vertices of
a regular n-simplex as described earlier.
n.= n/2>2 design points are pldced at the centroid
of the n-simplex.

2.(n+2)(nt+3)/2 design points are placed at locations

= at + xh/2 (32)

where a 1is chosen to make the design either
equiradial or biradial. For an equiradial design,
the value of a should be computed from the re-
lations : '

. A e’ (ngl)(qm2 1_2 3y
10.5(prg~2c) +(n-2) (q-¢)

P= Vi nTZ = (34)

g Yol | (35

c = —P—i(—t(g-ﬁ—)ﬂ— (36)

A suitable biradial design is obtained with a = 1,
although any value of a other than that from (33)
will produce a biradial design. Illustration 3
shows both an equiradial and a biradial design.

It is important to note that, despite starting with
an orthogonal n-simplex first—order design, the
second-order designs constructed in the manner de-
scribed above are not gemerally orthogonal. But
other desirable statistical properties are often
sought with second-order designs, including ro-
tatability and uniform precision (see Myers [161).
The equiradial design constructed from a regular
n-simplex according to relations (32)-(36) is both
rotatable and uniform precision.

After the experimental design for the second-order
problem has been constructed, simulation trials are
performed at each design point and the m responses
from each trial are recorded. Multiple linear re-
gression techniques are employed to fit m models




ILLUSTRATION 3

Second-Order n-Simplex Response Surface Designs

%

(a) Equiradial Design

/
g

of the form stated in (31); that is,
n n

=b + b x+ZIb X

% T "k,0 e 'S o e T4

(b) Biradial Design

2

n n
+ = Ib
i=1 j=1
i# 3

k,ijxixj’ k=l,...,m (37)

These m models are then treated as known functions
in formulating a mathematical programming problem in
either the constrained format represented by equa-
tions (5)~(7), the weighted objective function for-
mat expressed by (10) and (6), the multiple-objective
format stated in (11) and (6), or the nonlinear goal
programming scheme shown in (14)-(16). It is

usually worthwhile to perform local simulation ex-
periments around the predicted "optimum" to test the
validity of this solution.

SUMMARY

This paper has proposed several strategies for formu-
lating and solving the multiple-response simulation
problem. The great scarcity of literature reporting
efforts to apply optimization to multiple-response
computer simulations attests either to the need to
have available workable methodology or to the utter
lack of such a need. Only future efforts and pub-
lications will tell the truth of that situation.
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