METHODS FOR MODELLING AND GENERATING PROBABILISTIC COMPONENTS IN DIGITAL

- COMPUTER SIMULATION WHEN THE STANDARD DISTRIBUTIONS ARE NOT ADEQUATE:

_A SURVEY

ABSTRACT

Methods of modelling probabilistic components
which are not adequately represented by the stan—
dard continuous distributions (such as normal, gam—
ma, and Weibull) are surveyed. The methods are
categorized as systems of distributions, approxi-
mations to the cumulative distribution function,
and four~-parameter distributions. Emphasis is on
generality, determination of appropriate parameter
values, and random variate generation.

I. INTRODUCTION

A common problem in computer simulation of stochas~
tic systems is the selection of appropriate statis-—
tical distributions for generating random observa-
tions. The selection is sometimes an over-simpli-
fied process of selecting from a few well-known
standard distributions: normal, lognormal, gamma,
and Weibull (including the exponential) in the con-
tinuous case; Bernoulli, binomial, and Poisson in
the discrete case. These distributions are appro-
priately chosen in many cases. Other times they
are chosen because of the ease of their pseudo-~
random process generation.

Ideally, an appropriate statistical distribution is
chosen using a three step iterative process consis-
ting of

1. didentification of a family of distribu-
tions which appear appropriate

2, determination of the parameter values
which allow the family to best fit the
situation, and

3. diagnostic checking to determine whether
or not an adequate model has been found.

These three steps are repeated until the diagnostic
check is satisfactory. (McGrath et al [28] give

a detailed survey of techniques for selecting pro-
bability distributions.)

In those cases where the diagnostic c¢heck is not
satisfactory for the standard distribution, more
elaborate means must be used. This paper surveys
methods useful for continuous random variables.
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In particular the following are discussed:

Systems of Distributions
Pearson, Johnson
Approximations of the Inverse cdf
Expansion techniques
Polynomial regression
Rectangular approximation
Four-parameter Distributions
Beta, Four-parameter gamma, Burr,
Generalized lambda, Absolute lambda

The common property of these methods is theilr abil-
ity to satisfy four or more desired properties.

The standard distributions usually satisfy one
(exponential), two (normal, gamma, Weibull), or
three (translated gamma or Weibull) properties.
These properties may be moments, quantiles, loca-
tion of the mode or other desired characteristics.
The generality of a method depends on the number of
properties satisfied and the combinations of pro-
perties possible.

The generality of an approach may be measured to
some extent by considering the third and fourth
standardized moments '
a; = E{[(X-w)/c]"} i=3, 4.
where |l is,the mean and ¢ the standard deviation of
X. B, =0, is a measure of skewness and the kurto-
sis (%ail—weight and/or peakedness) may be measured
by 62 =0d,. Since (Bl, B8,) is a measure of the
shapé of a distributidn, %he more values of (Bl, Bz)
attainable by a method, the more general it is.
While other measures are also reasonable, standar—
dized moments will be used here to motivate these
methods and to compare their generality.

Figure 1 shows the (B,, B,) plane. The locations
of Bernoulli trials, unifGrm, normal, Weibull, gam~-
ma, exponential and Student-t are shown. Note that
symmetric distributions lie on the B, = 0 axis.
Bernoulli trials, the shortest taileé distribution
possible, lie on the By — By = 1 line. The symme-
tric Bernoulli trial (p = .5) lies at the point
(Bl, 82) = (0,1). The normal distribution lies at
(0,3) and Student's t distribution lies below the
normal. Asymmetric distributions are scattered
around the square. The exponential is at (Bl, 82
= (4,9) which is a point on both the Weibull and
gamma curves. Hahn and Shapiro [16] discuss the
positions of the standard distributions in more

)
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detail.
FIGURE 1
DISTRIBUTIONS' POSITIONS IN (BI’ 82)
B, = .
L 0 1 1 2 3 3 4

A characteristic of all of these distributions is
that none covers a region of the (B, 62) plane.
The distributions usually considére& genieral (Wei-
bull, lognormal, gamma and Student's t) are asso-
ciated with lines while more limifed models (nor-
mal, exponential, uniform) are represented by
points. It is clear that the standard distribu-
tions c¢orrespond to only a small part of the avail-
able models of randomness. While the standard
techniques are often appropriate due to their itheo-
retical foundation, when theoretical reasons do not
justify a standard distribution, selection from
.any point on the plane is reasonable and ofteq de—
sirable.

The property common to all the versatile methods
mentioned at the beginning of this section is that
each covers a region of the (B,, 62) plane. To
have this versatility, at 1eas% folir parameters are
necessary: two for shape (third and fourth moments),
one for scaling (second moment —- variance) and one
for location (first moment ~- mean). Some models
have more parameters.

The three groups of methods are examined in the
next three sections. Generality, properties, tech-
niques of parameter determination and techniques of
random variate generation are discussed. The au-
thor apologizes for any omissions and would appre-
ciate having them brought to his attention.

II. SYSTEMS OF DISTRIBUTIONS

The Pearson and Johnson systems each cover the .en-
tire-(Bl, B,) plane by using multiple functional
forms. Eacg functional form covers a region 0f the
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(B, 62) plane or is a transition between regions.
Bo%h systems were developed as statistical models
before computer simulation was a factor. '

e

PEARSON SYSTEM

The Pearson system [32] is composed of seven types
(functional forms). Some correspond to standard
distributions (beta, gamma, Student t) and the
others provide a continuum over the (B,, B,) plane.
There is exactly one Pearson distributlon for each
point of the (B,, B.,) plane. The normal distribu-
tion is a limitIng &istribution of every type of
Pearson distribution. Elderton and Johmson {13],
Johnson and Kotz [24] and Ord [30] discuss the
Pearson system in detail. Tadikamalla [36] dis-
cusses type selection, parameter estimation, and
variate generation.

Due to the multiple forms, multiple parameter esti-
mation and variate generation techniques are neces-
sary to cover the whole ~(B,, 82) plane. Johnson,
et al [23] give tables of percéntage points of the
Pearson curves for given VB, and B, which can aid
parameter determination. ximum %ikelihood esti-
mation is difficult. However, parameters may be
determined by matching the first four moments rela-
tively easily. The Pearson system is one of the
few approaches having closed form solution for mat-
ching moments. For example, Pearson types I and IT
(beta distribution) yield parameter values
) 9 -1 1/2
p.q = r{l+(r+2) [Bl{(r+2) Bl+l6(r+1)} 1 }2

where
r = 6(B,~B,~1)/(6+38 ~28,)

and p s$4q according to whether vB § 0. The only
drawback is that the equations change for each type.
However, the type may be found easily from (B., B,)
charts usually reproduced whenever the Pearsoii sy-
stem is discussed. . )

Variate generation is not straightforward. Each
type requires its own techniques. The inverse cdf
is not closed form for the more important types and
rejection techniques have not worked well until
recently due to many types having long tails. Coop-
er, Davis, and Dono [9] describe their PURGE pro~
gram which calculates moments and generates values
using numerical integration. Numerical integration
was important at that time since no exact techni-
ques were known. Since then much development has
occurred in generation techniques for the Pearson
system. In particular, type I and II Pearson (beta)
variate generation has been the subject for Jbhnk
[19], Fishman [15], Whittaker [41], Ahrens and
Dieter [1], Atkinson and Pearce [2], Atkinson and
Whittaker [3], and Schmeiser .and Shalaby [35].
These developments are important to the whole Pear~
son family since beta variates can be transformed
to obtain other types difficult to generate direct-~
ly. Using the beta relationship, McGrath and Ir-
ving [29] give flow charts and FORTRAN subroutines
for each Pearson type.



JOHNSON SYSTEMS

Johnson [20, 21] has developed two systems which
cover the entire (B 17 8,) plane in three function-
al formsxbased on’ trans%ormations of the normal

© and Laplace distributions. Let z be a standard
normal variate. Then

x = & + exp[(z-v)/38] £<x
_E+ (EH) expl(z~y)/8]
XS empl(y) /8] GSEIERR
and
x = & + A sinh [(z-Y)/§] ~0 < x < o

correspond to the three types S. (lognormal), S
(bounded) and S, (unbounded), yTelding straight—
forward, though relatively slow, variate generation.
The second system is obtained by letting z be a
standard Laplace random variate. For both systems
£ is a location parameter, A is a scale parameter,
and Y and § are shape parameters.

Parameter estimation can proceed in at least two
ways: matching percentiles or matching moments.
Johnson [22] gives tables for Y and § in terms of
and B for the 8 family. Johnson and Kotz
%] glve an abac wigh the same information in
graphlcal form. Given Y and 8, the desired vari-
ance 0% is obtained from

A= o/oly)
and the desired mean |1 is obtained from

E=u-2E®y)

where
E(y) = -u*/? sinh @
o(y) = [(w-1)(w cosh 2041)/2]%/2
W = exp 66'2)

and
Q= v/8

For the S_ family, & is the lower bound and A is
the range, reducing the problem to only two parame-
ters Y and 8. Given any two desired percentiles

(%15 Py) and (x,, p,) yields
- 21 2
§ = = z
in €+A % €+A—x
and
x - E‘j
Y=z~ § 1n E+l =
.
where

th percentile of the stan-

z, = q’(P )’ the P,
daré normal éistrlbutlon.

1

Similarly for the S distribution, & is the lower
bound and

§ L2
ln(xl*i)—ln(xz-g)
and
Y =z - In (x~8) h

yields two desired percentiles.
also discusses these topics.

Tadikamalla [36]

ITI. APPROXIMATIONS TO THE INVERSE CDF

Three techniques based on approximating the inverse
cumulative distribution function (cdf) have been

proposed: expansion techniques, polynomial regres-
sion, and rectangular approximation. Although all
three only approximate the desired cdf, the appro-
ximation can be made as accurate as desired at the
expense of coding, storage and/or executive time.

EXPANSION TECHNIQUES

Expansion techniques can sometimes provide a random
variable having four or more desired moments. The
general technique is to expand the density or cdf
into a series of infinite terms based on some ini-
tial distribution which, if used in its entirety,
would provide the desired moments exactly. The ini-
tial distribution is usually the normal, although
others such as the gamma have been used. Elderton
and Johnson [13], Johnson and Kotz [24] and Ord [30]
discuss expansion techniques in more detail. Only
the special case of the Cornish-Fisher expansion
[10] is discussed here.

The Cornish~Fisher expansion, which uses a normal
initial distribution, can be used to generate ran-
dom variates having desired moments (mean), u th
(variance), y, (third central moment), ey U %

central momen%) We consider k = 4 here. Se
= 1t
Tl
Kp = ¥y
K3 = H3
K, = -2
4TV T H

which are the first four cumulants, upon which the
Cornish-Fisher expansion is based. Now generate a
normal (0,1) variate z. Setting
x =z + (22—1)K3/6 + (z3—3z)K4/24
-(22°-52)K5/36 - (2*-52"42)c /24

+ (12z4-53z2+17)mg/324

(3z5—24z3+29z)Kz/384

+ (1425—10323+107z)K§K4/288

(25225—168823+15112)Kg/7776
I

yields y = k, + vk, x as the desired variate. Fish—
er and Cornish [14? give terms through the eighth
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cumulant-. !
Expansion techniques converge rapidly when the dis-
tribution desired is similar to the initial dlstrl—
bution, but later terms become important otherwise.
(Barton and Dennis [5] discuss the region of (B,,

B,) where thé resulting distribution is unimoda1
and has all nonnegative density.) Therefore catre
must be taken when using this technique. A simple
procedure is to collect sample moments on the gen—
erated observations to ensure the desired moments
are obtained.

POLYNOMIAL REGRESSION
Tocher [38] uses an approximation to the inverse
cdf

-1 2 2 2

F “(u) = atbutcu ™ +o(l-u) “log(u)+Bu”log(l-u)
where a, b, ¢, 0, and B are constants used to fit
the desired distribution; Variate generation is
trivial by setting x = F ~(u) where u is a uniform
(0,1) obseivation. While X will have some dlstri—
bution, F “(u) is not an inverse cdf for all para—
meter values. Also the fit may or may be accurate
enough for the intended purpose. Tocher notes that
if five particular quantiles are desired, (x., u.)

=1, 2, 3, 4, 5, then the resulting five equatiors

(from substitution into the inverse cdf) are linear
and can therefore be solved relatively easily. In
general, he suggests least squares estimation to
satisfy desired properties as nearly as possible.

RECTANGULAR APPROXIMATION

Rectangular approximation is probably the most'wide—
ly used technique for generating random variates
which do not come from the standard distributibms.
(GPSS, for example, uses this technique.)’ The (in-
verse) cdf is approximated by a piecewise linear
function, which is equivalent to a mixture of k
nonoverlapping adjacent uniform distributions. To

‘generate random vapiates, a uniform value is gen-—

erated from the 1~ distribution with probability
.o 1 =1, 2, ..., k. In the special case of p

l}k for all i, storage is reduced since the P 'S no

longer need to be stored. McGrath and Irv1ng [29]

and Barnard and Cawdery [4] point out that the con-

stant p, values case can also be made faster than

general rectangular approximation when k is large.

While variate generation is direct, the proper
piecewise linear approximation is not so obvious.
Drake and Gerhardt [11] and McGilchrist [27] study
this problem in a general context. Kisco [26] dis-
cusses this problem in the simulation context, pre-
senting a 27 step algorithm to fit empirical data.
Even with an algorithmic approach it is difficult
to obtain the desired moments. For example, in
Kisco's example for the algorithmic approach, the
mean is .832 units too large. This may or may not
be important in a given situation. Of course a
nonlinear programming problem could be solved along
the lines of minimizing average error subject to
satisfying the desired mean and variance. But as
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the number of linear segments grows, and therefore
the error decreases, the difficulty in obtainlng
desired moments increases. Nevertheless, this tech~
nique works even when the desired distribution is.
not unimodal, which is not true of the other methods
discussed here. Butler [8] extends rectangular ap—
proximation to thé equivalent of quadratic approxi-
mation by using rejection methods on a piecewise
linear demsity function.

IV. TFOUR-PARAMETER DISTRIBUTIONS

There are five distributions which cover wide re-
gions of the (B,, B,) plane: beta (already dis-
cussed under the Pedrson system), four parameter
gamma, Burr, generalized lambda distribution, and
a distribution referred to here as the absolute
lambda distribution. All have exactly four parame-
ters and only one functional form, resulting in
parameter estimation and variate generation methods
which are applicable in many modelling situations
where the standard distributions are not adequate.

FOUR-PARAMETER GAMMA DISTRIBUTION

Harter [17] discusses a four-parameter distribution
which includes several standard distributions as
special cases. The density function is

f(x;c,a,b,p)=p(x-c)bp_1exp{—[(x-c)/a]p}/apr(b)

where a,b,p > 0 and x > ¢. Here ¢ is the location
parameter, a is the scale parameter and b and p to-
gether determine shape. When ¢ = 0, this distribu-
tion reduces to the gamma if p = 1, Weibull if b =1,
exponential if b = p = 1, and half-normal if b =1/2,
p=2. In addition, the normal distribution is a li-
miting case as p = 1 and b goes to infinity.

While being more general than either the Weibull or
gamma distribution, this distribution has several
disadvantages for use in simulation. First, the
moments are not easy to evaluate except far the
special cases. Second, parameter estimation is not
straightforward. Harter [17] discusses maximum
likelihood estimation including the estimators’
asymptotic variances and covariances. The third
disadvantage is in random variate generation. Since
the standard gamma distributions (Pearson type TII)
are not straightforward to generate (except for in-
teger shape parameter), certainly this four parame-
ter generalization is difficult to generate. The
author knows of no results in this area.

BURR DISTRIBUTION
The Burr distribution has cdf

Fx) =1 - [1+ {(xa)/m}°T™ x>0
with parameters b and k positive. Here a is the
location parameter, b the scale parameter, and c
and k determine the shape. As originally developed
by Burr {6], the parameter c was positive. As

shown by Wheeler [40] the region of (Sl, 82) covered



by this distribution includes the Weibull and gam-
ma curves and some area corresponding to heavier
tails (larger 62). Burr [7] notes that using c<0
results in covefage of a new region of (B,, B,)
closer tg, the ling; B, = 1 in the betd region.
Wheeler’ f40] and Tadikamaila and Ramberg [37] have
used the Burr distribution to approximate the gamma
distribution.

The parameters may be estimated using tables given
in Burr [7] to match the first four moments. Max-—
imum likelihood estimators cam be obtained via
iterative numerically techniques. Likewise trying
to fit the parameters by specifying quantiles re-—
quires numerical solution. Random variate genera-
tion is direct from the inverse cdf
1/e
=F ) = a+b [(1-w R

where u is a uniform (0,1) variate.

GENERALIZED LAMBDA DISTRIBUTION
Tukey [39] considered the inverse cdf

=Flw = - @A @ <uc<)
with parameter A > 0. This distribution is symme-
tric about zero and has a wide range (1.75,®) of
values of B,. Joiner and Rosenblatt [25] noted
that for A £ .14 the distribution closely approxi-
mated the normal distribution.

Ramberg and Schmeiser [32, 33] generalized the dis-
tribution to
-1 Ay Ay
x=TF (u)=Al+[u -(1-u) ]/}\2 (0 fux 1)

where A,, A,, X4 have the same sign. The location
parametér iS5 A,, the scale parameter is A,, and
shape is determined by A, and A,. This distribu-
tion covers all of the (% » B,) plane except that
corresponding to the U ~ Shap&d beta distribution.
Combined with the U - shaped beta, the entire (B,
B,) plane may be covered in two functional forms
by noting that the limiting distribution of the
generalized lambda distribution as either A, or A
goes to infinity is the power function distTibution,
which is a special case of the beta family for one
parameter equal to omne.

Nearly exponential and nearly normal variates may
be generated from the generalized lambda distribu-
tion. The exponential is a limiting distribution
as A = A/A = A /A A, goes to infinity and A
goes to zero. %he standaraized normal distribution
is approximated by the parameter values A, = 0,

A, = .1975 and A = ,1349, which match the
first four momengs. %he maximum deviation between
the two cdf’'s is about .001. (This is about one-
tenth the maximum error obtained using the central
limit theorem approximation with twelve uniform
variates.) While not fast (Atkinson and Pearce [2]),
this does yield a one-line normal generator for
situations where such an approximation is reason~
able. (There are many faster and exact techniques"
for normal generation, which you probably already
know if you have read this far.)

The close approximation to the normal is important
when sensitivity analysis is to be performed on

normally distributed values. Using this one func-
tional form, Hogg, Fisher, and Randles [18], for
example, use the generalized lambda distribution to
test the behavior of a distribution-free test stat-
istic on both normal and non-normal random vari-
ables.

Dudewicz, Ramberg, and Tadikamalla [12] give tables
to determine the parameters to match the first four
moments. Tadikamalla [36] discusses fitting any
four percentiles exactly and using least squares

to fit the distribution to more than four percen-
tiles, both of which must be done using iterative
methods. Random variate generation is straightfor-
ward using the inverse cdf.

ABSOLUTE LAMBDA DISTRIBUTION

Schmeiser and Deutsch [34] discuss

=7l =
x=TF (u) =2 +24, [8(R3;, AP] (0O <u<D)
-7 R
where g(},, AA) = -, - U)A ifush,

3 .
R T 14) if u>},

where -~ < Xl <o 0< XZ, 0< XB, and 0 < X4 <1

which is a mixture of two distributions. To the
author's knowledge, this is the only distribution
having a single functional form which covers the
entire (B,, B,) plane. Three distributions are ob-
tained exactly: Bernoulli trials if A_ = 0, uni-
form if A3 1, and exponential as k oes to zero
with A A = A/A and A = 1.

Parameters may be determined using only closed form
expressions by matching percentiles. Given the
mode, Prob {x < mode}, and any two percentiles (x,,
pl) and (x,, p,), the corresponding parameters arg
Xl = mode, l4 € Prob {x < mode},

lnl(kl—xl)/(ll—xz)l
37 1n|(A4—p1)/(A4—p27T

and

A3
Ay = [Al - xll/l}\4 - Pl|
Moments may be matched using graphs in Schmeiser and
Deutsch [34]. Random number generation is again
straightforward due to the closed form inverse cdf.

An important disadvantage of the absolute lambda
distribution is its truncated tails and extreme va-
lue of the density function at the mode. In parti-
cular, the density function at x = A, takes on only
the values 0, 1, or infinity as A <*l, A, =1, or

A, > », respectively. This behav1or is s;milar to
ﬁat of the gamma distribution as the shape parame-
tera>1, 0 =1, or @ < 1. However it is a more
serious drawback at the mode than at an end point.
Current research is oriented toward replacing the
center of the distribution with a "nice" function
such as a quadratiec.
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V. CONCLUSION

Available to the simulation practitioner are many
techniques which allow the modelling and genera-
tion of probabilistic components when the standard
distributions are not adequate. The techniques
vary in generality, ease of parameter estimation,
ease of variate generation, and speed of execution.
The technique selected should reflect the particu-
lar application at hand.
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