RATIO ESTIMATES IN MONTE CARLO SIMULATIONS

1. Introduction

Simulation is & method of analysis that has
found widespread application.’ Almost all simu-
lations involve some probabilistic aspects and
are known as Monte Carlo simulations. Because
of the probabilistic aspects of these types of '
simulations the outputs are themselves probabi-
listic in nature. Actually, the outputs are
random variables and as such, possess distriuvu-
tion functions which must be estimated. An
example follows.

Consider a warehousing system with a given
set of initial conditions and a proposed operating
procedure that is to be evaluated via the simula-
tion. The output of the simulation is to be in
the following scenario:

a. the proportion of orders received
that are shipped on the day received.

b. the proportion of orders that are
shipped within one day, two days, one week and
two weeks.

Another example might be the proportion of
airline flights that take off within five minutes
of schedule and another the distribution of profit
from operations in a manufacturing enterprise.

In all of the above examples, estimates of
pfoportions are required, Although the entire
distribution function (or equivalent) might be
desirable, it is impractical to estimate more than
just a few points. An analogy exists in comparing
acceptance sampling plans; in such comparisons
only the manufacturer's risk (also known as the
producer's risk), the 50% point and the consumer's
risk are often used.

The everpresent question of length of run is
with us. In order to ascertain whether or not the
estimated proportions (the answers) are within the
desired limits of accuracy, an estimate of variance
is required. Herein we shall address ourselves to
sampling methods for estimating a single proportion
emphasizing statistical properties of the estimates.
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2. Sampling methods

When estimating proportions 'such as those des-
cribed above or when estimating the value of any
parameter from simulation output, two basic approa-
ches to data collection may be considered. Both ap-
proaches involve the summarization of data over an
interval of time with each selected interval giving '’
rise to one data point or obseervation. The two ap-
ptoaches differ with respect to the definition of
the time interval or what shall be referred to as
the sampling period. In one approach, the sampling
period is defined as a fixed length of system time.
With the other approach the sampling period is def-
ined by the state of the system. For example, the
sampling period may be a tour or it may be defined
in terms of a regeneration point. (3,5) One simple
example of a sampling period that depends on the
state of the system is the time it takes a fixed
number of elements to traverse the system. An argu-
ment for associating the sampling period with the
state of the system is that through some clever def-
inition of the interval & sample of statistically
independent observations may be drawn. As is well
known, observations on simulation output taken seq-
uentially usually possess a strong dependence struc-
ture. In some situations a detailed analysis of
dependence is required. (2) More often the para-
meters of the dependence structure (the auto-covar-
iance function) are viewed as nuisance parameters.
In this latter case, any sampling method that yields
an estimate of the parameter of interest and at the
same time has minimal involvement with auto-covari-
ance is desirable.

Herein, nonzero covariance is viewed as a nui-
sance parameter. However, estimates based on samp-
ling periods of fixed length will be developed.
This definition for the sampling period has been
chosen because it is apparent that the state depend-
ent definition has at least one major deficiency,
namely, that the system time required to obtain an
observation is unknown in advance. In the case of
certain types of regenmeration points, the sampling
period may be unreasonably long. If a reasonable
sampling period is to be defined in texrms of the
state of the system, enough must be known about the
system in advance to anticipate the length of the
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sampling period, as well as to determine which type
of sampling periods could yield independent obser-

vations. However, if simulation has been chosen

as the method for analyzing the system, it is very

unlikely that enough would be known of the charact-
eristics of the system in advance to define effect-
ive state deﬁendent sampling periods.

In summary, an estimation procedure is desired
that is consistent with two major objectives, First
the sampling plan should be easy to implement and
should not depend on extensive a priori knowledge
about the simulation output. Second, the estima-
tors should retain their good properties (e.g.,
unbiased, efficient, etc.) for a wide class of
simulation structures. It is proposed that the
ratio type estimator discussed in the remainder of
this paper is an estimator that meets these two
objectives. The estimator is first analyzed under
the agsumption that statistically independent obser-
vations are available. Then it is discussed within
a more realistic framework characterized by Markov-
type dependence.

3. Independent Observations

Let X; be ‘the number of arrivals in the
sampling period. 2hd ¥; be the tumbar bf arriv-
als in the i sampling period with a given attri-
bute. The sample consists of n statistically inde-
pendent pairs, (Xj, Y;). We shall interpret Y; as
the number of successes in X; independent trlals
so that Y; is conditionally distributed as Binomial
Bi(Xi;e). © is the probability of success on a
given trial or equivalently the proportion of arri-
vals with the given attribute. © is the parameter
to be estimated, Since we are sampling over inter-
vals of fixed length of time, the {Xi} are indep-
endent and identically distributed according to
some frequency function g(x). ‘Note that it is pos-
sible that there may be no arrivals in a sampling
period, i.e., X; = 0. We choose to disregard inter-
vals with X; = 0. Therefore, g(x) will be of the
form g(x) = £(x)/(1 - £(0)), x = 1,2,..., where £(x)
is a frequency function over the non-negative iunte~
gers. g(x) is then a conditiomel frequencgy funect-
ion conditioned on the event X; > 0,

.th
i

We consider two logical candidates as estima-

tors for The first is in the form of a standard
ratio estimator given as
g ’\zylzx
i=] %

The second is the average of the ratios for each
observation, 2 1 2 ’
21 Y3/X,.

are unbiased which follows easily from the facts
that given Xl,...,Xn

.Both estimators

(i) ¥, is distributed as Bi(Xi;G)

and iy ¥, is distributed as Bi(EX,;0).
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The variances may be computed using the Fformula
E [Var (U} V)] + var LE(U] v)]

For 91, replace U with Gl and V w1th EX Then
ELo(1 - 0)/5%,] + Var [e]

el ~ @) E(1/EXi).

For'ez, let U ='§2 and V be the vector (Xl""’xn)‘

Var @ = (3.1)

I

Var (el)

A
Then Var (8,) = 8 - 9)11"1 E(1/X) where X is a ran-
dom variable with frequency function g(x).

A A
To compare 8y and 92, we must compare their
variances. Let Xy,...,X; be given. Then it is easy
to show that in the class of linear unbiased estima-
tors of 0, the weighted average of (Yi/Xi} with

n
weights equal to {Xi/igl Xi} has minimum variance.(6)

Therefore,

Var dgllxl,.f.,xn) < Var (@z\xl,...,xn)
and using (3.1) it follows that
A A
Var (61) < Var (92)'

To substantiate the claim that ) is a best
estimator, we compute a lower bound for the variance
of an unbiased estimator of €. (6) With the joint
frequency of (Xi’Yi) given as

hex,y) =) 87 (L - )Y gx) y s %, x> 0,
it follows that the bound is

[Blnh

1/nE = 6(1 - 8)/nE(X).

Since E(1/X) approaches 1/E(X) as n becomes
large, %E follows that Var (91) approaches the bound
so that ©; is an asymptotically efficient estimator
for ©.

4. Dependent Observations

The estimation problem with dependent data will
be discussed from the point of view of Markov depend-
ence, First the general Markov structure of the data
is developed. Then thé stimation problem is formula-
ted and the estimator is analyzed.

Lét Z,,295.0 be a sequence of random variables
defined as follows: Zi is equal to 1 if the it
arrival has a given attribute and Z, is equdl to zero
in all other cases. Clearly 2, is a‘Bernoulli type
random variable. As above, let © be the probability
that the ith arrival has the given attribute, or
equivalently

P(Zi =1) =68

Assuming that the sequence {Zi} has Markov structure,
let
P(z, = 1\zi_1 =1) =

from which it follows that



P2, = 1lz; ; =0) = (1 -7 8/ -9)

and
Cov (Z 32

]

s = 00 - OL(-8)/1-0)]F

(See (4).) For the types of dependence under con-
sideration (e.g. delayed services, etc.) it is im-
plied that Cov (Z 1+k) should be positive. There-
fore, we shall always have A 2 0, noting that A =
corresponds to independence of the {Zl}.

Turning to the estimation of 0, as above, let
X, be the number of arrivals in the ith sampling
period and let Y; denote the number of arrivals
in the it sampling period with the given charact-
eristic. Note that Y; is the sum of X; variates
from the sequence {Zi}. We shall focus our atten-
tion on the better of ths two estimators from sec=-
tion 3. Therefore, let 8 = ZYiIZXi. As before,
the estimator is easily seen to be unbiased. Util-
izing formula (3.1) the variance of © is

var ) = & {(zxi)'2 (= Var(Yi\Xl,...,Xn)
+ zigj Cov (Yi,Yj\Xl,...,Xn)] %.1)

where all summations are for 1 £ i € n,
Forn=1,

var (8) = E{e—(lx—z (142 H}-[(xl-l)

1
.Q"_'El(i_ )"6)1\} %.2)

where the expectation is tqgen with respect to Xj.
For n > 1, the variance of Y 'is a function of co-
variances between Y; and Y; 4 . We shall evaluate
the covariances conditioned on KiseoeoX,. It is
sufficient to consider the case i = 1 and arbitrary

k. Then with Sy = Ry Xi’ it follows that Y, =

i=1
X X
Tz, and -
&1 %4 and Yy 4 = iél ZSk-l + i+ In order to sim-

plify the notation but still retain the essence of
the calculation, let Xy = X = X,

Then the conditional covariance of Y1 with Y1+k is
given as

. ‘ s, _
Cov (¥;,%) 4| .0 00k)) = Xa k-1 [ 1+

t t
th_zl a-gdral %.3)
whereq = (A - 9)/(1 - 8), The form of this ex-
pression for arbitrary i and k can easily be ob-
tained. Then substituting these expressions into
the right hand side of gquation (4.1) results in
an expression for Var (9).

Rather than displaying the full expression for
Var (9) it is more productive to analyze the role
played by covariance terms such as the one derived
above. Note that its contribution to the variance
may be expressed as

-1
E{% o k-1 [1+2 ] (1-2)0‘.]}
where the expectation is taken with respect to
...,Xn) The right hand factor is bounded by

(1 +-a)/(1 -@) and 0 <@ < 1. Recall that X is an
observation from a population with frequency function
g(x) and S, and 8y _7 are sums of n and k-1 independ-
ent observations respectively with that same frequen-
¢y function. Therefore, X/Sn ls small and approach-

ing zero as n increases and q. Sk-1 approaches zero as
k' is increased. Arguing heuristically it follows
that for appropriate choices of n and k, the covari-
ance of Y; and Y;, 1is neg%}gible and may be omitted
in the computation of Var (9).

The above analyses lead to an approach for sam-
pling simulation output that has also been suggested
by other authors. (1) For estimating €, the sampl-
ing plan may be described as follows. Divide the
total simulation running time into sample perlods of
equal length., Then observe X and Y1 for every kt
period and use the resulting data to comstruct 9.

If k is sufficiently large, ¥; and Y. will effect-
ively have a zero covariance as ghown above. It is
clear that the sample size, n, the value of k and
the total running time of the simulation are inter-
related,

The problem of making an optimal choice of val-
ues for these three parameters is a problem in samp-
ling design that remains to be investigated. However,
with a good design the asymptotic variance of 6 is
determined from-the equation

g{h n E@) Var®) = 0(1-0) (1-200)/ (- (4.4)
n=® -

where E(X) is the average number of transactions ob-
served per sampling period. If the number of obser-
vations were set in advance to be of the form m=nE(X) ,
then in the limit, m Var(@Y;/m) is identical to the
right side of (4.4). Furthermore, Z¥;/m is asympt-
otically efficient for ©. (4) Therefore © is asympt-
otically efficient. ’

5. Conclusions-and Future Research

Analyses of ratio estimators as they apply to
the estimation of proportions from simulation output
have been presented. For the case of independent
observations it is shown that the standard ratio
estimator is a best linear unbiased estimator and
that it is asymptotically efficient. For the more
realistic case of dependent observations, a Markovian
structure is described and the ratio-type estimator
is shown to be unbiased and asymptotically efficient.
It is noted that the variance expression depends on
the value. of a parameter that characterizes the Mar-
kov dependence. '

The next step after insuring that efficient es-
timators are being used is to establish confidence
intervals for the proportions being estimated. In
future research we shall analyze the confidence in-
tervals that are associated with the sampling plans
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described in section 4 above. The analysis will be
carried out under the assumption that the attribute
data under observation may be approximately des-
cribed by the Markov dependence structure. The
problem of simultaneously estimating many propor-
tions will also be considered.
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