REDUCTION OF THE ORDER OF A NONLINEAR SYSTEM

ABSTRACT

A steam~driven electrical power generat-
ing station was designed with the aid of a
hybrid computer simulation. In the pro-
cess, 1t was advantageous to reduce the
order of the system of nonlinear equations
describing the boilers and turbines.
Since there is no general procedure for
reducing the oxrder of nonlinear systems,
each case must be treated individually.
However, the methods used in one system
are sometimes applicable to others. The
approach taken in the above reduction is
presented with this in mind.

I. INTRODUCTION

Upon analyzing or designing.physical sys=-
tems by computer simulation it is fre-
quently desirable to form a model of the
entire system by obtaining a mathematical
expression for each component and then
combining these expressions. This can
result in a high-order model. It may
therefore be advantageous to reduce the
order of the model so as to decrease the
required computational effort.

Several schools of approach to the model
reduction problem have been developed.
Chen [1] recognizes six schools and gives
corresponding references. Since there is
no general procedure for reducing the ox-
der of nonlinear systems, each case must
be treated individually. However, the
methods used in reducing one nonlinear
system are sometimes applicable to others.
The approach taken in the particular ex-
ample of this paper is presented with this
in mind.

A steam-driven electrical power generating
station was designed with the aid of a
hybrid computer simulation. After having
designed the prime-mover controls, the or-
der of the controlled prime-mover was re-
duced to free analog computer components
for the rest of the station.

The detailed mathematical model is pre-
sented in the appendix since the approach
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used in the reduction can be understood
without it. The equations of the model
appear in subsets, called 'blocks’, which
are referred to in the illustrations. A
complete list of symbol definitions follows
the appendix.

II. SYSTEM DESCRIPTION

The prime-mover consisted of Np identical
boilers and Nt identical turbines, inter-
connected by a common steam bus, and a
power controller manipulating the fuel to
the boilers (Illustrations 1 to 3). Nom-
inally there were 6 boilers and 3 turbines
each delivering 15 MW at a synchronous
shaft velocity of 100r r/s. The other
components of the power plant included a
power-demand unit, generators, electrical
load, governor and auxiliary system (Illus-
tration 4). The purpose of the auxiliary
system was to provide a source of stored
energy which could be released rapidly to
the turbogenerator shafts in such a way

as to supplement the relatively slow re-
sponse of the prime-mover during transients.
Alternatively, energy could be taken from
the shafts and stored in the auxiliary
system to provide braking.

A controller in the auxiliary system acted
through the prime-mover by manipulating the
power, Pp, required to regulate the stored
energy at a desired level. The requlation
was purposely sluggish so that it neither
interfered with the main and auxiliary-
system power control loops during trans-
ients nor introduced transients of its own
into the net shaft power, Pg, during

steady state.

The governor acted mainly via the auxiliary
system during transients because the prime-
mover could respond only poorly to the re-
latively high frequencies of shaft~speed
variations.

IIT, PROBLEM DEFINITION

The purpose of the design was to investi-
gate the feasibility of improving the tran-
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sient response and reliability of steam-
driven electrical power plants by means of
an auxiliary system (Illustration 4).

Four specific tests were used to evaluate
the performance: ’

(1) In test 1, the 'increase test', the
plant was subjected to a 10% (or
4.5 MN) increase in power demand.

In test 2, the 'decrease test', the
plant was subjected to a 10% decrease
in power demand.

(2)

(3) In test 3, the 'boiler-dropping test',
one of the six boilers was removed

" discontinuously from operation,
leaving the other five boilers with
the responsibility of making-up for
the loss.

In test 4, the 'turbine-dropping
test', one of the three turbogenera-
tor units was removed discontinu-
ously from operation, leaving the
other two turbines with the respon-
sibility of making-up for the loss.

Tests 1 and 2 were used to determine if
the response time of the plant to a
change in power demand could be reduced
by means of the auxiliary system, there-
by improving the transient response.
Tests 3 and 4 were used to determine if
the disturbance in net plant-power gener-
ation following the loss of a boiler or
turbine could be reduced by means of the
auxiliary system, thereby improving the

s~

reliability of power delivery.

The prime-mover was chosen for reduction
over other components of the plant for the
following reasons:

(a) After having designed the prime-mover
controllers, the detailed model of
the prime-mover and its controls was
no longer required since turbine
power was the only variable of inter-
est to the rest of the plant.

In order to satisfy the goals of the
study, the model had to be represent-
ative of typical boilers and turbines
for the given tests but did not have
to be an accurate representation of a
given prime-mover. Moreover the aux-
iliary system, being an order of mag-
nitude faster-responding, would be
capable of coping with performance
variations between different prime-
movers. Therefore, the required
accuracy of reduction was less severe
for the prime-mover than it would
have been for other components of the
plant.

(c) A significant reduction of computat-
ional effort was potentially feasible
since the order of the prime-mover
(including its controls) was fourteen
and its implementation occupied
approximately two-thirds of the
analog computing facility.

ILLUSTRATION 1
Prime-Mover for Identical Boilers and Turbines
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IV. METHOD OF REDUCTION

The power demand module and prime-mover
were substituted in the simulation by an
equivalent power demand module and a re-
duced prime-mover model (Illustrations 5
and 6). The reduction in Illustration 5
assumed that the principle of superposit-
ion was applicable. This assumption in-
troduced inaccuracies since the prime-
mover was nonlinear. However, the app-
roach taken was justified by these
considerations:

(1) The principle of superposition needed
to be invoked only if the two outputs,
APrl and APro, were non-zero simult-
aneously. gut using the principle of
superposition introduced negligible
errors in'the less ideal situation
wherein one of the two outputs was
negligibly small compared with the
other in terms of plant performance.
The next two points serve to verify
that this situation prevailed for all
tests.

(2) The auxiliary-system level controller
was purposely designed to be slow-
acting so as not to interfere with
the transient performance of the
plant or to introduce significant
transients of its own.

(3) Because the generator was much
faster-responding than the prime-
mover, the shaft speed was regulated
almost exclusively by the auxiliary
system. Shaft-speed transients were
of such high frequency for the four
tests that the prime-mover was rela-

tively insensitive to them. The govenor
signal, Py, was nevertheless fed back
to the prime-mover in case of possible
non-zero steady-state variations in
shaft speed.

(4) The topology in Illustration 5 was
desirable since the prime-mover out-
put was well-defined for the four
tests while the auxiliary-system
level and governor feedback signals
were unknown in advance, except quali-
tatively as explained in (2) and (3).

(5) As described in (b) of 'Problem De-
finition', it was not necessary to
have an accurate model of the prime-
mover,

The method of reduction for the 'reduced,
prime-mover for tests 1 to 4' (Illustration
5) is shown in Illustration 7. The para-
meters of the reduced model were adjusted
by comparing the outputs of both models
until they were sufficiently similar acc-
ording to a subjective performance criter-
ion based on item (b) of 'Problem Definit-
ion'. As verified by a separate exercise
using a parameter-optimizing routine [2],
it turns out that this qualitative approach
was roughly equivalent to minimizing an in-
tegral of squared-error criterion over the
first 20 seconds of response. The struc-
ture of the reduced model consisting of a
first-order equation in parallel with a
second-order was deduced from the shape of
the responses of APy (Illustration 8).

In keeping with consideration (4), a fre-
quency-response test was used to reduce
the prime-mover for governor and auxiliary--

ILLUSTRATION 2

Controlled Boiler, Steam Bus and Turbine
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system level control purposes (Illustra-
tion 5).

V. RESULTS
The output errors, APi - APp3, of the 're-
duced prime-mover for tests i to 4' appear

in Illustration 8 along with the actual
output, AP¢. These results were consider-
ed satisfactory as explained in 'Method of
Reduction'.

The reduced model for the increase test
was also used as the reduced model for
governor and auxiliary-system level con-
trol. The frequency response of both the
reduced and complete models is given in
Illustration 9. A better reduction would
have been possible but this one was re-
tained as adequate for the indended appli-
cation based on considerations (2) and (3)
of "Method of Reduction'. Indeed, it was
subsequently verified that the natural
frequency of the variatiens in Pp was
0.0022 Hzj therefore, the variations in

P, were slow enough to be in the unity-
gain region of both frequency-response
curves. On the other hand, the variations
in Py were so fast (0.96 Hz) that their

attenuation (by a factor of 0.04, Illus-
tration 9) resulted in a contribution to
Ps which was negligible compared with the
corresponding contributlion coming from the
auxiliary system (Illustration 6). In the
turbine-dropping test, for example, the
latter contribution was 12.3 +times larger

than the former; thus, a 10% error in prime-

mover output would be seen as a 0.813%
error in net governor-action contribution
to Pge.

The order of the prime-mover model was re-
duced from fourteen to six and about one-
third of the analog facility was saved.

VI. CONCLUSION

An example of how the particulars of a pro-
blem can be exploited in reducing the

order of a nonlinear system was presented.
Specifically, the order of the prime-mover
model of a power plant was reduced using
knowledge of four specific tests and of

the nature of the pertinent variables fed
back to the prime-mover.

ILLUSTRATION 3
Boiler, Steam Bus and Turbine
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VIII. APPENDIX

P =

DT
AP

W)

T
A

*
Ppr * APpy

= A u(t)

4.5 for increase test
-4.%5 for decrease test
0 for boiler- -and turbine-

dropping tests

*
Ppr
BLOCK 2:

MODEL OF POWER CONTROLLER

= 4%

x>
58 & B

Q3 o

N
- T 1 -
Awg = 0°335(NB)(1*'19.52D)(APd AP )

The equations are subdivided into subsets, BLOCK 3: MODEL OF BOILER
called 'blocks', which are referred to in .
the illustrations. Xp = Abxb + Bbub
BLOCK 1: MODEL OF POWER DEMAND where
T
=L _ ¥ x,. = [ap AT Ax Ayl
(1 + 0.1D)AP, = Ny (Pyp - Ppp)  (AL) b o 2o
where u, = [Ag) dw, AW awg 1!
JILLUSTRATION 4
Power Plant for Identical Boilers, Turbines
and Generators
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-2.34x107% 1 ~1.30x107° 1 -1.02x1077 | 6.36x10-3]
-7.57x1072, 2.81x107% ! 1.94x107° : 1.36 (A13)
By = | 3.71x107° 7 -2.15x1072  -1.40x1077 | -9.76x10™%
| 1.21x1073 " -4.89x10™% 1 -4.53x107° | -3.71x1072]
£, = 8, - &, (A14)
AP = 747 pp (A15)
(1 + 20D) AT, = 1.853 AV, (AL6)
AT, = AT, + AT (A17)
t
A, = ‘O nig(w)dw + aw (o) (A18)
.
§, = 18.38 (A19)
BLOCK 4: MODEL OF TURBINE
r} —44300____ | pp. + —8.52 75 | b, =4 (A20)
|(804+0.0763Pl) (804+0.0763P, )
1.44pP, (h21)
P = D A2l
t (804+O.O763Pl)l/2
¥
APy =P, - P, (A22)
|
pi =15 (A23) \
|
|
i
ILLUSTRATION 5 i
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BLOCK 5: MODEL OF STEAM BUS where

N V.. = 1.5 u(t) for increase test (A35)
. Bl . T

T = -1.5 u(t) for decrease test (A36)

BLOCK 6: MODEL OF THROTTLE VALVE = 7.5 u(t—tB) for boiler-dropping

test

§ = 0.181lm(4.11x10° - Pf)l/2 (A25) (A37)

° = 7.5 u(t-ty) for turbine-dropping
0<mgl (A26) test (A38)
BLOCK 7: MODEL OF HYDRAULIC POWER APd = Apdl for the increase, decrease
AMPLIFIER and turbine-dropping tests
(D% + 15.32D + 53.3) Am = 70.8A% (A39)

AD7 = 0 for the boiler-dropping test
-0.1348 < Ad < 0.6182 §A283 (A40)

_ o BLOCK 12: MODEL OF REDUCED PRIME-MOVER
m=m + Am (A29) FOR TESTS 1 TO 4

*
m = 0.179 (A30) .
(1 + leD)APrla = Kqy APgqp (A41)
BLOCK 8: MODEL OF NET SHAFT POWER . .
2 2 -
P, =P, + P (A31) (D™+2¢ 0y Doy JAP
BLOCK 9: MODEL OF GOVERNOR 2
Ke1@n18Pg1 (A42)
APy = 5.1h0 (A32) (A43)
AP_, =P + P A43
BLOCK 10: MODEL OF ELECTRICAL BUS rl ~ “rla * “rlb
_ The values of the coefficients for tests
Py = NpP (A33) 1 to 4 are given in Table 1.
BLOCK 11: MODEL OF EQUIVALENT POWER
DEMAND
.(1 + o.lD)APdl = Vr (A34)

ILLUSTRATION 6

Reduced Power Plant for Identical Boilers., Turbines
and_Generators
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TABLE 1
Coefficient Values for Tests 1 to 4
1EST Ka1 Tay Ker & ©ny
1. Increase 0.3666 3.205 0.6334 7.589 3.486
2. Decrease . 0.3666 3.205 0.6334 7.589 3.486
3. Boiler-dropping |-0.2754 0.345 0.2754 7.589 3.486
4. Turbine-dropping{ 0.7070 | 0.345 0.2930 | 7.589 | 3.486
BLOCK 13: MODEL OF REDUCED PRIME-MOVER BLOCK 15: MODEL OF STEAM-TEMPERATURE

FOR GOVERNOR AND AUXILIARY-
SYSTEM LEVEL CONTROL

(1L + 3.205D)APrZa = 0.3666 AP,
(A44)

(D?+52.91D+12.15)AP_,, = 7.697 APy,
(A45)
APrZ = APr2a + APr2b (a46)

BLOCK 14* MODEL OF STEAM-DRUM WATER-LEVEL
CONTROLLER

Ny = 0.178, - 10.1Aw, -
(A47)

(450+ 250)Ay

CONTROLLER

DAV, = O.O5(D+l)ATOS (A48)

BLOCK 16: MODEL OF STEAM-PRESSURE
CONTROLLER
(D? + 0.578D)As = (7.199D + 3.866)AP,
(A49)
IX. LIST OF SYMBOLS

Throughout the mathematical presentation,
prefix 'A' denotes variations about the
nominal (operating) value of a variable
and a superscripted asterisk denotes the
nominal value. The symbols are, however,

ILLUSTRATION 7
Method of Reduction for Tests 1 to 4
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Value of time when a boiler was

defined without these modifiers. A 'dot! tB: : °
' ropped.

above a variable denotes the derivative
with respect to time.

Po’ Density of steam at superheater
. . . output.
D: Time-derivative operator.

(t): Unit st £ £ To: Portion of output steam temperature
ult/): Unit step tunction. ' attributable to electrical heating.
t Time. X Quality of mixture at riser output.
POWER DEMAND vy Water level in steam drum.

P__: Net power required from all on-line 95° Mass flow-rate of superheater steam.

DT turbines. Wot Mass flow-rate of economiser water.
Pp: Net power required from all on-line wgt Mass flow-rate of fuel.

turbines by the power~demand module. .
PO. Steam pressure at superheater output.
P,: Power required from each on-line .
d . T Portion of output steam temperature
turbine by the power-demand module. 0  sttributable to electrical heating.
P.,.t DPower required from each on-line T
dl turbine by the equivalent power- 0s Ziﬁpeiature of steam at superheater
pute.
demand module.
VS: Manipulated variable to control
BOILER steam temperature.
NB: Number of on-line boilers.
ILLUSTRATION 8
Qutput Errors in the 'Reduced Prime-Mover
for Tests 1 to 4': (a) Increase Test, (b) Decrease
Test, (c) Boiler-Dropping Test, and (d) Turbine-
Dropping Test '
1.5: 0.85 ]
APy AP -AP
(W) ()™
0 {— v v {a) 0 4o v ;
! : ' ' :
? : : :
1.5 E ! -0.85 ] ' '
A % |
b 197 5 ; 0.854 ; :
A ' ' h '
() ! : AP i = :
0 ' : (o) ) ok ; :
o ! E :
-1.5 ' ' -0.85 4 ; ;
' : : ,
] H ' '
3.751 E i E E
AP‘ ! ' 0.85 ! ‘
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: : (c) (MW) 0 i ] '
V7 i [ |
-3.75 : E ~0-859 E E
: ' & '
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apy : - : ;
(1aw) ' E APy=APry ; '
0 et P () W) o] A ;
‘ 25 50 " 25 50
TIME (s) TIME (s)
~0.85_
-7.5]
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TURBINE, THROTTLE VALVE AND HYDRAULIC
POWER AMPLIFIER

p: Real power delivered by each gener-
ator. )

PO: Total real power delivered by the
power plant.

ws Angular velocity of turbogenerator
shaft.

Pg: Power required due to governor

Np: Number of on-line turbines.

Tt Value of time when a turbine was
dropped.

Pl: Steam pressure at input to turbine.

gl: Steam flow-rate intq turbine.

Pt: Power output of turbine.

m: Throttle-valve stem position.

53 Input displacement of mechanical

linkage of hydraulic power amplifier.

SHAFT, GENERATOR, ELCTRICAL BUS AND
GOVERNOR

PS: Net shaft power available to gener-

ator.

action.

AUXILIARY SYSTEM

Pa: Power delivered to turbogenerator
shaft by auxiliary system.
Ph: Power required to regulate stored

energy in auxiliary system.

ILLUSTRATION 9

Results of Reduction for Governor and
Auxiliary-System Level Control
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