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Introduction

Convention‘skl‘meghrods of analyzing risk in
‘capital investment decisions fail o represent
invést:ment risk or vaiiabilityl in investment re-
turn because the calculation rof iateo of return
usfmg simple Vé.verases of the basic mve.stmént
factovs diééuises the combined effect of exter-
nal factor values on the rate of return., With
Monte Carlo simulation, the s‘ampling of im.rest-
ment factors according to their probaebility
estimates allows the representation of factor
varigbility in the rate of return calculations.

The usual procedure of assuming normaily

distributed factor probability is a simplifying

sesumption that influences the representation of
variability and risk. According to statistical

theory, Monte Carlo simulations with non-normal

variability ésauurptions will produce simulated
rates‘ of retumn that are notrmally distributed but
with ‘grgnter degrees of variability, '!.‘hé purpose
of this paper is to examine the results of simu-
lations which u@:ilize non»noml factors and to
compare these reeults with thos~ obt#ined using
normally distributed #nvestment factors and mean
value investment‘ factora,

.5. sini@lation approaéh rather than an aenalyt-~
ical approach is vLase‘d in the study {:ecauée of the
nature of the bounded etatistiéa!. distributions
used in the investment model, The model itself
is' complex‘t:o the extent that analytically han-
dling the investment factors 1n.c1uded.:l.n the
model gwerages considerable mathematical tedium,

Furthermore, the methematics of combining sta-

tistical distributions of varying types can be




extremely difficult and ac times impossible.
Asswsptions and Limications

| The scope of this study is restricted to
those decisions involving one particular cste-
gory of capitel m'vesment, the invéstﬁent in
inltial prcdmticn feclt liti.es.' The type of in~
vesmem under study is defined as a single cash

outlay which producea varying revenues &t vary-

g costs over a future useful 1ife. The study

18 furcher limited to & particular busiveus
eqvirdnméht:'in wiiich the investment is influ-
“exriced only by specified factors. 'Iﬁeae fectore

. ineludd i:h.e major marketing, investment, and
ptoduction va’ciab}les that contribute to the
| determivation of profitability. It is further
aammed thas: there is pexfect positive cmelm-

tion beewee:s the rate of retura for this type of

invéeatment and that of the fim &s a wkele. Not

included are auch considerations as the opportu- o

nity for alternative mvesmeuts, \':he cost of
finsacing, or limitations on the awmcunt of f£i-
naﬁcins availeble. In genersl, the fypothetical
m\iésﬁnmt deciéign inelided ig_thia study is
concerned only with the profitability of & sin-
gle capital investment meassived solely by its
ovn earnings. | '

" Other basic assumptions survounding the v

study include:

(1) A resasonsble spproximstion of risk is -

acceptabie for confident, effective
decision-meking. Although other mea-~
sures of risk gre available, the
standard deviation of the xate of
return distribution iz considered an
acceptable measurs of risk end will be
used to measure risk in this study, '

(2) Technique& of salee forecasting, cost
.projection, and investment prediction
- provide subjoctivez probability esti-
mates vhich are atatistically valid,

. (3). Computer progrmimg ad’ proceu tag
facilities are available at reasonable
cost. (These costs are not imcluded
in the factors included in the mvent-
ment medal,)

(4) !bute,cario simhtim,af _fhe_ ixiveét-
ment modal reasonably approximates
actusl behavior in. decision-making.

(5) The simuiation model ressonably \-epre=
sents the pertinent fsctovs and rela-
__G:icmhips of the investment &ociaion.
(6) The internal rate of veturn aa

reagonable measure of an !.nvestmenc 8
attractiveness, :

Factors In;f].uex:sing Investment Profitability :

" The snalysis of risk in & proposed capital -

investment requirez identification of the basic .

i.nv_g’stment facters c;mtribut:ins to the deter~
Mn};xcm of 9iof1tab111ty and vhich have & eig-
nificant effect on thp risk of uchieving expect-
ed profit:ability. Since t:ne futura vaiues ‘for
investment factors may have different values
than estimated, the final return on investment
is subject to considerable var:labil:lf:j. The key
variable factors seem t:d be those that directly
velate to investment eamiﬁgs, such as sales
tevemxe and production costs, or thosa that
directly influence the nature cf the: investment,
such ss the amount and 1life of the investment.
In actual applications of risk analysis,
the choice of significant factors wili.'depemd
upon the particular mket,’ productica, and
investment characteristics. For exaupie, Herte
[1] selected as the key factors such variables

gs warket size, selling prices, market growth




rate, share of market, investment required, res-

idual valiae of’ investment, operating cost‘.é, -
fixed costs, and usefui life of fdciiities.
wagle [5] selected the s.mne‘v fac'téz-sb while
Hillier [3] con.sidered only revenue and cash
flows, Hess and Qu:lglev {2] ueed demand price,
fixed cost, ‘variable cost, mcunt cf investment,
end plant capacity. :

The sirulation model hete ldentifies and
ut:llizes eleven in\fes't;mmi; vfactoré aq being
sisnificantﬁ..‘ The seien’tiy.anbf tﬁesé pariicular
factors results from the desize to conetruct &
hypothetica.. vestment that .;nvolfves a rela-
tively high le"\rel of risk,’ "'.I‘he factors are
s.:o&ped intc. f;mr glﬁﬁaéa end are defined ae
fo‘liovsz . o J

| I. Marketing Factors

A. PRCMKT - the dollar saies price
of the investment :

product,

the number of prodﬁct
wmits of total industry
sales,

B, VOIMKT -

C. SHARE -~ the firm's percentage
share of the total

industr;y sales.,
Production Factors

A. VARCST =~ the variable manufac-
turing costs in dollars
per unit, including

taxes.

the dollar amount of
fixed manufacturing
cost, including depre~
clation.

8, FXDCST -

the dollar amount of
selling and administra-
tive expenses.

C. SAEXP -

1¥I. Investment Factors

- the dollar amount of
investment required for

A. RQDINV

beginn'in'g production.

B. INVLFE - the useful production
life of t:he :t:westment.
C. SALVAG - the residual value of

the investment at the . .
end of ite useful life.

Dynamic Factors

Iv.
A,  GROWTH - the percentage rate of
: : change in markst sales
-volume. -
B. RINFIA - the percentage rate of

change in product prices
and production cests '
and expenses.

The Hypothetical Investment Model

The hypotheticai model used in this study .»tvo

_ demonstrate Monte Carlo simulation and tc evalu=

ate different factor variability assumptione is

couétrﬁcted pr:lmarialy with the ai.m of revealiugf; '
the risk involved in t‘.yp:lcal capital :hwestmept:
decisions. Emphasis in the model is on ..he '
number of probabilistie invest:me_nt: factors and
the Néiiability» of their probability eﬁtimat_es. |
This emphasis allows the element of risk to be
refiected in the rate of investment te':tnmv-
ybfithoutv wmndue dis:ortior:\ fr:om other isources‘.
Although basically an artificial construct,
the hjrpothetical model 18 designed to represent
reasonably realistic busineé;s conditions but not
to parallel any particular capital investuent.
Actual applications of Monte Carlo simulation k
will necessitate a specific model tailored to

the particular‘ investment situation. Essential

_ elements of the model ave the rate of return
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function, the basic investment factors of the

return function, the interrelationships between
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these factors . the estimated numericnl values

;for t:he factots, and the type of vu'iabﬂity in

. the factwsa .

'Ihe Rate of Retum quatton

Heasuring proﬁtabi;ity by the diacounted

cash flow method determines a rate of retum o

vhich equat.ea the sum of the present values of

future neriod mh flowa to.the munt of ini-,.»

tial investmmt. It is defir.ed as that rate of" N

retum T which equates the mitial mvest:mt X

to the sum of expected cmh'flwa Cis c‘,,r cees

- Cp s fa!.lévq,d -

1 1 .
1= cl +Gy 5= E

L(1+ }‘ J (l-l-r)g»-.;

L (1+r>“

in vh*ch the vame of T iz found by trial ard

(1)

error technfques [6]

Since the éeaired s‘lmxlation model 18 one
which repre‘sents the object:ﬂve-ftmction, the .
hypothetical fnvestment model 1s ésae&!tigily
the dﬁcomted"faté of return eqwat:imi. Ex-
pressed in the programming no‘cat‘itmv used for
the computer aiimlacion, ‘the equation“ ie;

RGDINY = FRVAW, in which '

‘mwvwee | 1

PRVALU »  x  CASHFL(J) |.

=1 |+ nareyd

B

: i
4 SALVAG {—— e R )
' (1 + RATE)INVLFE

In the asbove z-ehtimship, KQDINV is the amoumt

of initial investment required, FRVALI repre-

hunes the present value, of future ﬁash flm, -

‘cASB?L(j) is the expected net cash receipts 1n '

period j, fRA’ﬂl‘ ia the rate of remzn which meea'

equal:lz:y, md mvm m the uaeful l:lfe nf i:he

: :lnvest:ment. '

’me nec cns‘h flow, CASKFL(j), cmsists of
t:he sum oE cuh inflcwa less caah outﬂmm.

Acmrd:lns to the discounted cash flow meﬂwd

: caeh mflam ‘mclnde the mleu revenue uch

perioa. plua aepreniat:lan chstges. Caah cutfmv:s. :
are i:he costs of ming and operating t:he 1nveat- R

ment each petiod. The mdel coqmtes the ute

»of teeurn aftet taxea N vith period taxea he:lag

treated as part oF period coata. ; Consideri.ng t:he »

mod=1 equa..ion vich these componm-. caah f’m,
' then ‘ ‘

CASHEL (j)ncpsmj - cmosrj + nm.acs ‘ (3) .

in which C"SALE repreaenta aalvs revemxe each
period, CR‘}OS’!‘ is the total accmm::lng cost in
each pav’iod amd DEFREC refers to the depreci==
tion charge for ench peticd. v 'l'he exprassim |
{ - CFCOSTj + DEI'RBG}) :ll equivalenc to t'.he cash

cutflows per period and CFSALE A(Sales teve;(me) is

" equivalent to casﬁ inflows. per petio':d.

It ‘is possible (and perh;aim moTe desirﬁble) A
te compute the period cash flows by subtracting
period expenses ffcm sales revenues “and t'.hus }
eliminating depreciation a3 & va'iable in the
model, Such an. approach pzesupposes t:hut l:he
éash flow information is available. Accoundng

tecords very often are the cmly source of inpu:;

mfomtion far the mdgl despite the fut that:




accounting "costs™ may not be identical to
"expenses,”
formation must be properly adjusted to coincide
with astual cash flows., For example, the two
production varisbles FMFCST and VMFCST coni:ain_
elements of depreciation which are not cash flow
elements. The model thus recognizes the dispar-
ity between accounting costs and expenses and '
determines the period net cash flows in the
manner indicated in equation (3).

The model uses the straight-line method of
depreciation accounting for siutp?.iciﬁy. Actual '
simulations would follow the particular conven-
tion of the user, By the straight-line method,
the depreciation charge each period is the net
amount of investment divided by the expected
useful life of the investment. The equation for

the model 1s
DEPREC 3" (RQDINYV ~ SALVAG) / INVLFE, (4)

Other cash flows in the model are defined

a8

CFSALE = PRCMKT * SALVOL, (5)
in vwhich

SALVOL = SHARE * VOIMKT (6)
and

CFCOST = FSDCST + (VARCST * SALVOL) + SAEXP (7)

The model assumes that any time lags are
constunt over the life of the investment, and

consequently the effect of time lag> on rate of

In such instances the accoumting in-
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return variability is ignored ler cimplicity.
Following this aeémupticn, the investment begins
production simultaneously with the investment,
and sales occur at the time and rate of preduc-
tion,

The model recognizes two sets of function-
ally correlated investment factors, merket price-
sales volume and sales volume-variable manufac-
turing costs, Statistical interrelationship
between these correlated factors is accomplished
by utilizing multiple subjective probability
estimates. For each possible value of one func~
tionally cotiel&ted varizble, there is a rangs
of possible values for the other variable. These
multiple estimates repre#ent each factor as
statistically indeper.lent although the variables
themselves are functionally correlated.

Each time period of the investment life is
also interrelated. To maintain statiastical
independence and to allow for functional corre-
iation over time, the dynamic factors of growth
and inflation serve to relate factors in earliex
periods to the present simulation period., The
model is constructed, and the simulation is per-
formed so that the rates of growth and inflation
determine a new range for the probability dis-
tribution of esch investment factor,

To iliustrate the sensitivity of rate of
return variability to the assumptiocn of the type
of factor probability distributicn, separate
aimlaﬁions of the hypothetical investment were
pecformed using six different assumptions. They

are a bounded standard normal diastribution, a



bounded peaked normal distribution, & bounded
flat normal distribution, & bounded left-skewed
distribution, a dounded right-skewed distribu-
tiom, and & random selection of these fiv(e
distributions,

These distributions are defined by varying
the paremeters of two basic functions. The
noymei function le symmetrical, and different
stendard deviations chenge the degree of pe_ak-

ednees for a given mean, Its equation is [4],

e~ =2
1 X x-X
f(x) = o R (8)
» o‘ 2% o]

The Bste function 1s skewed, and different
parameters change both peakedness and skewness.
Its equation is [4],
(atbs1) 1|
£(X) * e X (LX) 9)
albi
.Figure 1 depicts the five types of diatri-
butions over the unit interval. The selection
of these distxibutions is &rbitrary and is
intended only to reveal moderate departures from
normal variability. Having assumed a type of
vexiabilicy, sumericil parameters are necessary

to completely define the factor subjective

probability distributions,

Numerical Factor Values for the Model

The extremes of a distribution sre a mesns
to quantify and bound a function vhen the type
of function between these extremes is knowa,
Accordingly, simulation of the mcdel utilizes

the extreme high ead low range estimates in
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Figure 1 The Five Distributions of tha Simuletion Gver the Unit tatorval

conjunction with the aspumed type of Q&riability
to provide subjective probability estimstes for
each investment factor,

The numerical wvsluee f£for the range
estimates (bounds) of the eleven irvestwment
factors are arbitrary. The ohjective in the
wodel is only to produce @ measurable rate of
return end to veveal the effect of féctor
variability upon rate of return variability.
Whenever reference is made to any of the dlstri-
burions used in the study, it is understood that
they are bounded distributions and do not neces-

sarily correspond precisely to their theoretical

counterparts.

Simulation Flow Disgram
The logic flow diagram for simulating the

hypothetical investment is shown in Figure 2.
The basic flow is to simulsate randomly different

inveatment lives from the same conditions and to




.

compute the return for each life. After all
simulations, probabilities and statistical
measures are calculated for the returns simulat-
ed, then, for comparison, the rate of return is
computed by sveraging factor estimates.
Simulation of an investment life first
anol.vesl a definition of the hypothetical invest-
ment by determining the amount of investment
(RQDINV), the life of the investment {INVLFE),
and its residual value (SALVAG). Vslues for
these factors, like all eleven factors, arve
selected by the Monte Carlo method., A value is
randomly selected between the high and low

range estimates according, to the type of probe
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After this

ability assumed for the investment.
definition of the investment, each pericd of
jinvestment life is simulated.

The rate of growth in market volune (GROWTIH)
and the rate of price-cost increase (RINFLA) are
selected at the start of each period except the
first. These rates update the ranges of msrket
volume (RNGMKT) and the three costs, Values for
the factors determining revenue cash flow are
determined next. The selection of a market price
(PRCMKT) also defines one of fifteen possible
market ranges (RNGMKT) allowing for price-volume
correlation. A value of market volume (VOLMKT)
is then selected from the defined market range.
After selecting a value for the firm's vs‘nare of
this market volume (SHRMKT), the sales volume
(SALVOI.). is computed as the product of ghare
and volume. The revenue cash flow (CFSALE) is
then computed from price and volume,

The next phase consists of selecting values
for cash outflows. The value of sales volume,
representing production volume, defines one of
ten ranges for the correlated variable cost
(VMFCST). After selecting this cost (VARCST),
values for fixed manufacturing (FXDCST) and
gellingadministrative expensges (SAEXP) are
selected. Cash outflow (CFCOST) is calculated
by summing these costs and expenses. The net
cash flow (CASHFL) is then cerlculated from the
revenue, cost, and depreclation cash flows.

This sequence is repeated for each period of

the investment 1ife.




When all periods have been simulated, the
rate of return is computed from the period net
cash flows and the residual value of the invest-

ment.' The calculated rate of return is recorded,

and the entire simulation is repeated for anoth-

er trial simulating another investment éith‘the
game set of luvestwent conditions but continuing
to randomiy select factor valuece.

After the desired number of investment
trials has been simulated, statistical and
pr;bability measures are calculated for the

returns simulsated to provide an indication of

the approximate risk in the hypothetical invest-

ment. The rate of teturn‘is computed using the
conventional risk analysis meihos of averaging
factor values for a aampériaon. First, the
ave:agé value for each of the eleven investment
factors is calculated from their high and low
estimates. From these averages, the cash flows
are computed for the average life of the invest-
ment.

The rate of return is then determined by

the same precedure as in the simulation.
Besulte of ‘The Model Simulstion

The computer simulation of the hypotheticsl
investment produced a distribution of rates of
return as the cbjective measure of risk in the

proposed iavestment. The important results are:

1. The simulation using the assumption
of normal variability in the invest~
ment factor estimates produced s
distribution of returns with &n ex-
pected rate of return which was much
higher than the rate of razturn
computed from the average of factor
values.

2. The simulation that randomly usad
the {ive types of variabllity re-
sulted in & distridbuticn of returns
with 2 lower expected value and a
larger variation than obtainred by the
normal variability simulation.

3. The simulations involviag four
types of fattor variasbility, which
were nen-normal, gave rates of
return that were significantly
different from the distribution of
returns from the normal varisbility
simulation. These distributions
also directly refiected the type of
variability distribution assumed
for the Eactors. ‘

Thesevteaulta suggest that, vhen weesuriag risk
by the variability of the simulatad rates of
return, Monte Ca#lo simulation gives a different
representation of risk depending upon the
assumption of vatiabiiity in the basic invest-
These results fﬁrther imply that

meat factors.

the eipected rate of return approximated by

Monte Cario simulation is likely to differ from

the expected returﬁ computed by the conventional

method of visk analysis.

The Rateas of Return Simulated
The rates of return obtained by the computer

simulation are presented in Figures 3 and 4.

‘Figure 3 involvee 1000 trial frequency distri-

butiona while Figure 4 involves 1600 trials. The
curve for the simulation of normai varisbility

conditione in Figure 3 is based upon the first

2

1000 trials whereas in Figure 4 the curve ie

based upon the total 1600 trials. The eignifi-

cance of these Figures is that they reveal how

the distribution of returns varied over a vange
of possible returns from 0 to 270 percent.
Referring to Figure 3, the distribution for

the five simulatione varied over the range of




returns according to the type of investment
factor variability‘assumed during the simulation

The simulation assuming normal variability
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produced a distribution that was spproximately
symmetrical over the range of returns. The
distribution for the simulation assuming peaked
normal factor variability resulted in a distri-
bution that was also symmetrical about the
normal distribution but was more peaked than
the normal., The distribution for the £lat nor-
mal simulation resulzed in a distribution that
was also symmetyrical but less peaked than the
normal, The distributions for the right and

left skewed simulations produced distributions

that were skewed right and left respectively

from the normal distribution with peakedness

similar to the normal distribution., The sharac-
ter of these five curves corresponds very

closely to the character of the five curves of

the hasic tvpes of factor variability showm

eaxrlier in Figuré 1.

f‘igure. 4 shows the rate of return frequency
c{xlt'\}es for the simulations of 1600 trials usingv '
nocrmal variability and a random selection of the
five t;ypes‘ éf variability. The randqin variabil~
ity distribution is clearly different from the
noimal discribution. The random curve is fnuch

more veriable than the normal curve and is

: symetricai at a much lower rate of return than

e . .
the normal curve. Statistical measures provide

a numerical description of the distribution

characteristics.

The sim:lation also produced a distribution
of simulated returns and computgd a2 single rate
of retum by the conventional averaging method.
The comparative advantage is shown in Figures 5

and 6, Figure 5 rvepresents the “risk profile" of
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Figure 5 Risk Profiie of Hypothetical investment
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the hypothetical 11\;}estmut for the conditions
of normal and yandom factor variability., It 1e
a percentage frequency distribution of the
various simulated returns and indicates not ouly
the varisbility in investment retura but also
the inferred probasbility of each rate of return.
Figure 5 also iqciudes the single expected rate
of return computed by the averaging meﬁhod. For
the hypothetical investment, a significant
differeace in the anticzipated investment returne
i3 apparent,

Figure & shows the cumilative probability
curves for the two conditions of investment and
indicates the probability of vealizimg higher
rates of return., It was drawn from cumulative
probability values calculated from simulation
results. "Ihe probability Eﬁr the investment
return usiang the averaging method is one since
it is a single value, Figure 6 reveals a2
difference between the averaging and Monte
Carlo metheds,

Figurea 5 and 6 are also repre~

sencative of the decision guide avallable to

mansgers through Monte Carlo risk snalysis.
Menegement has & divect measure of the spproxi-
wate risk ;nd the chancas of achieving various

vates of retumn,
Analyeis of Results and Conmclusious

Table 1 shows the calculated stauisticel
wessures for the eix rate of returs distributione

obtained from the cowputer simulation,

Stae:isgical Meagures

| ré.‘comperiaén of the means and ntnnélard‘
davlaiims sugpbrf:a the observations conceruning
the frequency curves for the simulaceﬁ retes of
return. The distributions from the novmal, flat,”
and peaked vari@bility .simulatipna have gpproxi-
mately similar mesus (151,5, 154.5, 148.1),
Their standard deviations bear a relatioaship
corrésponding‘ to their assumed type of variabil-
ity. The standard deviation for the distribution

of the simulation using flat verisbility is
larger than the standaxrd deviation for the
simulation using normal variability (37.64:
29,04), The standard deviation for the distri-
bution assuming peaked vaxriabiiity iz smaller
than the normal distribution standard deviation
(23.84:29.04), The distributions from the
skewed simulations have mesans (95.4, 195.1) that
are considerably different from the means for
the normal, peaked, and £lat variability simula-
tions. Their standard devistions, however, are
similar (30.39, 33.05). The simulation of

vandom varisbility has a distribution with 2

4%0




TABLE

1

STATISTICAL MEASURES FOR THE DISTRIBUTIONS
OF SIMULATER RATES OF RETURN ‘

Assumad , .

Type of Standard Sampling
Yarisbility . Mean Deviation Skewness Kurtosis Exxor
Standard Normal 1515 29,04 0.2 2.8 0.73
Peaked Normal ' 154.5 23.84 0.2 2.7 0.75
Flat Normal | 148.1 37.69 0.3 2.7 1.19
Left Skewed 195.1 30.39 -0,1 2.8 0.96
Right Skewed ~ 95.4 33.05 0.5 3.2 1.05
Random 124.6 50.99 0.2 2.6 1.28

mean (124.6), lower than the means from the
three distributions of sywmetrical variability
but higher than the mean for the distribution of
right skewed variability. The standard cievia-
tion for the random simulation (50.99) is much
larger than the other standard deviations.
Comparing the peakedness and skewness ‘of
these distributions to the theoretical normal
peakedness (kurtosis value of 3) and to the
theoretical normal skewness (skewness value of
0), the distributions for the normal, flat,
peaked, and random variability simulations are
slightly positive or right-skewed and somewhat
more peaked than a theoretical normal distribu-
tion. The simulation assuming left~skewed
varisbility produced a distribution that was
more left-skewed than the others. In contrast,
the simulation assuming right-skewed variability
produced a discribution that was more right-

skewed and that had more peskedness. The

simulation distribution using random variebility

had the lowest degree of peakedness. The mea-

sures of skewness and kurtosis are something of
a cross-check on the reliability of the simula-
tion since the calcuiated measures of skewness
and kurtosis indicate approximately normally
distributed sampling distributions.

Sampling error is another check on the
simulation validity., It indicates the possible
error in estimating the actual mean rate of
return from the mean cf the simulated rates of‘
retura because of the random simulated sampling
used i3 the Monte Cario method. A comparison of
the sampling errors and means in ‘Table 1 reveals
that the differcnces hotween the means for the
gix simulations are greater than the possible

errors which might result from the randomnesss

of the simulation.




Analysis of Risk for the gzﬁotheﬁicalrinvestment
The.puxpoae of Monte Carlé rizk ansiysis is
. to détefmine for the prgpoaed investmeut the
variability in posaible rates of return snd the
probability.of'various returns beingvachieved.
Invesément risk is defined ae the likelihood of
not achleving the 2xpected rate of retum and

the variability in investment return is general-

iy accepted as a meagure of this visk, The
frequeacy of individual rates of returm cccur-
ring during siqﬁlatian is a means of cemstructing
an anticipated rgte of return distribuéion. Thias

distribution iz the basis for determining xate of

return variability and inferring the probabiiity

of achieving various rates of weturn.

The rate of return frequency distributions

TABLE 2

RATE OF RETURN FREQUENCIES AND PROBABILITIES F‘ORVTHE‘ ‘
SIMULATION ASSUMING NORMAL FACTOR VARIABILITY

T Fr

equency Percentage

Cumulative

_ - Frequency
Rate of Return 1000 1600 1600 Probability
Intervals Iriasis Trials Trials 1600 Trials
0 ox less 0 0 600 1.000
ito 10 o c .000 . 1,000
11 to 20 o ¢ 000 : : 1,000
21 to 30 G ¢ . 000 1,000
31 to 40 0 o .000 o ~ 1,000
4L to 5 9 ¢ » .000 -+ 1.000
51 to 60 0 ¢ 000 . 1.000
61 to 70 0 ] .000 o 1.000
71 to 80 2 3 .002 .998
8l to 90 10 15 - L010 .988
21 to 100 4 42 .026 . 962
101 to 11C 41 57 042 .920
111 to 120 72 113 071 , .849
121 to 130 100 161 .101 + 748
131 to 140 119 207 .122 : .13
141 to 150 129 216 . 135 , o 484
151 to 160 126 199 124 ‘ ‘ .360
161 to 179 130 iol 119 .241
171 to 180 88 142 .08 .152
181 to 190 61 98 061 .091
191 to 200 42 65 041 .050
201 to 210 27 37 .023 .027
211 to 220 15 26 .016 .011
221 to 230 9 10 . 006 .005
231 to 240 4 6 . 004 ©.001
241 to 250 1 1 » 001 000
251 to 260 0 0 .000 .000
261 to 270 0 0 200 .000
over 27¢ 0 0 . 000 .G00




and their means and standard deviations have
already been presented for the sixvsimulations
of different conditions of factcr variability.
The mean represents the most likely expected
rate of return and the standard deviation repre-
gsents the variability of investment retura or
the dispersion of returns about the mean, CGon-

sidering the riak of the hypothetical investment

measured by the mean and standard deviaticn, the

hypothetical investment has generally lower.

anticipated rates of return with more variability

i1f the factor subjéctive probability estimates
are non-normaily distributed than if they are
normally distributed. iables 2, 3, and 4 show
the approximate probabilities inferred from the
frequency of returns ocrurring during simulation;
‘The significant difference bétween the mean
rates of return for the simulations of normal
and random variability may be indicative of the

weaknesé of the usual Monte Carlo method of risk

TABLIE 3

RATE OF RETURN FREQUENCIES AND FROBABILITIES
FOR THE SIMULATYON ASSUMING A RANDOM
SELECTION OF VARIABILITIES

. : Curulative

Rate of Return Frequency Percentage Proi:ability
Intervals 1600 Trials 1600 Trials 1600 Trials
0 or less 5 -,003 957
1 to 10 3 .002 .995
11 to 20 4 .003 . 992
21 to 30 i5 .009 .983
31l to 49 30 .019 + 364
41 to 50 56 .035 .929
51 to- 60 60 .037 . 892
61l to 70 ec .050 .842
71 to 80 99 .062 . 780
81 to 90 108 .067 .713
91 to 100 114 071 .642
101 to 110 115 .072 .570
111 to 120 116 .073 497
121 to 130 83 .052 A
131 to 140 113 071 374
141 to 150 111 .069 «305
151 to 160 112 .070 .235
161 to 170 79 .049 . 186
171 to 180 62 .039 .147
181 to 190 57 .036 2111
191 to 200 58 .036 .075
201 to 210 44 026 . 048
211 to 220 24 .015 .033
221 to 230 16 .00 .023
231 to 240 15 009 014
241 to 250 : 6 004 .010
251 to 260 il 007 .003
261 to 279 1 L0061 .002
over 270 3 L0062 .000

493




" TABIE 4
RATE OF RETURN FREQUERCIES ASSUMING PEAKED NORMAL,
PIAT NORMAL, LEFT SKEWED, AND RIGHT SKEWED

VARIABIZITY
J— T ————
Rate of Return Teaked Flat Left Right
Intervals Normal : Normal _Skewed Skewed
"G ox less: 0 0 0 o
1to 10 0 0 ) 0
il te 20 0 0 0 3
21 to 30 0 0 0 9
- 3} to 40 0 0 -0 i8
.4l to 50 0 2 g 37
.51 to 60 0. 3 0 86
‘81 o 70 0 4 1) - 102
71 to 80 9 14 9 113
81 to - 90 0 31 0 131
91 to 100 o . 6 52 1 132
10% to 110 21 63 3 97
111 to 120 . 48 81 - 2 82
121 to 130 ' C92 101 5 - _ 61
131 to 140 - ‘ 145 98 : : 25 . S .37
141 £o 150 o v 155 167 34 . = 29
151 to 165G . . 160 P 62 23
161 to 170 140 78 73 25
171 -to 180 99 &5 05 ' ' 10 .
181 to 190 ' © 66 &4 128 5
191 to 200 . 33 _ 38 136 4
201 te 210 30 , 41 120 2
211 to 220 5 . 30 91 0
221 to 230 2 17 79 0
221 to 240 0 i1 60 0
241 to 250 0o 6 36 -0
251 to 260 ¢ ) 0 22 0
261 to 270 0 0 6 0
ovexr 270 0 0 2 0
Total Trials 1,000 1,000 . 1,000 1,000

analysis, since most studies on Monte Cario anal- derived intuitively {n that z random selection of

vole of investment risk assume normal variabii- the five types of basic variability should aver-
ity in their factor eag;s.mate_s:; From the proba- - age out efter many selections to & type of
bllity aspect, the simuletion using & vandom distribution that approximates & normal diéﬁtibue
seiection‘of the five types of factor variabil- tion but with a greater varisbility,

-4ty should have a rate of return distribution A possible expiamation for this significant
with a mean not 6ignificant1y diffarent from difference involves the complex effect of prod-
the normal simulation mean and with a greater abilistic relationships in the hypothetical
standard deviation than the simulation ueing investment model., There are eleven variables

noymal variability., This expectation mey be with two pairs intercorredated. Furthermore,




_not only are the periods in the rate of return

equation intercorrelated, but time itsalf is a
variable, It is poésible for the probabilitiés
to combine in an unusual manner not represen;a—
tive-of the assumed probability because of the
construction of the medel.

For example, suppose in the random vari-
ability simulation a lower range of factor
values of one particularAinvestment factor has
a greater influence on the rate of return than
the higher range of values. The reshlting rate
of return distribution would then tend to be
right-skewed. The hypothetical modei.does in .
fact contain certain factors with distinct

ranges such ag varisble cost or market volume.

There is also an upper limit to the quantitonf
sales and production volume,‘éicﬁef of which
could truncate the distribution of cash flows.
Thus the differenceé in meéns_cduid étise because
of the model construction: 1f thiévis the case
and the quel is truly :ep:esentatiQe of typical
investment situations,'then ﬁhé effect of nen-’
normal probabilities is important; This effecc
suggests that the simulacion uéing a random
selection ofJnonvndrmzlip:obaﬁilities Ls'ptéferv
able to a simulation using oniy néfmai pfobabii-
ities because it 1§'a more representative

measure of risk.

TABLIE 5

. COMPARISON OF PERCENTAGE DISTRIBUTION BY STANDARD SCORES

Standaxd Assumed Tvpe of Factor Variability Theoretical
Score $tandaxd Peaked Flat Left Right Normal
Intexval MNormal Normal Normal Skewed Skewed Random Curve
From To Under
3.5 -3.0 .000 .000 .000 .000 .000 .00c .001
=3.0 ~2.5 .001 .000 .002 .003 .000 .00 .004
=2.5 ~2.C .05 .013 .008 ,C22 .010 .008 .017
-2.0 «1.,5 042 .043 0ih .042 .028 . 043 044
~-1,5 ~1.0 .100 .094 .110 .092 .116 . 114 " .092
-1,0 «0,5 .168 .176 .169 .138 177 .173 . 150
«0.5 0.0 .190 .203 .195 .216 .204 .178 .191
0.0 0.5 . 188 . 189 .191 .178 .197 . 169 ’ .191
0.5 1.0 .139 141 114 . .135 .104 . 145 . 150
1.0 1.5 .083 .080 ,080 .098 .078 .089 .092
1.5 2.0 .G44 .050 .059 .058 .040 . 045 . 044
2.0 2.5 2022 .027 .022 .013 .033 .018 017
2.5 3.0 .007 .002 .006 .002 .008 .009 .004
3.0 3.5 ,001 .002 .000 .000 .000 . 000 .001
Totals 1.000 1.06060 1,000 1,000 1.000 1,000 1,000




Cross-Checkinz by Standerd Scores

An Jevaiution of the six rate of return

distributions by means of stan&ardi.zins theiy

distzibutions garves as a cross-check ou the '
va];idity» eﬁ'the simulation results, Standard
score values were caleulated for each of the six
rate of return distributionn and converted to -
percenta.g;e frequency. Table 5 shows t:hese .

percentage frequencies by standa.rd score ami Y

I.

2.

algo the percentuge ftequeucy for the theoreti-' :

vcal standard normal curve. A close similaricy

exists not only betwcen i;hers:lx s:!.mlations‘bnt' “

also between the 8ix éistributions and the
erandard normal curve. :

'mis standa'*d tabulation helus o vetify

- tion. Ie: indicmtes that, after c.ortecting fcr

the different me«ns md ntandard deviaticns, '
thez:e is'no a:lgnifican.t difference.becween the
aix aimulatioﬂe reaulting from the simuletion

method;

4.

16‘

't’he stsristieal validity of the ccmput:er aimula-‘f B

456

Hillder, Frederick s.

Hertz, Devid B, Risk Analysis in Cspital
Investment. Capital Investment :Series,

- Harvard Business Review Reprints, January-

Feb!“uary, 1964, pp. 9‘~§.G7.
Hess, Sidney U. and Quigley, Ha:ry A,

Analysis of Risk in Investments Using

Monte Carlo Techniques. Chemical Engineer-

‘1ag Progress Sympos:l.um Series, Ne. 42, 1963, -
pp. 95—54.

."‘me Derivecian of
Probabiliatic Information for the Evaluation

. of Risky Investments," ~Management uc*’ence.
YIX, No. 5 (1963), pp. 443-&57. . ‘,

Sesien:l, Maurice, Yeepan,, Azi:hur, en&
Friedmen, Lawrence. Ogerationa Research.

\!ew York' Johu Wﬂe‘y‘ & Som, Inc., 1967.

Wagle, E,, "A St:at:is;::lcel Analvsis of Risk

_in Cepital Investment Frojects." QOperational

Regearch gi_x_g_rterlg, XVIII, No. 1 (Harch, :

’ 1957} ? ppo . 13"31’-'0

weeton, J.: ?red and Brigham, Eugene F.

Managerial Finance. 2nd ed, New York: Holt,

: Rinehazt: and wmeton, 1966.




