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Abstract

The state of the art of job shop research is investigated via the development of

a framework within which problems and results may be described.

The bulk of the

paper is devoted to the development of the framework and the research which

arises from it.
research on the problem.

As one sits down to draw up a review of the nature
suggested by the title above, the first task to be
completed is the creation of a context or frame-
work within which the subject matter may be de-
lineated and placed in perspective. Such a
framework is helpful to those who would fully
understand the work of others, very useful to the
empiricist or theorist who would extend knowledge
in the problem area and absolutely essential to
the reviewer or compiler. Tf the literature on
the job shop is explored the paucity of appropri-
ate frameworks, implicit or explicit, is readily
apparent. The need for a framework within which
experiments and results may be couched is obvious,
The reasons for the lack of one are not so obvi-
ous until the task of creating one is undertdken,
The job shop problem is difficult and complex, and
the value of a framework rises in direct propor-
tion to the magnitude of the difficulty in creat-
ing it. The old adage, "a problem well defined is
a problem half solved" has never had a more appro-
priate application. Research leading to an under-
standing of the job shop process is largely
unavailable and the years since the computer first

allowed rapid and efficient application of compu~
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Few explicit references are made to the large body of published

tational resources to the problem have yielded

little knowledge which may be generalized across
the wide variety of job shops extant or conceiv-
able.

assess the distance travelled so far and the dis-

A "state of the art'" review must primarily
tance and direction of travel remaining. It is my
own opinion that a very large part of the problem
remains unsolved. We have only '"brute force"
computational procedures for dealing with complex-
ity. We have no means of setting bounds on solu-
tion values and, in fact, no means of determining
appropriate or inappropriate approaches to any
particular problem. We are left in a position of
having to rely on our intuition and the power of
our machines, I am left with a feeling of discom-

fort and a motivation to suggest some remedies.

What follows is primarily the precursor of a
“gtate of the art" amalysis. A largely concep-
tual framework for viewing the job shop problem is
presented, an extension of one I have developed
during several years of research on the problem.
Explicit references to the large literature on the
problem areflargely absent although the knowledge-
able and perceptive reader will recognize much

that has been done or suggested. A direction for




future efforts is developed which arises as a
natural and expected corollary to the development

of a framework within which a problem is defined.

The abstraction which forms the basis of the pro-
posed structure for the job shop problem is the

following function.

Value of Qutput = £(Scheduling Technique,

. (1)
Product Mix).

The function explicitly states that value of the
shop's output depends upon both the technique or
rule employed for scheduling and the product mix
or aggregation of jobs upon which the technique
operates. The value of output is measured by a

suitably defined objective function which evalu-
ates schedule characteristics to determine sched-
ule quality. The viability of this relation has
The

results of these tests [8] suggest that the rela-

been subjected to some very simple tests,

tion is potentially of significant power in ex-
plaining the job shop process. Among the results
of interest are (1) that value of output or
schedule quality is linearly related to the work
content of the product mix, (2) that schedule
quality is related to the "job shoppiness'" of the
process by a cubic function, and (3) that
"bottlenecks" early in processing are less dele-
terious to schedule quality than late "bottle-
necks" which, in turn, are less deleterious than
"bottlenecks" in the middle of the processing of

the average job. A special case of the general

relation was used for experimental purposes. It
is
Value of Qutput = £(Product Mixl 2)

Scheduling Technique).

The objective function measured the completion
time of the last job completed in the schedule.
The results of the experimentation reported sug-
gest that the relation does, in fact, represent
the job shop process. It appears that the con-
struct represented by the relation will enable us
to formally structure any job shop problem in
such a way that it is completely identified and

such that we can accurately predict the
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performance of any scheduling technique. The con-
struct is, however, not without limitatioms.
While a theoretical relation is implied, the func-
tion does not suggest its form., That is left to
our intuition or our experimental investigations.
Due to the difficult and complex nature of the job
shop problem, it is likely that the exact nature
of the relation will have to be investigated

through simulation.

One may ident;fy four basic components of every
experimental or theoretical approach to the job
(1) the model of the
process, (2) the scheduling technique, (3) the

shop problem. They are:
product mix, the particular problem under analy-
sis, and (4) the objective function, the measure
of solution quality. The kind of model employed
to describe the job shop process defines the way
in which the independent variables in the above
function are described., It also constrains the
nature of the schedules which may be created for
any product mix. Models may be characterized by
the presence or absence of the following restric-
tions on processing (see [4] and [20]):

(a) whether or not jobs are required to be strict-
ly ordered sequences of operations, without
assembly or partition, (b) whether or not machines
are continuously available for assignment, without
planned or random interruptions of processing,

(c) whether or not an operation can be performed
by more than one machine in the shop, (d) whether
or not multiple machines of a single type exist in
the shop, (e) whether or not preemption is allowed,
(£) whether or not "lap-phasing" is allowed,

(g) whether or not each machine cah perform more
than one operation at a single point in time,

(h) whether or not setups are considered explicit-
ly, and (i) whether or not jobs are instantaneous-
ly transferred from one machine to the next. In
addition, a broader characterization of models may
be made. Models may be "static" or "dynamic." In
the former case, all jobs are available for sched-
uling simultaneously while in the latter, jobs
arrive continually during the scheduling interval.

In the static case, all information concerning the



product mix is available at the outset and
"global'" decision may be made. Here, Gantt
charts may be created or integer linear programs
may be employed. The dynamic model requires that
a queueing or queueing-like simulation must be
employed to obtain schedules. These decisions
are "local" and events must be allowed to rum
their course before the schedule can be evalu-
ated. The characteristics of the model used in
any investigation of the job shop scheduling
problem is the result of the experimenter's per-
ception of what is appropriate for the investiga-

tion and his biases toward the problem.

Under the constraints imposed by the model of the
job shop process, the scheduling technique exam-
ines the characteristics of a subset of the
product mix and makes decisions regarding proces-
sing sequence and time intervals to be assigned
to the processing of jobs. A "rational" schedul-
ing technique is one which attemds to those char-
acteristics of jobs for which cardinal measures
exist. A "mon-rational" technique makes sequence
decisions without reference to the characteris-
tics of the alternatives. A cross classification
scheme for scheduling techniques involves whether
or not the job to be processed '"next" is actually
available for processing. 1If the "next" job must
be immediately available for processing, the

If the
machine may stand idle while awaiting the mnext
(In

[4], this descriptor is applied to schedules, but

technique may be called "non-delay."

job, the technique is a '"delay" technique.

it more appropriately characterizes a scheduling

technique.)

The object of the action of the scheduling tech-
The

result of the scheduling process is a schedule

nique is the product mix to be scheduled.

which is evaluated by the objective fumnction.

The product mix determines the range of values
which the objective function may achieve, and for
a particular scheddling technique, determines
objective function value. 1If either the product
mix or the scheduling technique exhibits stochas-

tic properties, then only the distribution of
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objective function values may be predicted, O0b-
jective functions may be characterized in a
variety of ways. A scheme is suggested in [4]
wherein objective functions are either "regular
measures of performance'" or not. A regular
measure is a function to be minimized, defined
upon the completion times of jobs which increases
only if one or more completion time increases. A
cross classification scheme for objective func-
tions would describe objective functions in terms
of the measures upon schedules they constitute.
Here, an objective function might measure mean
flow time, maximum completion time, mean waiting
time, etc. When a non-regular objective function
is appropriate (e.g., minimize the maximum comple-
tion time), values of the objective function may
be predicted as a function of product mix and
scheduling techmnique. Objective functions of this
type are generally measures of the extrema of the
quantities measured by regular objective func-
tions., Since distributions of schedule parameters
may be predicted as a function of product mix and
scheduling technique, then extrema of these dis-

tributions may also be predicted,

Thus far, we have briefly touched upon three of
the four components necessary to an investigation
of the job shop process. The fourth, product mix,
has been deferred until now since we have wished
to develop the argument that the product mix is
instrumental to every analysis, It is upon
product mix characteristics that the scheduling
technique focuses for its decisions; it is the
product mix which constrains the range of values
which the objective function may achieve; and, as
we shall see, much of the description of the model
of processing may be stated in terms of the char-
acteristics of the product mix, The strategem
here is to burden the characterization of product
mix with the major part of the problem definition.
This seems to be the logical choice for the
reasons cited immediately above, A generally via-
ble solution to the job shop scheduling problem
must, we believe, be stated in terms of the gen-

eral function stated at the beginning of this



paper, or upon some similar construct, The solu-
tion to the problem may then be obtained through
a theoretical or empirical investigation of the
nature of the function. It is unfortunate that a
list of product mix characteristics significant
in the function relating value of output to
product mix and scheduling technique cannot be
stated now. This problem is, however, part of
the problem of finding a solution to the job shop
scheduling problem. It seems appropriate at this
point to create a list of product mix character-
istics which may prove significant in our func-
tional relation. The list will most probably be
incomplete in some respects and redundant in
others, since it is the first to be formulated.
Following the presentation of the list of product
mix characteristics, a revised description of
models of the job shop process will be suggested
and a way of looking at the problem represented

by equation (1) will be developed.

The description of a product mix by the variables
which are instrumental in the function cited at
the outset of this paper must be available to the
analyst a priori of any attempt at scheduling and
independent of the scheduling technique to be
employed., Most of the variables or descriptors
suggested here will have some intuitive appeal to
the reader. WNo arguments in support of the vari-
ables will be suggested due to the apparent com-
plexity of the functional relation. There are
three broad classes of variables which are sug-
gested: (1) those which aggregate characteris-
tics across jobs, (2) those which aggregate
characteristics across machines, and (3) those
which are not specifically related to either in-
dividual jobs or individual machines. 1Integral
with the description of the variables will be a
parenthetical reference to its class. The vari-

ables are as follows:

(1) Total work content of the product mix to be

processed (3). This is simply the sum of all
setup and processing times required to pro-
duce the product mix.

(2) The distribution of work content among jobs
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(3)

@

(5)

(6)

7

(8)

€

(1) or among machines (2). First and higher
moments of these distributions may be ex-

plicitly considered,.

The total number of operations or precedence

relations to be scheduled (1).

The distribution of operations or precedence

relations among machines (2).

The distribution of the ratio of setup time to
processing time for each machine (2), each job
(1), or the aggregate across all operations of
all jobs (1).

The distribution of job "slack" (1). Job
slack is defined as due date less release date

less the work content of the job.

The distribution of

It

tardiness penalty function
parameters (1). is assumed here that
tardiness penalties are assessed by a function

common to all jobs.

The distribution of job value (1l). The value
of an individual job may be either the revenue

or the profit it produces.

The "job shoppiness" of the product mix (3).
This variablé,f3, is a measure of how job shop
like (as contrasted to flow shop like) the
processing of a product mix is., Many such
measures may be constructed., One such is

described by the following steps:

(a) Noting that the numbering of machines is

arbitrary, define fa; for each machine i
as the average percentage of completion of
the jobs processed on i as they arrive at
i,

(®)

Renumber machines in order of increasing
Bi-
For each i, form the distribution of per-

(e)

centage completion of jobs processed on i,

C))

Correlate the percentage complete distri-

bution with machine number,

(e)

If the correlation is perfect, the pro-

cessing is that of a pure flow shop, if



(10)

(11)

(12)

(13)

zero, the processing is that of a pure

job shop.
(£)

The correlation coefficient, , is a
measure of the processing of a product
mix, placing it on the continuum whose
extremes are defined by pure job shop
processing (f’ = 0,0) and pure flow shop

processing (fD = 1.0).

The distribution of arrivals of jobs in the
shop (1).

the appropriate measure involves the distri-

If a "static" model is employed,

bution of times when jobs are available to
the shop (1) and the distribution of times
when machines become available for process-
ing jobs in the product mix (2). The latter
distribution may also be represented as a

plot of machine availability versusfgi (2).
The fraction of work content to be executed
by each machine as numbered in order of F}i

(2).

bottlenecks in the processing of jobs in the

This serial measure will identify

product mix.

The number of operations or precedence rela-
tions to be scheduled on each machine as
ordered by ﬁi (2). Here a different con-
struction may be given to the term "bottle-

neck."

Technological Risk: The production of any

product mix is not a completely determinis-
tic process, although we have implicitly
The

notion of technological risk must be intro-

assumed determinism to this point.
duced at this point, Technological risk is
defined as that natural variation in the
production process which is beyond the coi-
trol of management, and arises out of an in-
ability to accurately define operations in
the time dimension. Assuming all techno-
logical variation is normally distributed,
we may define the techmological risk of a
product mix (3) as the sum of the coeffi-
cients of variation of all parameters which

are stochastically defined, If technologi-
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(14)

(15)

(16)

an

cal risk occurs as the joint result of two or
more stochastic processes at some point, the
risk at that point is the product of the co-

efficients of variation.

The technological risk of a job (1) is the
sum of the coefficients of variation at all

points of risk in the definition of the job.

The techmnological risk associated with a
machine (2) is the sum of the coefficients of
variation at all points of risk for the
operations of individual jobs processed on

that machine.

Technological risk may be defined across
machines through a plot of risk versus
machine number as defined by F3J(2).

Technological uncertainty: The production of

a product mix may not be completely deter-
mined in that the shop may exert control over
the broduction requirements of jobs through
taking advantage of processing flexibility
resulting from the characteristics of the re-
sources of the shop, the characteristics of
individual jobs, or characteristics of the
jobs to be processed on a single machine,
This flexibility is designated as technologi-
cal uncertainty and occurs when the shop's
management may choose from among several
(usually discrete) alternative means of pro-
ducing a job. Technological uncertainty usu-
ally occurs as the result of the existence of
an alternate machine for processing an opera-
tion, an alternate sequence for the process-
ing of a contiguous subset of the operatioms
of a job, or sequence dependent setup times,

Each of these is discussed.

(a) Where alternate machines exist, the pro-
cessing of the operation may proceed at
equal or greater cost than the processing
on the nominal machine. The former

occurs when two or more identical

machines exist in the shop, the latter
when two or more functionally similar but

economically distinct machines exist. In



(b)

()

the former case, some distortion in the
computation of/D may occur due to the
arbitrary choice of a machine to process
an operation. ¥For this reason, the cal-
culation of ﬁ%; and,o should be carried
out as if only one of each machine type
were extant. Since work may be appor-
tioned among identical machines in any
way, its distribution should follow the
dictates of the relation between value
of output and the distribution of work
among machines or the distribution of
operations among machines. The appro-
priate measure of this type of techmno-
logical uncertainty (3) is obviously
dependent upon explicit knowledge of the

relation cited immediately above.

The existence of alternate processing
sequences represents the ability of the
shop to choose. from among several al-
ternative jobs for inclusion in its
product mix. The appropriate measure
depends upon explicit knowledge of the
relation between value of output ande R
the distribution of work among machines,

3).

etc,

A measure of the variability of value of
output as a function of the alternative
setup times possible for an operation is
difficult to obtain. The difficulty is
due to the inability to predict what
setup alternatives are available to the
scheduler ét any point in time. The
setup alternatives available depend
directly upon the jobs available for
processing at a point in time which
depends, in turn, upon the product mix
and scheduling technique extant in the
shop. This recursiveness has confounded
many investigators and will not be re=-
solved here, 1Its solution is a statement
of the status of every job at all points
The

measure of this type of technological

during the schedule interval,
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uncertainty which we suggest is the sum
of the coefficients of variation of the
rows of the matrix defining the setup
alternatives (2). This measure may also
be summed across machines (3) for a

measure on the product mix as a whole.

Having presented our list of variables describing
a product mix, we may return to a consideration of
the model of the process, the scheduling tech-
nique, and the objective function. Reconsidering
the characterization of models, the terms static
or dynamic must still be used as well as the terms
global and local. These are general descriptors
and are necessary to the definition of how the
model replicates the process. The list of
descriptors of the necessary details of the repli-
cation may be sharply truncated. Many of these
descriptors have been subsumed in the list of
variables defining a product mix. This is appro-
priate since the presence or absence of variabil-
ity in these characteristics of product mix in a
set of jobs to be scheduled under the model does
not impair the function of the model in any way.
Four of the nine descriptors may be eliminated,
leaving (b) the continuity of machine availabil-
ity, (e) the possibility of preemption, (f) the
possibility of "lap-phasing," (g) the multiple
processing ability of machines, and (i) the trans-
fer times of jobs between operations. The last of
these is the obverse of "lap-phasing" and may, if
desired, be viewed as a special case of lap-

phasing.

The description of scheduling technique may be
couched in terms of the variables describing
product mix, The general descriptors, rational
and non~delay, are appropriate for the general
description and a description of precisely how the
rule operates may be drawn in terms of the product
mix upon which it operates., At any and every
decision point in the scheduling process a
rational scheduling technique looks at the charac-
teristics of a subset of the product mix and
assigns to each member of the subset a position on

a cardinal scale. The job to be processed '"mext"



is usually the one assigned maximum or minimum
value. If the technique is a non-delay technique
the subset is that available for immediate pro-
cessing on the machine in question. TIf a delay
technique is used, the subset of jobs also (usu-
ally) includes those jobs in process on other

machines.

The classification of the objective function in
terms of product mix is not possible. Even
though product mix defines the range of objective
function values (values of output) which may be
obtained, the nature of the objective function
reflects the goals or object of the shop with re-
spect to processing. The objective function for
the rational shop should reflect the value of the
shop's capability to itself and its environment.
For example, if the process is capital intensive
in the sense that costly raw materials are em-
ployed, then the objective should reflect this
through evaluating flow times or work in process
inventory, 1If the process is capital intemnsive
in the sense that the processing employs costly
machines, then the objective function should

1f the

process is labor intensive, then the objective

attend to the utilization of machines.
function should reflect this. If the shop gains
a competitive a&vautage from rapid delivery or

short lead times, the objective function should

have a strong "due date" orientation.

The objective functions cited have a common char-
acteristic. They measure schedule quality or
value "unidimensionally." Objective functions of
this type have commonly been employed in job shop
research to date. This research may be charac-
terized as an investigation of the characteris-

tics of the function.

f(Scheduling Technique|
Product Mix)

Value of Qutput
(3

The research has been successful in the sense
that a technique which is the best of those
tested may be discovered empirically. The re-
search has been unsuccessful in citing a dimen-

sional space for describing scheduling techniques,
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in finding the optimal scheduling technique for
any problem (i.e.,, product mix and objective
function), and in providing insights into the
nature of the relation, A larger problem exists,
however., It is rarely the case that a "Unidi-
mensional™ or "pure" objective function is appro-
priate for describing the goals of a '"real" job
shop. If we may assume that an appropriate ob-
jective function is a linear combination of two
or more unidimensional functions and we realize
that each shop is unique (and perhaps unique at
each point in time), then the need for insight
into the behavior of the above function for
"mixed" objective functions is apparent. Since it
appears that (from past research) a unique, "best"
scheduling technique may be found for each "uni-
dimensional' objective function, it is possible
that the "best" technique for a "mixed" objective
may be a linear combination of the '"best" tech-
niques for the components of the "mix" in identi-
cal or similar combination., This proposition is
certainly testable empirically, and, if true,
allows the solution of any problem for which an
objective function may be stated. If the propo-
sition is false, the need for a more appropriate
theory is clear or a search for a single schedul-
ing technique, "best" for all objectives, may be

initiated,

A parallel line of investigation has also been
suggested, that which centers around determining
those variables significant in (2) and the nature
of the relations among them. These investigations
are complementary in view of the fact that sched-
uling techniques may be described in terms of the
product mix characteristics appropriate for the
The

ultimate problem is an explicit statement of (1),

dominant ranking of potential "next" jobs.

which may not be possible for the general case.
The obvious infinity of functions (1), may, how-
ever, yield to insight from analysis of (2) and
(3).

mix descriptors significant in (2) will be much

It is counter-intuitive that the product

different from those in (3) for describing domi-

nant scheduling techniques.
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