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ABSTRACT
Quantifying the impact of an intervention or treatment in a real setting is a common and challenging
problem. For example, we would like to calculate the environmental implications of aid projects in third
world countries that target economic development. For causal inference problems of this kind, the Rubin
causal model is one of several popular theoretical frameworks that comes with a set of algorithmic methods
to quantify treatment effects. However, for a given data set, we neither know the ground truth nor can we
easily increase the size of the data set. So, simulation is a natural choice to evaluate the applicability of a
set of methods for a particular problem. In this paper, we report findings of a simulation study with four
causal inference approaches, namely two single tree approaches (transformed outcome tree, causal tree),
and two random forest versions of the former.
1

INTRODUCTION

We frequently seek to test the effectiveness of targeted interventions - for example, a new website design, a
medical treatment, or a third world aid project. This is important for informed policy decisions to allocate
resources in a meaningful way.
The work presented here is based on the Rubin Causal Model (or potential outcome framework), where
causal effects are estimated through comparisons between observed outcomes and the “counterfactual”
outcomes one would have observed under the absence of an intervention (Imbens and Rubin 2015). In the
causal inference literature, the terminology to describe this follows a medical point of view. The intervention
is called a treatment and all observed units are separated into two subsets: a group of treated cases versus
a group of control cases. The Rubin causal model is a common framework to model and evaluate causal
inference. The outcome of such an analysis is either the average treatment effect observed on the whole
population of units or the conditional average treatment effect one observes for a specific subset of units
that share some particular characteristics. This leads to the need to describe units by relevant properties,
i.e., values for a number of variables or features that are called covariates in this context. The interest in
the conditional average treatment effect naturally arises from the fact that treatments are not prescribed
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randomly or in general but to address an observed condition or situation. For example, a third world aid
project to fund a hospital in general is good but for sure it will have a bigger impact - a bigger conditional
average treatment effect - if placed in an area that is currently underserved with medical treatment facilities
and where people frequently suffer from diseases that are easily curable. In observational studies, especially
in the medical and social sciences, there is interest in the estimation of such heterogeneous causal effects.
If one leaves the realm of simulation studies, where one can generate experimental data for targeted
treatment and control groups, and has to rely on real-world, observational data, one runs into a fundamental
missing data problem. For any unit, we can only observe the unit with the treatment, or without the
treatment, but not both at the same time. So, the ground truth for a causal effect can not be observed for
any individual unit and its calculation is not directly possible in the Rubin causal model as the causal effect
is the difference between the outcome for the treatment and control case. Several techniques have been
developed to work around this fundamental crux in the Rubin causal model. For the conditional average
treatment effect they all essentially compute differences between groups that are ”similar” or are made
”comparable” by some appropriate rescaling.
Many approaches to estimating heterogeneous effects have emerged over the last decade. LASSO
(Tibshirani 1994) and support vector machines (SVM) (Vapnik 1998) may serve as two popular examples,
however, we have limited this analysis to a small subset of techniques that are based on regression
trees. Specifically, we test Transfomed Outcome Trees (TOTs), Causal Trees (CTs), Random Forest TOTs
(RFTOTs), and Causal Forests (CFs). We follow the work of (Athey and Imbens 2015), who demonstrated
how decision trees and random forests can be adjusted to estimate heterogeneous causal effects. While
traditional tree-based approaches rely on training with data with known outcomes, Athey and Imbens
illustrated that one can estimate the conditional average treatment effect on a subset with regression trees
after an appropriate data transformation process. The historic lineage of causal inferential study using trees
is relatively young, but rapidly growing. In (Su, Tsai, Wang, Nickerson, and Li 2009), Su et al. proposed
a statistical test as the criterion for node splitting. In (Athey and Imbens 2015), Athey and Imbens derived
TOTs and CTs, an idea that is followed up on by Wagner and Athey (Wager and Athey 2015) with CF
(causal forest, random forests of CTs), and similarly Denil et al. in (Denil, Matheson, and de Freitas 2014)
who use different data for the structure of the tree and the estimated value within each node. Random
forests naturally gave rise to the question of confidence intervals for the estimates they deliver. Following
this, Meinshausen introduced quantile regression forests in (Meinshausen 2006) to estimate a distribution
of results, and Wagner et al (Wager, Hastie, and Efron 2014) provided guidance for confidence intervals
with random forests. Several authors, including Biau (Biau 2012), recognize a gap between theoretical
underpinnings and the practical applications of random forests.
Our ultimate goal is to apply these techniques to analyze a large data set for world bank aid projects that
ranges over a time period of 30 years and covers locations worldwide. The research question is to estimate
the impact on vegetation of third world aid projects that primarily aim at economic development. The data
set is challenging to analyze for various reasons. Because we are unable to produce “ground truth” values
to understand the accuracy of our approaches in this real-world case, here we turn to a simulation study
on tree-based causal inference techniques. The key benefit of a simulation study is that we can design a
stochastic model in such a way that we can generate data for the treated and control group as much as
needed and we know the ground truth of the causal effect. The questions we want to answer in this way
are: a) if a causal inference technique gives us a close estimate of the causal effect for a simulated data
set similar in kind to the one we want to analyze, b) if we increase the number of covariates that impact
the causal effect, how does this affect the accuracy of causal inference techniques c) if we increase the
amount of available data, how quickly does the estimated causal effects converges to the ground truth, d)
if we vary the required minimum number of control and treated units to compare for the calculation of the
causal effect in the tree generation algorithms, how does this affect the accuracy of results
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The rest of the paper is structured as follows. We introduce the four tree-based causal inference
techniques in Section 2 followed by a description of our stochastic model to generate data in Section 3.
In Section 4, we present the results of our simulation study and discuss our findings.
2

CAUSAL INFERENCE TECHNIQUES

Before we go through the details of tree-based causal inference techniques, we briefly introduce some
notation for the Rubin causal model and recall its main concepts.
2.1 The Rubin Causal Model And Conditional Average Treatment Effects
Suppose we have a data set with n independently and identically distributed (iid) units with i = 1, · · · , n.
Each unit has an observed feature vector Xi ∈ [0, 1]d , with d covariates and a response (i.e., the outcome of
interest) Yi ∈ R. A treatment is considered binary and is formalized with an indicator variable Wi ∈ {0, 1}
for each unit i. For a unit-level causal effect, the Rubin causal model defines the treatment effect on unit i
as τi = Yi (1) −Yi (0), the difference between treated Yi (1) and untreated Yi (0) outcome.
In this
in calculating the heterogeneous causal effect, which we define as
 paper, we are interested

τ(x) = E Yi (1) −Yi (0) | Xi = x following (Hirano, Imbens, and Ridder 2003). In an observational study, a
unit is either treated or not, so we know either Yi (1) or Yi (0), but not both. However, one can still estimate
τ(x) if one assumes unconfoundedness: Wi ⊥ (Yi (1),Yi (0)) | Xi .
Unconfoundedness means that given some features Xi , the probability of outcomes (Yi (1),Yi (0)) is
independent of the assignment of a treatment Wi . Under the unconfoundedness
 ∗
assumption, (Athey and
Imbens 2015) show that one can calculate the causal effect as τ(x) = E Y | Xi = x , where the transformed
outcome Y ∗ is defined as
Wi − e(Xi )
,
(1)
Yi∗ = Yi ·
e(Xi ) · (1 − e(Xi ))


and the propensity score function e(x) is defined as e(x) = E Wi | Xi = x . In laboratory experiments as
well as in simulation studies, it is common to randomly assign a treatment to a unit and to use e(x) = 0.5
to obtain balanced group sizes for treated and control groups. In reality, a certain disposition Xi will
either qualify/demand for treatment such that a treatment will be assigned in most cases or disqualify for
treatment and a treatment will be rarely assigned. The propensity score accounts for this effect. Several
approaches to estimate the propensity score can be selected (Rosenbaum and Rubin 1983), (Ho, Imai, King,
and Stuart 2007); for the world bank data set, for instance, we use logistic regression in order to provide a
stronger comparison to econometric modeling approaches most commonly employed by the international
development community today.
2.2 Regression Tree For Causal Inference
A regression tree is a binary tree to represent a step function f : Rd → S with S being a finite subset of
R. Each of its leaf nodes carries a real value. Each of its internal nodes have an associated variable x (a
covariate in our case) and a threshold t such that the edge to its left child carries a condition x ≤ t and its
right child a corresponding condition x > t. So, a path from the root node to some leaf node encodes a
conjunction of conditions along its edges, such that for any x ∈ Rd that satisfies all conditions along that
path, the value at the leaf node gives f (x).
An algorithm to compute a regression tree such as CART takes a set of sample tuples (x, f (x)) (the
training data) and creates a tree by starting at a root node and recursively splits nodes by identifying a
variable and a threshold to add left and right children to a node. The key step is then to have a rule to
decide if a current leaf node should become an internal node by adding left and right children and how to
determine the variable and threshold for this node. A good splitting rule partitions data from the parent
node into left and right child nodes so that the resulting homogeneity of the child nodes is an improvement
over the parent node. The splitting rule typically follows a greedy strategy and selects the covariate and
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threshold that gives the greatest improvement. The rule is also complemented by a stopping criteria to
avoid arbitrary fine partitions and very large trees.
Note that a typical outcome is a tree that does not consider all d covariates on a path from root node to
a leaf node. This implies that the algorithm selects only a subset of covariates that matter for the resulting
f (x). This leads to a notion of relevance for covariates.
One can also look at a tree as a way to partition a data set in a number of bins such that each leaf node
has an associated bin of data points whose covariate values satisfy the conjunction of conditions along the
path from the root node to that leaf node. This leads to the understanding that data points in the same bin
are considered ”similar” or ”comparable”.
In order to adopt the concept of a regression tree and its algorithms, one need to adjust the splitting
rule in a way that data points in the bin of a leaf node either have the same causal effect or they can be
used to compute a conditional average treatment effect for all elements in that bin.
2.3 Transformed Outcome Tree
A TOT is a regression tree that uses Y ∗ for f (x). As mentioned above, the transformed outcome is calculated
with (1), then a traditional regression tree method is employed
to generate
a TOT for the given data set.


The causal effect is subsequently estimated with τ(x) = E Y ∗ | Xi = x , where feature vector x leads to a
leaf of the tree and τ̂(x) is the average transformed outcome of all units in the corresponding leaf of the
tree.
2.4 Causal Tree
When a regression tree is used to estimate heterogeneous causal effects, tree construction is a key step. In
a classic regression tree, mean square error (MSE) is often used as the criterion for node splitting, and the
average value within the node is used as the estimator. Following Athey and Imbens (Athey and Imbens
2015), we use (2) as the estimator, and we replace the traditional MSE by summing Yi∗ − τ̂(Xi ).
τ̂(Xi ) =

(1 −Wi )/(1 − ê(Xi ))

Wi /ê(Xi )

∑ Yi · ∑ j∈T W j /ê(X j ) − ∑ Yi · ∑ j∈C (1 −W j )/(1 − ê(X j )) ,

i∈T

(2)

i∈C

where T represents treatment units, and C control units. This new error term is then used to split the tree
in a way identical to traditional regression trees.
Due to characteristics of the data in our applied study, we found that cases where only C or T units
existed in children naturally emerged, which could lead to inaccurate estimates. Specifically, using the
above split criterion, we were not able to estimate the causal effect as no counterfactual cases (or treated
cases) exist. Following this, we introduce an additional constraint on the tree which prevents node splitting
when the resultant child will result in all T or C cases.
2.5 Random Forest
A random forest is a set of regression trees that are independently built using a bootstrap sample of the
given data set and the splitting criterion applied in the construction only selects the best split among a
subset of all possible predictors randomly chosen at that node (Breiman 2001). The random forest concept
can be applied to any approach that computes a single tree, as it is the case for the TOTs or CTs. To obtain
an estimate for τ̂(x) from a forest of trees, one calculates the average of all individual estimates τ̂(x) that
one obtains from each single tree in the forest. The key idea is that the trees represent the variability in the
construction of trees due to the variability in the data (exposed by the bootstrapping and random selection
of a subset of candidate covariates for a split) and that the averaging for the overall result creates a robust
estimate for τ̂(x) thanks to the large number of independently generated trees.
We rely on the randomForest R package that implements Breiman’s approach and implemented a causal
forest algorithm with the help of the scikit learn package.
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3

SIMULATION MODEL

We want to iteratively simulate synthetic datasets with known parameters to evaluate how the number
of covariates, the dataset size, and other parameters impact the accuracy of results of causal inference
techniques. In order to do so, we need a model that first and foremost gives us the ground truth about the
causal effect. In addition to that, we need a number of d covariates that contribute to an outcome Yi for
each of the data points i = 1, ..., n that we need to generate from that model. To do this, we assume an
additive model and follow a bi-partite data generation process, in which two equations are used (one for
treated cases and another for control cases). For the treated cases, we use
k

d

Yi (1) = Wi ∗ (c + ∑ βi xi ) +
i=1

d

βi xi + β0 + ε = c + ∑ βi xi + β0 + ε,

∑

(3)

i=1

i=k+1

with treatment indicator variable Wi set to 1. We have a set of covariates x1 , ..., xk that contribute to the
treatment effect in addition to the first term c that creates an constant effect regardless of any covariate
setting. The equation includes further d − k covariates and an error term ε. The d − k covariates act as a
distractor to the identification of variables that are relevant for the treatment effect. Constant c and variable
ε are not observable and not represented in the data given to the causal inference calculation. Constant
c > 0 provides some positive treatment effect regardless of covariates, which avoids diminishing treatment
effects if covariate values are close to zero.
For the control cases, we use
k

Yi (0) = Wi ∗ (c + ∑ βi xi ) +
i=1

d

d

∑

βi xi + β0 + ε =

i=k+1

∑

βi xi + β0 + ε,

(4)

i=k+1

with treatment indicator variable Wi set to 0, such that the first k covariates do not impact the outcome.
So, the ground truth for each unit i is τi = Yi (1) − Yi (0) = c + ∑ki=1 βi xi . This allows us to observe
heterogeneity in the causal effect as τ(x) depends on the value settings of x1 , ..., xk . Since τ(x) does not
depend on value settings for xk+1 , ..., xd , we can also see if a causal inference result is consistent with this.
To generate a data set with some randomly assigned treatment and a given propensity function e(x),
we sample a random vector (x1 , . . . , xd , ε) and with probability e(x) select equation Yi (1) or Yi (0) otherwise
to compute the outcome value for the data point. We sample values for each of the d covariates and
ε independently from a probability distribution and its parameter settings associated with the particular
covariate or error term. So for e(x) = 0.5, we use each of the two equations to produce about one half of
all data points. Yi (1) gives the result for treated cases; Yi (0) is for the control group.
The use of different distributions across covariates implies that covariates are not operating at the same
scale. We want to use realistic values for the synthetic data set but for the calculation of Y we want covariates
contribute in a similar manner. To standardize each covariate with feature scaling (X − min(Xi ))/(max(Xi ) −
min(Xi )), we define βi = 1/(max(Xi ) − min(Xi )) and β0 = − ∑di=k+1 min(Xi )/(max(Xi ) − min(Xi )). For the
treatment effect, c = c0 − ∑ki=1 min(Xi )/(max(Xi ) − min(Xi )), such that we still have some extra c0 to see a
constant treatment effect. Regression trees themselves are not sensitive to scaling, so we need not scale our
synthetic data set for the causal inference techniques. Sampling from a non-uniform distribution implies
that some values will occur more frequently than others, which will create a data set that provides ample
set of samples for some cases and but only few for others. This is expected to be the case for real data
sets, which is why we want to see how a causal inference technique reacts to this.
Our model meets the assumptions that we made for causal inference: the data points are i.i.d and
unconfoundedness is fulfilled by a random treatment assignment given x. In addition to the ability to create
realistic synthetic data of arbitrary size, we are also in the position to support an artificial best case scenario
where the data set contains pairs of treated and untreated units to test the causal inference techniques.
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3.1 Configuring The Simulation Model To Approximate The Real Data Set
The real data set that we ultimately want to analyze is on World Bank aid projects and the real challenge
is to quantify the impact of these projects on the environment. The data is based on data of World Bank
projects with covariates describing the project’s amount of funding, its beginning and duration. In order
to analyze the impact of World Bank projects on the environment, the data set has been enhanced with
information on the geographic location of World Bank projects and satellite derived information on the
geographic, environmental, and economic characteristics of each project location. So covariates include
longitude and latitude for location, elevation and slope to describe the terrain, distance to rivers and roads as
well as population density for economic characteristics, annual minimum, maximum and average values for
air temperature and precipitation for the last 30 years and finally an index for vegetation cover (Normalized
Difference Vegetation Index, NDVI). A linear regression has been used to aggregate time series data into
covariates for intercept and slope.
The existing data set has d=37 covariates and 16369 data points and the challenge is to recognize the
difference in average NDVI values before and after a project starts as a treatment effect. Of course, the
ground truth for the real data is not known. For the simulation study, we want to see if tree-based causal
inference techniques apply to a data set of this kind. We choose d=37 for the simulation model and for
each covariate in our data set, we perform a distribution fitting. Figure 1 shows an example for the variable
that describes the average of annual maxima of NDVI values for all years before the start of the project
with a q-q plot on the left and that shows to what extent the observations match with a Normal distribution.
The right side of Figure 1 shows a heat map of the correlation among all covariates and correlations are
moderate as the predominantly cooler colors indicate. The individual covariates show limited correlation
such that we can sample individual entries for (x1 , . . . , xd , ε) independently and from a distribution that
we fitted for each covariate. For the error term ε we decided to use a normal distribution N (0, 1). For
the treatment effect in the simulation model, we need to choose a value for k and select the covariates for
τi = c + ∑ki=1 xi . We follow the common 80/20 rule that suggests that the vast majority of an effect (about
80%) is caused by a small minority of parameters (about 20%). So, we consider different scenarios with
k = 1, 2, 4, and 8 variables and select a random subset k covariates out of d = 37 for our experiment. In
this way, we have a stochastic input model that we can use to derive data sets of any size with a known
ground truth on treatment effect as well as the role of individual covariates that are responsible for the
effect.
Q−Q plot
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Figure 1: A q-q plot for fitting a distribution to the annual averages of maximum NDVI values before the
start of a project (left), heat map of correlation among all covariates in the data set (right).
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4

EXPERIMENTS AND RESULTS

In this section, we study the ability of CT, CF, TOT and RFTOT approaches to calculate heterogeneous
treatment effects for our simulated data set. All of these approaches are based on variants of regression
trees, which essentially are able to approximate a continuous function f : Rd → R with a step function based
on some interval partitioning of the domain of f . The stochastic model to generate the data has a treatment
effect function τ(x) = c + ∑ki=1 βi xi , which at least in principle allows for a discretized approximation with
a step function in a straightforward manner as the ranges of values for each xi can be partitioned into
intervals and each interval contributes its average to the overall outcome. We begin our evaluation with
a basic comparison of the accuracy of its approximation of τ(x) that each approach achieves for a given
data set.
4.1 Accuracy Of Causal Effect Estimate
Before we look into a realistic data set, we want to report on reassuring findings for a more common and
simpler model that is closer to the ones typically analyzed in the literature. We exclusively use standard
normal distributions N (0, 1) for all covariates and ε which implies βi = 1 for i > 0 and β0 = 0 for Eqs.
3 and 4. We analyze a model configuration for n = 2000, k = 1, d = 9, and c0 = 1. We use a random
treatment assignment such that each unit has the same probability to be treated, e(x) = 0.5. On the left,
Figure 2 shows box plots for the treatment effect τ(x) in column TRUTH as well as estimates τ̂(x) for CF,
CT, TOT and RFTOT in corresponding columns. The distribution of τ(x) shows that the treatment effect
is heterogeneous. The resultant distributions all encompass the true mean results, but with considerable
difference in overall metrics of error. In line with published results, the Causal Forest approach is the
most accurate across all simulations, random forest variants perform better than single tree variants and
the CT is better than the TOT. Of course, the accuracy is expected to depend on the amount of data that
is available. So, we also test the convergence of each method as the size of data increases, as shown in
the middle diagram in Figure 2. We measure the mean squared error (MSE) between estimated τ̂(x) and
the ground truth of τ(x) = c + ∑ki=1 βi xi to evaluate the accuracy of the estimates. It shows the MSE of
each method with increasing data size, while the diagram to the right shows a zoomed-in version of the
MSE of the CF approach (due to the lower magnitude of MSE observed). As expected, accuracy improves
with the amount of data, random forest approaches generally show a better performance than single tree
approaches and CF shows best results. The box plots in the right diagram of Figure 2 result from repeated
calculations and show the variability of MSE in response to the variability in inputs as well as the general
convergence for increasing values of n.
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Figure 2: Estimated treatment effects (left), MSE changes with data size (middle), and for CF (right).
Seeing positive results that are consistent with original research publications motivates us to move
forward and analyze scenarios closer to our real data set. The first scenario we examine considers a
simulated dataset with a randomized treatment assignment (each unit has the same probability to be treated,
e(x) = 0.5). For our stochastic model, we used k = 1, d = 37, c0 = 1, and n = 20000. As we increase
the number of covariates d, we report findings for two variants, one still samples values from a normal
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distribution N (0, 1) independently for each covariate and a second one where all covariates are sampled
independently from the distributions that we fitted to the real data set. So the second configuration models
the situation where a single covariate is responsible for the treatment effect in a setting that resembles
our real data set in terms of dimensions (d = 37), covariate distributions, and size (n = 20000). Note that
E[τ(x)] = 1 for the selected parameter settings and sampling distributions for covariates, in particular due
to the settings of βi coefficients and c0 = 1. We generate a set of data points for each experiment with
about half for treated, half for the control group. We are interested in comparing the accuracy of the four
different causal inference techniques. We measure the MSE between estimated τ̂(x) and the ground truth
of τ(x) = c + ∑ki=1 βi xi to evaluate the accuracy of the estimates. Note that this is not the artificial best case
configuration, so the data set does not contain exactly matching pairs of treated and untreated units. All
forests are computed with 1000 trees.
3.0
2.5

Value

2.0
1.5
1.0
0.5
0.0
−0.5

TRUTH

CF

CT

N (0, 1)
min
max
mean
var
fitted
min
max
mean
var

CF
1.70E0
1.76E0
1.72E0
6.0E-4
CF
5.7E-2
6.3E-2
6.9E-2
5.4E-6

CT
2.56E0
2.76E0
2.68E0
6.0E-3
CT
2.9E-1
3.3E-1
3.2E-1
1.9E-4

TOT
1.28E2
1.31E2
1.29E2
2.43E0
TOT
5.13E2
5.46E2
5.22E2
1.8E2

RFTOT
4.15E1
4.27E1
4.20E1
2.5E-1
RFTOT
1.71E2
1.82E2
1.74E2
2.1E1

Figure 3: Estimated treatment effect distributions for a single experiment with sampling from fitted
distributions, MSE statistics for repeated runs for covariates sampled from normal and fitted distributions.
The box plots in Figure 3 show the distribution of τ(x) values for the ground truth and estimates τ̂(x)
for a causal forest CF and a causal tree CT for the first scenario. The box plot for the ground truth (TRUTH)
shows that the true causal effect values vary only very lightly on the given scale, which is plausible as only
a single random variable creates some variability for it. While CF and CT are on the right scale, none of
them have an interquartile range that matches well with the true distribution. CF notably underestimates
the variability in τ(x). The box plots do not include results for TOT and RFTOT as their box plots spread
wider by orders of magnitude and distort the visualization. This is easier to see in the numerical values in
the table of Figure 3 which reports some basic statistics on MSE values (and not treatment effects) seen
across a repeated set of 5 experiments for the scenario with sampling from a normal distribution on top
and from the fitted distributions on the bottom. The sharp increase in d made it more difficult to estimate
τ(x) for the chosen value of n. For the normal distribution scenario, we can see that results for CF and CT
are in a range that one could expect to achieve reasonably accurate results for some higher settings of n
if one takes trends into account that are seen on the right side of Fig. 2. TOT and RFTOT perform one
to two orders of magnitude worse than CF and CT, which is consistent with what we saw in the previous
experiment (graph in the middle of Fig. 2). Using fitted distributions instead of normal distributions makes
these issues even more pronounced. MSE values for CF and CT improve for fitted distributions compared
to normal distributions but get worse for TOT and RFTOT. We attribute the improvement for CF and CT
in part to the feature scaling that limits the range of covariates to [0, 1] such that τ(x) ≥ 1. As TOT and
RFTOT are clearly underperforming, we focus our analysis on CF and CT for the following.
Looking at a single covariate to determine the causal effect is a particular corner case. Figure 4 shows
results for the same model configuration and for a single experiment for increasing values of k = 1, 2,
4, and 8. The values in the table show that MSE values tend to remain in the same order of magnitude.
For both distribution scenarios, values increase with increasing values of k. This means when there are
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5.5
5.0
4.5

k
1
2
4
8

Value

4.0
3.5
3.0
2.5
2.0
1.5

TRUTH

CF

N (0, 1)
CF
CT
1.69 2.69
2.66 3.73
4.63 5.82
8.42 9.98

fitted
CF
CT
0.05 0.31
0.07 0.35
0.09 0.40
0.11 0.49

CT

Figure 4: Estimated treatment effects for CT and CF for k = 8 and MSE values for varying values of k.
more confounders in the model, it is harder to estimate the causal effect. The box plots in Figure 4 show
causal effect values for the case of sampling from fitted distributions and k = 8 and essentially match with
what we have seen in Fig. 3 before, but for a ground truth that has more variability that is not adequately
matched by CF or CT results. However, CF consistently achieves better MSE values than CT. For the
scenario with fitted distributions, the rightmost columns in the table in Fig. 4 show small error values as
before, which seem less affected by k than corresponding results for the Normal distribution case.
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3.5
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2.5

TRUTH

CF

N (0, 1)
CF
CT
1.63 0.99
2.57 2.00
4.42 3.96
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CF
CT
0.03 0.007
0.04
0.02
0.05
0.04
0.07
0.08

CT

Figure 5: Estimated treatment effects for CT and CF for k = 8 and MSE values for varying values of k for
the artificial best case scenario with matching pairs of data points for treated and untreated cases.
The estimate of τ̂(x) is based on the comparison of specific subsets of treated and untreated units. The
accuracy of the outcome is influenced by the quality of the data set which can provide treated and untreated
units that are more or less comparable or similar to each other. In order to see what CT and CF can
achieve if applied to high quality data, we provide an artificial best case. We repeat the experiments with
the same parameter settings and ranges but produce exact pairs of treated and untreated units. Of course,
this is an impossible best case where the causal treatment effect calculation is trivial, but the question is
if CT and CF approaches benefit from this. The question behind this is to what extent the binning that
the tree calculation performs in its leaf nodes introduces errors into this causal effect calculation. Figure
5 shows corresponding results that we can directly compare with Figure 4. For CF, the box plot with τ̂(x)
estimates and the MSE values for the N (0, 1) case do not change significantly. When sampling from the
fitted distributions, we see a moderate reduction in the MSE values for CF but a significant reduction for
CT that makes CT even more accurate than CF (with the exception of k = 8). The box plot shows that CT
aligns well with the center of the true distribution but underestimates the interquartile range and variance.
The CT approach benefits from this best case scenario. The MSE values for CT are slightly better than the
ones for CF for both sampling distributions (with the exception of k = 8 for the fitted case). We see two
main reasons for the CF to essentially retain its MSE values: the generation of a causal forest considers
random subsets of values, which can break up the perfect pairs of data points we provide. Secondly, having
a minimum set of treated and untreated cases in each leaf node will imply that even if perfectly matching
pairs are present in a leaf node, the treatment effect is calculated with average values that may also include
data points without a matching unit. So, if we only subsample the treated units, this achieves better results.
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Table 1: MSE results for different configurations of the splitting rule.
N (0, 1)
k
1
2
4
8
fitted
k
1
2
4
8

Artificial
Min=2
CT
CF
0.00 1.24
0.00 1.83
0.00 2.87
0.00 4.58
Min=2
CT
CF
0.00 0.11
0.00 0.12
0.00 0.13
0.00 0.18

Best Case
Min=10
CT
CF
0.99 1.64
1.97 2.56
3.90 4.39
8.06 8.31
Min=10
CT
CF
0.01 0.03
0.01 0.03
0.03 0.05
0.09 0.08

Unpaired Random Samples
Min=2
Min=10
CT
CF
CT
CF
10.71 1.83
2.71 1.65
11.86 2.62
3.60 2.65
14.36 4.17
5.77 4.55
19.46 7.26 10.33 8.53
Min=2
Min=10
CT
CF
CT
CF
0.41 0.22
0.33 0.06
0.43 0.23
0.34 0.06
0.50 0.28
0.42 0.08
0.58 0.34
0.50 0.12

Comparing results in Figs. 4 and 5 shows that a high quality data set with exactly matching pairs of
treated and untreated cases does not lead to perfect results being calculated by the CF. We find that the
required minimum leaf size is a parameter that also influences the quality of the estimated treatment effect.
For the artificial best case, a minimum leaf size of two is a promising candidate. So, we exercise these
experiments again but this time adjust the parameter for the splitting rule to allow for a single treated and
a single untreated case in a leaf node. The latter case is denoted as Min = 2 in Table 1, while columns
under Min = 10 denote that the splitting rule requires a total of 10 elements in a leaf node with at least 1
of each kind (treated or untreated). The results for the N (0, 1) case show that CT can get exact results for
a leaf size of 2 in the artificial best case. However, there are opposite trends: if one moves from the best
case scenario to unpaired random samples, i.e. one reduces the quality of the data set, then increasing the
minimum leaf size from two to ten helps the CT approach while for the best case scenario on its own, an
increase in the leaf size increases MSE values. For the N (0, 1) case, the CF approach is rather insensitive
to changes of the minimum leaf size which suggests smaller value settings to include the corner case of
the best case scenario.
If we sample data points from distributions fitted to the world bank data, we see that the CT approach
for the artificial best case and the minimum leaf size of two is accurate. An increase of the leaf size for the
best case scenario introduces errors for CT. However, for the regular case of unpaired random samples, a
minimum leaf size of ten slightly reduces MSE for CT. For the CF approach, one can see that a minimum
leaf size of ten in general is better than two regardless of the presence of perfectly matching data points
or not.
4.2 Convergence Rate For Increasing Data Size
Of course, one can not expect to find perfectly matching pairs in the data set as for our artificial best
case scenario. It is more realistic to assume that with an increasing size of the data set, we will see more
units that are similar in their covariate values and thus expect that the quality of the approximation of
τ(x) improves with n, the size of the data set. Following this, we also test the convergence of the causal
inference methods as the size of data increases, as shown in Figure 6.
We consider a model configuration with k = 1, d = 37, c0 = 1 for increasing values of n. The minimum
leaf size is 10. We sample covariates from fitted distributions. This is not the artificial best case scenario.
This experiment essentially tries to achieve the observed decrease in MSE values for increasing n that we
have seen for the lower dimensional case in Fig. 2 for a model configuration with more covariates and
sampling from different distributions. Figure 6 shows the MSE of CT and CF for a series of experiments
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Figure 6: MSE changes with data size for CT and CF, left figure k=1 and right figure k=8.
with increasing data size that starts with n = 2000 and increases n by more than one order of magnitude. The
observed results do show a pronounced underlying trend and confirm observations for the lower dimensional
case.
5

DISCUSSION AND CONCLUSIONS

In this paper, we used a stochastic input model to evaluate the ability of tree-based causal inference
techniques to accurately estimate a heterogeneous treatment effect. We contrasted four different approaches
all based on variations of regression trees and random forests of trees: Transformed Outcome Trees (TOTs),
Causal Trees (CTs), Random Forest TOTs (RFTOTs), and Causal Forests (CF). We found that the method
selected can have significant influence on the causal effect (or lack thereof) estimated, and provide evidence
suggesting CF is more accurate than alternatives in our study context. The conducted simulations helped
us to overcome the challenge that the ground truth in causal inference is not known and that for a specific
unit one cannot observe both outcomes for treated and control at the same time.
As we are interested in applying these techniques to calculate the impact of World Bank aid projects
on the environment as measured by an index for vegetation cover (NDVI), we configured our stochastic
input model to produce covariate data of similar kind. We assumed independence of covariates such that
we could fit a distribution for each individual covariate and sample from that distribution. We calculated
the correlation between covariates in the given real data set and found very modest correlations among
most covariates, such that this assumption seems reasonably satisfied. A much stronger assumption is the
additive model that we used to compute an outcome Y that is in turn used to calculate treatment effects.
While the covariates in the data set are reasonable - precipitation, temperature, population density relate
to vegetation cover - we do not have an established functional relationship. This necessarily limits the
scope of this investigation to be relevant primarily for aspects of systems which can be modeled using
linear approximations; future work into simulating datasets with non-linearities is ongoing. Errors increase
with the number of covariates d and with the subset of covariates k that are responsible for the treatment
effect. Also the selection of distributions used to sample covariate values and their scaling influenced
the accuracy in our experiments. An increase in the data size n helped to reduce the MSE, which is as
expected. As our artificial best case of perfectly matching pairs demonstrated, one can also look for ways
to obtain more similar or better pairs to match than just obtain more data. Our simulation results clearly
show differences in the achieved accuracy if one replaces sampling from a normal distribution that allows
treatment effects to be positive or negative with sampling from fitted distributions which gives more realistic
covariate values for our intended application data set. For the latter case, sample covariate values are scaled
for the calculation of outcome Y which implied that treatment effects can be more or less positive but not
negative. We consider this one of the main reasons for the observed improvement of accuracy.
There are a number of issues: at a very technical level for the splitting rule of trees, what is the best way
to select proper limitations on the makeup of terminal nodes - i.e., if splits that result in nodes without both
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control and treatment cases should be prevented, omitted, or otherwise constrained. Even after propensity
score adjustments, terminal nodes with no adequate comparison cases lack a well-defined interpretation.
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