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ABSTRACT

Advancements in computer technology have resulted in improved computing capability and software
functionality. Concurrently, in the simulation community demand to study complex, integrated systems
has grown. As a result, it is difficult to perform model exploration or optimization simply due to time
and resource limitations. Metamodeling offers an approach to overcome this issue; however, limited study
has been made to compare the methods most appropriate for simulation modeling. This paper presents
a contemporary comparison of methods useful for creating a metamodel of a simulation model. For
comparison we explore the performance of a complex system dynamics model of a community hospital.
In our view several characteristics of hospital operations present an interesting challenge to explore and
compare the well-known competing methods. We consider three dimensions in our comparison: fit quality,
fitting time, and results interpretability. The paper discusses the better performing methods corresponding
to these dimensions and considers tradeoffs.

1 INTRODUCTION

Although the computational power available today to run simulations is larger than several years ago,
the complexity of simulation models and the systems they represent have also increased. This effect
makes it difficult to perform either sensitivity analysis or optimization using end-user computing resources.
In order to overcome this obstacle, a metamodel may be used to provide faster execution and/or better
comprehension of the simulated system. Specifically, a metamodel could be used for performing (1)
model approximation, (2) model exploration, (3) problem formulation, and (4) global or multi-objective
optimization (Wang and Shan 2007). Acknowledging the important role that metamodels contribute to
the field of simulation, our work seeks to address the following objectives: (1) Provide a methodological
procedure to compare metamodels using hyper-parameter optimization and cross-validation; (2) Contribute
to the field of simulation with an application of metamodeling for a system dynamics model representing
a very complex system; and, (3) Evaluate the usefulness of the most used metamodels to gain insight of
the simulated system.

2 LITERATURE REVIEW

We identify in the literature the most applied techniques used to simulate engineering problems and present
a comparison of the corresponding metamodeling methods. For discussion, we organize the methods
identified as being either a Gaussian process or a non-Gaussian process.
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2.1 Non-Gaussian Processes Metamodels

Box and Wilson (1951) pioneer work introduced the concept of response surface methodology using a
low-order polynomial to approximate the underlying relationship among a set of covariates and a response
(Box and Draper 1987). Since then several advancements in metamodeling have appeared. Wei et al.
(2015) used metamodels to perform sensitivity analysis. Villa-Vialaneix et al. (2012) compared several
parametric and non-parametric models in a agricultural engineering. They concluded that kriging and spline
methods were better when data was scarce, but random forest (RF) and support vector regression (SVR)
were superior with larger amounts of training data. Can and Heavey (2012) evaluated neural networks (NN)
and genetic programming concluding that even though genetic programming performed slightly better
in out-of-sample predictions they were more expensive to fit. Wang and Shan (2007) compared SVR,
NN, Gaussian processes (GP), and decision trees for optimization. They noticed that more metamodeling
comparisons are needed to gain understanding of how the techniques adapt to specific context and to
higher dimensions. They emphasized that a good comparison should include more than a goodness-of-fit
criteria and the use of cross-validation, as in Hastie et al. (2009) Jin et al. (2001) compared second order
polynomial regression, multinomial adaptive regression splines (MARS), radial basis functions (RBF) and
Gaussian process with separable Gaussian correlation (GPSGC). After evaluating 14 test problems they
concluded that MARS performed better when non-linearity increased. Li et al. (2010) contrasted RBF
(with ridge regularization), SVR with Gaussian kernel function, NN, GPSGC with unknown mean, and
MARS concluding that MARS was more interpretable, but SVR were more accurate and robust. Ogutu
et al. (2011) tested RF, Boosting, and SVR concluding that Boosting and SVR where more accurate, but
RF was simpler, faster and more interpretable (Ogutu et al. 2011, p.8). Boutselis and Ringrose (2013)
used NN and generalized additive models for location scale and shape (GAMLSS) to metamodel combat
simulation, concluding that GAMLSS not only provided a competitive fit but also a better understanding
of the covariates and their relationship with the response. Hsieh et al. (2014) proposed the use of a
sequential second order polynomial to model cycle time in semiconductor manufacturing. They stated that
the sequential procedure improved on the insight of the I/O interactions in the underlying simulation model.
Salemi et al. (2016) studied moving least squares regression (MLSR) with anisotropic weight function for
high-dimensional stochastic simulation. They compared MLSR, conditional and regression trees (CART),
and stochastic kriging (SK) using the M/G/1 queuing model with 5, 25, and 75 dimensions. They found
that MLSR did better for large sample sizes and it was competitive in small datasets. Finally, Joseph and
Kang (2011) demonstrated that inverse distance weighting (IDW) coupled with linear regression compared
favorably to ordinary kriging and required less computational effort.

2.2 Gaussian Process Metamodels

Ginsbourger et al. (2009) tested different configurations of mean response and covariance structure
concluding the use of a constant mean is not recommended when the response is highly non-linear. By
comparison, they found that Gaussian covariances are preferred. Bachoc et al. (2014) applied Kriging
to thermal-hydraulic system testing different separable autocorrelation functions. They conclude that
the Matern functions performed better. Hengl et al. (2004) compared regression kriging with ordinary
kriging (OK). They found that combining regression and Kriging provides both higher accuracy and more
interpretable results. Hung (2011) proposed the Iterative Reweighted Least Angle Regression (IRLARS)
algorithm for Gaussian Processes. The iterative nature to his method, specifically where the optimization
process requires numerous iterations to achieve convergence, are computationally expensive to fit. A
detailed explanation of GP is found in Gelfand et al. (2010).

2.2.1 Kriging in Simulation

Current research in the field of simulation has been completed by Kleijnen (2017) who compares how RSM
and Kriging relate to different design of experiments (DOE). They associate fractional fractorial designs
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with different resolutions and central composite design with RSM; whereas, latin hypercube designs (LHD)
or nearly orthogonal LHD with Kriging methods. Kleijnen and Mehdad (2014) tested multiple response
kriging against its univariate counterpart, concluding that independent fittings performed better. Biles et al.
(2007) experimented optimizing a small (s,S) inventory simulation. Mehdad and Kleijnen (2015) proposed
Intrinsic Kriging (IK) which follows the principles of an integrated process as seen in times series. Kleijnen
(2009) pointed out that more realistic metamodeling applications were needed since more techniques
comparisons focused on the M/M/1 queuing and the (s,S) inventory model. Dellino (2007) used Taguchi
methods in combination with kriging to perform robust optimization of production systems. Ankenman
et al. (2010) introduced the concept of stochastic kriging (SK) which handles the local variability induced
by replications, an effect widely known and applied in geostatistics known as the ‘heteroskedastic nugget
effect’. Staum (2009) applied SK to the M /M /1 queuing model problem emphasizing that misspecification
of the regression basis produces poor predictions and a constant mean should be preferred. Chen et al.
(2013) showed that incorporating gradient information to SK improves surface prediction.

It is possible to observe that a wide range of techniques have been used to model a variety of different
situations. Applications outside of the field of simulation tend to focus on comparing models. Additionally,
the lack of metamodel applications for complex simulations has been identified by some authors - a point
illuminated by this review. Moreover, based on the reported results it seems that, in general, SVR, NN, and
GP are stable and reliable techniques and that random forest (RF) and boosted trees (BT) are not popular in
simulation metamodeling. A short description of these techniques is presented in the section that follows.

3 MATERIALS AND METHODS

The variables definitions used in this section are consistent with those defined by Hastie et al. (2009). An
input variable is given by X, whose components are {X;}], being p is the total number of features. The
signal is given by Y. Capital letters are used to refer the generic aspect of the variable, whereas observed
values are written in lowercase, such as sample values x;, where x; is the ith observed value of X. Bold
uppercase letters represent matrices. The set of samples, e.g. {xi}IIV would be the N x p matrix X. Vectors
with N elements are bold; thus y and x; represent all observation on the response and the X; variable
respectively. Finally, x! is the transpose of x; since all vectors are assumed to be column vectors and x; is
the ith row of X.

3.1 Modern Machine Learning Techniques

When the relationship among the covariates and the response are non-linear or hard to define, or both,
machine learning algorithms provide a better way to approximate the response vector Y at the cost of
interpretability (Breiman et al. 2001). In this section, a brief explanation of the machine learning algorithms
used in this study is presented. The interested reader can reference Hastie et al. (2009) for a detailed
description.

3.1.1 Support Vector Regression (SVR)

Support vector regression (SVR), which was first introduced by Cortes and Vapnik (1995), consists of
finding a function f(X) that has at most € deviation from all training responses Y. Assume that the functional
relationship between the covariates and the response can be expressed as f(X) = By + ¢(X)" B, where
¢(-) is a kernel that maps the feature space to a higher dimension. To locate the optimal By and 8 while
honoring the € constraint Equation 1 needs to be solved, where C is a tuning parameter that controls
the amount of error to be tolerated above € (Smola and Scholkopf 2004, p.200). To improve prediction
accuracy, a A is introduced in order to constrain the Euclidean norm of the parameters - this is also known
as regularization. Finally, this technique ignores errors smaller than € as seen in Equation 2 which is known
as the e-insensitive loss function
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This technique is sensitive to the choice of C, €, and the kernel function k(-,-). The ranges used to
tune C and € are difficult to determine; thus, the procedures proposed by Cherkassky and Ma (2004) are
used. According to Hastie et al. (2009), the kernel function is the crucial element used by this technique
to induce non-linearity; hence, linear, radial basis function, and second and third-order polynomial are
tested. Additionally, the authors reported that SVR performs poorly in high-dimensional settings.

3.1.2 Neural Network (NN)

A neural network (NN) consists of a collection of layers, which are composed of nodes, that use transformation
functions to induce non-linearity. The training data flows from the input nodes toward the output node,
being constantly transformed along the way. At the output node the prediction error is evaluated and the
information is passed backward - known as back-propagation - to tune the parameters. This process is
repeated until some convergence tolerance is reached. The most used topology to represents a NN is the
feed-forward artificial neural network (Svozil et al. 1997). In general, nodes are fully connected to their
predecessors, and the number of hidden layers (layers that are neither the input nor the output), with their
member nodes. All layers need to be tuned in order to avoid either under-fitting or over-fitting. Finally,
since the focus of this work is regression, the output node uses a linear transfer function. With regard
to the number of hidden layers there are several rules (Hastie et al. 2009); however, in this work the
following formula is used N, = W, where N, represents the number of hidden nodes, whereas, N;
and N, are the number of input and output nodes respectively. Ns represents the number of samples and
k is a scaling factor between two and ten. Additionally, the most used transfer functions are the rectifier
linear unit (Relu) defined by f(z) =log(1+ ¢%) and the sigmoid function f(z) = ﬁ, where z is the linear
combination of inputs reaching the node. Another important parameter to consider is the learning rate,
which can be set to be a constant or a variable. The variable considers where the function of the training
epochs ¢ though the following function: f(¢) = initial_learning_rate/t°. The initial learning rate is set to
a number in the interval [0,1]. Finally, L, regularization can be used to control over-fitting. In this work

we use the Multilayer Perception (MLP) to carry out the analysis.

3.1.3 Random Forest Regression (RF)

The random forest regression (RF) method introduced by Breiman (2001) consists of ensembling several
learners (regression trees in this case) to obtain a prediction based on the average vote of all individuals.
Although the regression tree is easy to interpret due to its piece-constant structure (Loh 2011), it has several
shortcomings important to note: (1) it forces the interaction of variables that could not be related, (2) it is
sensitive to small perturbations which has an impact on out-of-sample predictions, and (3) it is not well
suited when the response is smooth (Speybroeck 2012). The procedure to fit a RF is simple. Fit a total
of M independent trees, but at each iteration get a bootstrapped sample of size N and randomly select k
features to obtain more uncorrelated trees; thus, reducing the variance among trees. Following the notation
in Hastie et al. (2009), p.589, O, is the set of i f-then-else rules for the mth tree. Subsequently, the
prediction is given by f(X) = EYM  T(X:0,).
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3.1.4 Gradient Boosted Regression Tree (GBRT)

Gradient Boosting is another technique based on regression trees. It was introduced by Friedman (2002)
who envisioned an additive model constructed by sequential fitting a simple model (base learner) to the
residuals of each iteration, such that the prediction is given by f(X) =YX B,b(X;®,,), where M are the
total number of base learners fitted. In the case of GBRT, the base learner is a tree, then, at each iteration
of the algorithm a new tree is fitted to the residuals of the linear combination of previously fitted trees. The
author showed that this sequential procedure improved the fitting in regions where the previously fitted
trees had poor performance. To induce stochasticity the trees are trained using samples of size N without
replacement such that N < N where N is the size of the training sample. This procedure is known as
stochastic gradient boosting and it is helpful to reduce the computational cost of fitting the trees. Moreover,
GBRT provides rich information for model exploration and covariate importance. After fitting a GBRT, it
bears information about the “relative importance” of each variable which is collected from the number of
split associated with the variable weighted by the relative improvement of the split, averaged over all trees.
Additionally, it is possible to obtain “partially dependency plots” which are useful to study the marginal
effect that one or two variables have on the response.

3.1.5 Gaussian Process

Sacks et al. (1989) presented one of the first works of kriging (in this work, the words kriging and Gaussian
process are equivalent) to metamodel an engineering problem. Thereafter, Ankenman et al. (2010), Staum
(2009), and Biles et al. (2007) appear as one of the first applications to simulation problems. Gaussian
process is a statistical technique that not only can model the trend component of the response vector,
but also the stochastic noise associated to it. In general, it can be represented as ¥ = F(X)! B +Z(X),
where X is a p-dimensional vector, F(X) is a mapping function of the input variable X to a k dimensional
space (it also adds an intercept), B a vector of k parameters and Z(-) a zero-mean Gaussian process
with covariance C(h) = C[Z(x;),Z(xj)] = C(x;,x;;0), where 0 is a vector of parameters in IRP. On the
one hand, to include the effect of anisotropy in the model the covariance function can be computed
as the product of one-dimension g(-) covariances which is defined as separable covariance. Knowing
that A" = (hy,hy,...,h,) = x; —x;. Then the i, jth element of the covariance matrix C(-) is given by
c(h) = 0'21'[‘;?:1 g(hj;6;) for training samples i and j, where, e.g. g(h,0) = (1+h/0)exp(—h/0) for the
one-dimensional Matern once differentiable. On the other hand, anisotropic behavior can be achieved using
a non-separable covariance constraining the Euclidean norm of the one dimensional distance between
each observation, such as ||||g = \/h" Agh where Ag = diag(1/6y,1/6x,---,1/6,). For example, the once
differentiable Matern can be expressed as g(h,0) = (14 ||k||¢) exp (—||%||¢) and the i, jth element of the
covariance matrix C(-) is given by c (h) = cg(h, ).

A detailed derivation can be found in Cressie (2015), Gelfand et al. (2010), Sacks et al. (1989), among
others. The important concept to keep in mind is that to obtain the estimated B it is also necessary to

A -1
compute the spatial decay parameters 6, thus we can compute f3 = (F TZ(O)_IF ) F TZZ(O)_1 y. The

link between these two set of variables is the maximum likelihood equation as presented in Equation 3. To
minimize this equation, it is important to notice that 8 can be computed separately using the aforementioned
equation. Subsequently, the problem reduces to the profile log likelihood

n 1 1 _
log (B, 6:y) = —log(27) — Slog|£(8)| — - (y = FB)" £7'(6) (y— FB). 3)
Finally, once the 8 and 0 vectors have been computed, the forecasting equation of out-of-sample points
is given in Equation 4, where ¢(x)” = [c(x1,x),c(x2,%),. .., c(xn,x)],
§(x) = F(x)TB+e()"2(8) " (y—FB). @)
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3.2 A Complex Model

This study utilized data generated from a system dynamics model representing a whole hospital model.
The purpose of the model was to investigate the effects of patient flow and information on a constrained
unit capacity environment for a generalized, medium sized community hospital. The analysis explores the
effects of varied unit capacity, along with other uncertain parameters, to explore improvements for overall
operating performance and efficiency. The model is an extension of the work presented in Smith III and
Roberts (2014a), and Smith III and Roberts (2014b). A detailed description of the covariates and responses
can be found in De la Fuente (2016). A latin hypercube design was used to generate 600 combinations of
parameters where 13 different output responses were collected. Figure 1 shows a subset of those responses
where it is possible to see that responses five and six have extreme behaviors, which is typical when
service/production systems are under stress. The only two responses, from the total set that can be thought
as “normalizables” are responses seven and eight. Other responses not shown here are multimodal.
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Figure 1: Histograms of some selected responses.

3.3 Experimental Design

The data set was divided in five blocks of 120 observations each to do cross-validation, as recommended
in Hastie et al. (2009), p.241. Figure 2 summarizes the experimental design of this work. For hyper-
parameters optimization, randomized grid search cross-validation (RGSCV) was used since it performs
better than regular grid search cross-validation (Bergstra and Bengio 2012, p.284). For comparability,
Python skit-learn implementations of SVR, RF, GBRT, GP, and MLP were tested sequentially and the
maximum number of iterations for the randomized search set to 100. For reproducibility, a seed of 100
was set to the RGSCV and 1 for all other techniques with the exception of GP that was 8. With regard
to accuracy, MSPE = [Y_, (vi—9$:)*] /nand R* = 1 — [Y, (yi— $1)°] / [X~, (yi — 7)*] will be used. Time
and interpretability will be also considered. All covariates are scaled to put them in the same standing.
Finally, all computations were performed using an Apple Macbook Air configured with a four core i5
microprocessor and the Python 3.4.3 MKL (math kernel library) libraries installed.

4 RESULTS AND DISCUSSION

In this section, we present and compare a subset of the best tuned models for the techniques yielding the best
results. A detailed description of the grid used in identifying the best configuration of tuning parameters per
technique can be found in De la Fuente (2016), p.48. Since testing separability of the covariance structures
of the GP modes was very important, as shown in Figure 2, these results are presented first. Thereafter,
the very best GP model will compete with the top models of the other techniques.
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Figure 2: Experimental design for metamodel comparison.

4.1 Fit Quality

Figure 3 shows the relative reduction in MSPE for the Gaussian process with non-separable Matern once
differentiable covariance (GPNSM32), contrasted with the Gaussian processes with squared exponential
(GPSE), and separable Matern once differentiable covariance (GPSM32). In both cases, the GPNSM32
outperforms the other models, achieving reductions of more than 50%. Something important to notice is
that the GPSM32 is competitive in responses 7 and 8, which are the only responses that look “normalizable”.
This characteristic of the response may lead to conclusions in some studies suggesting that GPSM32 is
more robust than GPSE. The opposite is also true, since the GPSE performed much better than GPSM32 in
responses 6 and 7. In relation to the other criteria, GPNSM32 also outperforms its GP counterparts. Finally,
there was little difference between the degree of differentiability of the Matérn non-separable covariances,
as in the case of GPNSM32 and GPNSMS52. For this reason the degree of differentiability is dropped and
referenced generally as GPNSM.
A GPNSM32 vs GPSE A GPNSM32 vs GPSM32

100 100

Rl R2 R3 R4 R5 R6 R7 RS R9 RI0 Rll RI12 RI13 Rl R2 R3 R4 R5 R6 R7 RS R9 RI0 Rll RI12 R13

Figure 3: Best Gaussian process metamodel selection, MSPE comparison.

Once the best GP hyper-parameters were chosen, a global comparison was made with the best meta-
models of the other techniques. As shown in Figure 4, GPNSM outperforms the MLP and GBRT. An
important matter to consider is that the relative improvement of GPNSM, with respect to MLP, is smaller in
several responses than what was obtained in Figure 3. This indicates that MLP performed better than GPSM
and GPSE, which are the classic configurations used to perform metamodeling in simulation problems.
Additionally, GPNSM reduces MSPE by more than 100% in response 7 when compared to MLP. Finally,
the third best technique was GBRT which yielded a MSPE more than a 100% higher in the majority of
the responses. Both SVR and RF appear further behind, as will be shown next.
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Figure 4: Best metamodel selection, MSPE comparison.

Figure 5 provides a detailed view of the behaviors of the R for each response and each technique. The
figure illustrates that GPNSM performs better than all other techniques, achieving in most cases R”’s higher
than 90% in the testing (we are reporting the average of the testing folds). Additionally, MLP is a close
competitor, but it is observed that a small difference in R? can result in a significant reduction in MSPE.
Another important finding is that GBRT is better in all responses than RF which has been also pointed
out by Hastie (2014). Finally, SVR is the technique that performed the worst in 11 out of 13 responses;
however, it was competitive in responses 7 and 8, which are the “normalizable” responses presented in
Figure 1. In the literature review several authors reported that SVR where both competitive and fast. This
could be attributed to the nature of the responses being studied.

4.2 Fitting Time

With regard to how much time is needed to tune a model, the time collected for the entire RGSCV process
for each technique is presented in Figure 6. Although this dimension is subjective, the sklearn module has
implemented the algorithms in the most efficient way possible. RF took longer than any other technique
to complete mainly due to the number of trees needed to create a forest, where each tree is bushy and
complex. Then, GBRT shows the second largest average being noticeable faster than RF. This is because
GBRT requires shallow trees (week learners), making the training process faster. The GPSM techniques
take longer than their non-separable counterparts. Finally, SVR and MLP are the fastest techniques, which
is consistent with the findings stated in the literature review.

4.3 Interpretability

With regard to interpretability, there is not an absolute scale available to rank the models; therefore, a
simple classification rule is used. The rule of thumb is that a technique can be considered excellent if it
is possible to provide information about the gradient and the relationship of each covariate {X;}; with
the response. Good when it gives only information of dependency but not the gradient. Regular and
limited have fuzzy boundaries but techniques in these ranges only give information after post-processing
the results. Finally, poor techniques do not render any additional insight beyond that of the predicted value
after fitting. In general, complex techniques obtain good fitting performance at the price of interpretability.
The entire GP family of methods tested here employ a constant intercept (see Figure 2) as recommended
for engineering applications (Kleijnen 2017), but it provides little information to the end-user. However, it
can be claimed that the vector of 8 values can be used to identify the importance of each covariate. MLP
can be interpreted using its arch weights, as proposed in Olden and Jackson (2002) to obtain a relative
importance plot. However, neither the gradient nor higher order dependency can be computed. SVR are
interpretable only when a linear kernel is used - which is not the case in this work. Finally, tree-based
methods provide rich information after fitting. Figure 7 provides an example of the relative importance of
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the variables specifically for response 7. Additionally, the partial dependency of one or two variables with
the response can be obtained using tree based methods. Specifically, this relationship may be determined
to have a direct, inverse, or concave or convex quadratic effect, as illustrated in Figure 8.

S CONCLUSIONS

The conclusions regarding this work are illustrated in Figure 9 and summarized in the narrative that follows:

1. When fit quality is the most important criteria the GPNSM models are the most robust technique
across responses. They outperform their counterparts in both MSPE and R?. It seems that the
non-separable form of the covariances constrains the range of decay of the 6 vector of spatial
decay in a more efficient way than the separable form of the same covariances. Additionally, MLP
seems unaffected by the dimensionality of the dataset, and SVR showed problems in all highly
non-linear responses. These results are presented in the dimension “fit dominance” of the figure
which represents the percentage of the number of times a technique dominates the others considering
all 52 responses it was competing with (4 techniques times 13 responses). For the case of GPNSM,
it dominated all other techniques (4) in all responses (13). The computed fit dominance score is
((4x13)/52) x 100 = 100. By comparison, MLP dominated all other techniques, except GPNSM,
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resulting in a computed score of ((3 x 13)/52) x 100 = 75. Other techniques values can be inferred
directly from Figure 5.

2. With regard to time, MLP was the faster technique and provided the second best performance
overall. Non-separable Materns where faster than the separable Mateérns. The tree-based methods
took longer and their prediction performance was inferior in general. SVR was as fast as MLP but
its performance was the worst in the data set. This can be seen in the dimension “log;,(time)”

3. The main drawback of GPNSM techniques, MLP, and SVR is their lack of interpretability. This
makes it difficult for the end-user to understand the relationship between covariates and the response.
In this dimension, tree-based techniques are superior, as shown in the figure’s “interpretability”
dimension.

Fit Dominance(%)
100

excellent 5
Interpretability —— GPNSM log10(Time)
>

Figure 9: Conclusions per criterion.

The results reveal that what makes a technique stronger in one criterion will make it weaker in another.
Future work can be performed to explore the effect in the GPNSM results when a non-stationary trend
is included in the model. Additionally, a larger number of covariates can be used to see the effect that
increasing the dimensionality has on the results of MLP and GBRT. Finally, while the results presented here
are of limited scope it is reasonable to expect similar outcomes when applied to other types of problems
with highly unbalanced distributions in the responses. In the case of discrete event simulation, the same
logic should apply after adjusting the design matrix due to the intrinsic variability at each design point
produced by replications. A future extension of the work may demonstrate this result.
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