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ABSTRACT

A new approach for a global sensitivity analysis of nonlinear mathematical models is presented using the
information provided by two complementing variance-based methods. As a first step, the model is evalu-
ated applying a shared sampling strategy for both methods based on Sobol’s quasi-random sequences.
Then, total sensitivity indices are estimated in a second step using the Sobol’-Saltelli method whereas
first-order sensitivity indices are concurrently computed using a modified version of the well-known Fou-
rier Amplitude Sensitivity Test. Although the analysis is focused on the calculation of total sensitivity in-
dices, first-order sensitivity indices and thus information about the main effects of model input parameters
can be obtained at no extra computational cost. Another advantage of this approach is that data of previ-
ous model evaluations can be reused for a new, more precise sensitivity analysis. The capability and per-
formance of the method is investigated using an analytical test function.

1 INTRODUCTION

In many fields of science and technology mathematical models are used for the simulation of different
systems in order to understand and predict their potential behavior. However, the complexity of these
models increased rapidly over the past years. One consequence of model complexity is that uncertainty in
both model structure and parameter estimation increased too. Thus, identification of uncertainty is more
and more recognized as an essential part of model application. To quantify how much uncertainty is in the
model output (referred to as uncertainty analysis) and where does the uncertainty come from (referred to
as sensitivity analysis (SA)) is the goal of every investigation in this field.

Nowadays there are many techniques available which can be used for a SA, i.e. to characterize model
input parameters — hereinafter simply referred to as parameters — with respect to their sensitivity. Howev-
er, there are few methods which do not impose any restriction on the model during its application. Gener-
ally, a computational or mathematical model may have non-additive, non-monotone and nonlinear proper-
ties. In addition, it may have singularities or regions where the model response is not defined. Finally,
parameter correlations may exist. Thus, if we look for a global, model independent method that can be
applied to any model owing the properties mentioned above, and if we want to get information not only
about the main effects of parameters but also about interaction effects with other parameters, then two
methods remain to the authors knowledge: the method of Sobol’ and the Fourier Amplitude Sensitivity
Test (FAST).

A complete characterization of the sensitivity of model parameters with respect to their main and in-
teraction effects can be done by the calculation of first-order and total sensitivity indices (Saltelli et al.
2012). Unfortunately, total sensitivities cannot be computed with the original FAST method developed
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long time ago (see e.g. Cukier et al. 1978). Later, Saltelli et al. (1999) published an algorithm known as
“Extended FAST” in order to overcome this limitation. Total sensitivity indices can be estimated, howev-
er, this method has several disadvantages when investigating models with many, say 30 and more pa-
rameters. First, the analysis requires a minimum sample size N that scales with the number of parameters
k to be investigated. For example, when using a frequency step width A=2, an interference factor M=4,
and k=50 we get, according to the Nyquist criterion, a sample size of N = 1 + 4M?(1 + (k — 2)A) = 3649
which is rather high. Further, the model has to be evaluated 3649 times for each parameter to be investi-
gated. Note, that M and A cannot be reduced further, otherwise strong interference errors would bias the
analysis result. Finally, an accurate estimation of low sensitivity values, approximately below 0.1, is not
possible. This is due to the low signal-to-noise ratio of the corresponding Fourier amplitude.

Mara (2009) developed another approach for the calculation of total sensitivity indices using FAST in
combination with a random balanced design. In contrast to “Extended FAST”, Fourier amplitudes of the
complementary frequencies have to be excluded from the Fourier analysis. This means that a lower inte-
gration limit j,,;, has to be introduced, in addition to the other operational parameters such as upper inte-
gration limit j,.. = N/2, frequency step width A, and non-complementary frequency w;. Even if one can
find an appropriate parameter set for one model application, the same parameter set may deliver biased
results when using it for another model analysis. Generally speaking, the result of the analysis is highly
depending on the choice of these four parameters. Moreover, the sample size N should be at least 3000
when using £=30. As with “Extended FAST”, the model has to be evaluated N times for each parameter
to be investigated. Therefore, this approach as well as “Extended FAST” did not become widely accepted
as a general, global sensitivity analysis method.

What remains is the method of Sobol” which is known to be a robust, accurate and model independent
approach. Regarding the estimation of total sensitivity indices, different algorithms were proposed by
Homma and Saltelli (1996), Sobol (2007), Jansen (1999) and Saltelli (2010), respectively. Though, it is
an expensive method in terms of computer runtime because N(k+1) simulations are required to compute
all total sensitivity indices. However, it is demonstrated in this article that the cost of this method can be
significantly reduced if a bootstrap technique is employed. On the other hand, FAST in combination with
random balanced design sampling called RBD-FAST and introduced by Tarantola et al. (2006), is known
to be an efficient method for the estimation of main effects, i.e. first-order sensitivity indices. Thus, what
would be more logical than to combine RBD-FAST with the Sobol” method? More precisely, the idea is
to evaluate the model N(k+1) times in a first step, and then to calculate first-order sensitivity indices using
RBD-FAST as well as total sensitivity indices using the Sobol’ method in a second step. Further, both
methods should use the same set of model evaluations as far as possible. Finally, it should be possible to
reuse data of previous model evaluations for a new, more precise sensitivity analysis. It will be shown
that this is feasible by means of a shared sampling strategy for both methods based on Sobol’s quasi-
random sequences. However, the RBD-FAST version by Tarantola et al. has to be modified in order to
fulfill these requirements.

The paper is organized as follows. Details of the algorithm and the shared sampling strategy are ex-
plained in section 2. The capability and performance of the new method is investigated using an analytical
test function, which is described in section 3. Results of the numerical experiment are shown and dis-
cussed in section 4. Section 5 provides a summary of this paper.

2 ALGORITHM AND IMPLEMENTATION

2.1 Calculation of Total Sensitivity Indices

The Sobol” method is applied which was further developed by Jansen and Saltelli. In particular, total sen-
sitivity indices are calculated using the estimator by Jansen (1999). As for the sampling strategy, a radial
design approach is used together with Sobol’s quasi-random numbers (Sobol’ 1967) in A-Ag configura-
tion, which was proposed by Saltelli et al. (2010). Quasi-random numbers are sequences of multidimen-
sional points characterized by “optimal” space-filling properties (Saltelli et al. 2012).
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However, in order to fulfill the above mentioned requirement of data reuse, the number of rows of matrix
A must be always equal to 2"+1 with m a positive integer. The reason for this restriction is briefly ex-
plained using a simple example, i.e. a model with 5 parameters. When applying Sobol’s algorithm with
m=2, the sequence for the first parameter, i.e. the first dimension, is 0, 0.5, 0.75, 0.25. However, in order
to completely explore the parameter space in a uniform manner, 1 is added as first number to that se-
quence (see the first column of Table 1). In this way, the parameter space is uniformly scanned with a
step width of 0.25 (the order of the numbers is not important in this consideration). As for the other pa-
rameters (dimensions), the same numbers are applied, however in a different order compared to the first
dimension. Matrix A consisting of these 25 numbers can now be used to evaluate the model and to esti-
mate the total sensitivity index for each parameter in a first iteration step. For a next iteration using m=3,
the sequence is the same as described above, however with the additional numbers 0.125, 0.375, 0.625,
and 0.875. Thus, matrix A contains now 9 numbers in each dimension. It is easily recognized that the
space is again uniformly scanned, however with a step width of 0.125. If the first evaluation step was
done at an earlier date, then the model needs to be evaluated only four times (using the last four rows)
during the second iteration step.

Of course, such low m values are prohibitive in practice since they would yield highly inaccurate re-
sults. In this work, m > 7 was used which yields at least 129 rows. As for the generation of matrix B, the
same procedure is applied as suggested by Saltelli et al. (2010). However, since all dimensions of the first
three rows of the multi-dimensional sequence contain the same numbers, all numbers of the first, second,
and third row of matrix B are replaced by 0.5, 0.5, and 0, respectively, in order to obtain a different matrix
B compared to A. As an example of this procedure, the first 9 rows of a 10-dimensional sequence are
shown in Table 1. The attentive reader will have noticed that the number of a particular row 7 and column
j in matrix B is not always different to the number at the same location in matrix A, which is a necessary
condition to build matrix Ag, e.g. A(9,1) = B(9,1) = 0.125. In this case, the number of one of the follow-
ing columns within the same row of matrix B is selected for Ag depending on whether the inequality con-
dition is met.

Table 1: First 9 rows of a 10-dimensional quasi-random sequence

Matrix A Matrix B
1 1 1 1 1 0.5 0.5 0.5 0.5 0.5
0 0 0 0 0 0.5 0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5 0.5 0 0 0 0 0

0.75 0.25 0.75 0.25 0.75 0.25 0.75 0.25 0.25 0.75
0.25 0.75 0.25 0.75 0.25 0.75 0.25 0.75 0.75 0.25
0.375 0.375 0.625 0.125 0.875 0.875 0.125 0.625 0.125 0.875
0.875 0.875 0.125 0.625 0.375 0.375 0.625 0.125 0.625 0.375
0.625 0.125 0.375 0.375 0.125 0.625 0.875 0.875 0.375 0.125
0.125 0.625 0.875 0.875 0.625 0.125 0.375 0.375 0.875 0.625

The bootstrap technique (see e.g. Efron and Tibshirani 1993) is applied to estimate the uncertainty of the
computed total sensitivity indices. This approach relies on resampling with replacement. Basically, a
bootstrap sample A" of size N is created by resampling matrix A with replacement. Then, for each param-
eter the index is calculated using that model outputs which are solely related to bootstrap sample A* and
the corresponding sample Ag. This step is repeated several times to obtain a bootstrap distribution of the
index. Finally, the arithmetic mean and 90% confidence interval for each sensitivity index are computed
using the underlying distribution.
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2.2 Calculation of First-Order Sensitivity Indices

Basically, the algorithm of RBD-FAST introduced by Tarantola et al. (2006) is applied for the calculation
of first-order sensitivity indices. The problem of aliasing and interference, as known from the original
FAST method, is not an issue when introducing a random balanced design. This means that RBD-FAST
does not require a minimum sample size. On the contrary, samples of lower size can be used, even for
models with many parameters since a dependency on k does not exist. Computed sensitivity indices are
more accurate than indices computed with the original FAST since potential interference effects are ab-
sent (Saltelli et al. 2012). Moreover, the method is easy to implement and operate because only the pa-
rameters N and M govern the analysis result where M describes the maximum harmonic order to be cap-
tured during the Fourier analysis.

Following a shared sampling strategy, the matrix A as described above and employed for the calcula-
tion of total sensitivity indices is also used for the calculation of first-order sensitivity indices. This en-
sures the possibility of reusing data from previous analysis runs. This means on the other hand that sam-
pling is now initiated in the parameter domain in contrast to the other FAST methods where sampling is
initiated in the frequency domain and 8-space, respectively (Xu et al. 2011). The consequence is that the
corresponding sampling in the frequency domain has to be limited to the range from - /2 to +m/2. In
this way, a unique relation between x; in the parameter domain and the corresponding parameter 6; in the
frequency domain is guaranteed. In particular, is well known that FAST uses a periodic search function
x; = G(sin#;) to explore the parameter domain. For example, Saltelli et al. (1999) proposed the function
x; = 0.5 + (arcsin (sin;))/m where the frequency depending variable 6; is uniformly distributed be-
tween —m and +m. Note that the independent variable is 6; and the dependent one x;. This equation can be
solved for 6; as follows

Bi = TL'(Xi - 05) i=1, ,k

where x; is now the independent variable uniformly distributed between 0 and 1. Thus, 6; is uniformly dis-
tributed between -7 /2 and +m/2. The consequence is that the Fourier analysis has to be performed in
the range - /2 ... + m/2. This is possible without any limitation by utilizing the symmetry properties of
FAST (Cukier et al. 1978, Koda et al. 1979). In this way, the integration range is reduced by one half, and
therefore also the number of required model evaluations (Koda et al. 1979). In the following, the equa-
tions proposed by Koda et al. are used during the Fourier analysis. It should be emphasized that sampling
in the parameter domain has to be uniform in the range 0...1 when applying our approach. Therefore, the
matrices Ap as generated for the Sobol’ analysis cannot be used for RBD-FAST because their sampling
properties are partly nonuniform.

To reduce the effect of sampling errors on the analysis result, a statistical Z-test is applied to select
only those Fourier coefficients which are significantly larger or smaller than zero. The procedure as sug-
gested by Xu et al. (2011) is applied, therefore the interested reader is referred to the corresponding refer-
ence for more details.

2.3 Implementation

Below a summary of the overall procedure is provided in order to better illustrate the analysis method.
The steps are as follows:
(1) Generate a matrix of quasi-random numbers consisting of N = 2™+1 rows and 2k columns.
(2) Define matrices A and B as well as for each parameter x; the matrix AiB considering the modifica-
tions described above.
(3) For each row of matrix A and AiB compute real model parameters considering the numbers of
each row as normalized parameters, and run the model using this parameter set.
(4) Compute the total sensitivity index Sy, for each parameter x; using the estimator by Jansen. Then,
create a batch of bootstrap samples A* by resampling matrix A with replacement. Generate boots-
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trap distributions by computing the index S%ZU for each bootstrap sample j. Calculate the mean

and 90% confidence interval for each index using the underlying distribution.

(5) As part of RBD-FAST, re-order the model outputs as obtained from matrix A with respect to the
order of the corresponding parameter x;. Then, compute the Fourier coefficients using the equa-
tions for the symmetrical case. Apply a Z-test to select only those Fourier coefficients which are
significantly larger or smaller than zero. Finally, compute first-order sensitivity indices using the
selected coefficients.

It should be noted that step (4) can be done concurrently to step (5) since dependencies between these
steps do not exist.

3 NUMERICAL EXPERIMENTS

3.1 Methodology

A series of computer experiments using an analytical test function was carried out in order to evaluate the
method described above. The test function applied is presented in the next section. As for the sampling, m
=17,8, ..., 14 was used to create base samples of increasing size N, i.e. matrices A with 129, 257, ...,
16385 rows. As for the main effects, first-order sensitivity indices were calculated without applying the
Z-test. For comparison, the indices were re-calculated in a second run, however with applying the Z-test
using a significance level of 0.01. In all cases, Fourier coefficients up to the 10™ harmonic order were
considered (M=10). Finally, total sensitivity indices were calculated with and without applying the boots-
trap technique. For each parameter, a bootstrap distribution was generated by computing total sensitivity
indices from 10000 bootstrap samples. These distributions were then employed to calculate means and
90% confidence intervals for the total sensitivities.

3.2 Test Function
The method described in section 2 was tested on an analytical test function commonly used as benchmark
in SA. In particular, the G-function by Sobol (see e.g. Saltelli et al. 2010) was applied

k
|4xi—2|+ai
1+al-

G =
i=1

with £=30, the constants a; € R*, and the parameters x; being uniformly distributed in [0,1]. The value of
a particular a; determines the relative importance of x;, i.e. the smaller a; the more important x;. For a first
test case, the constants a; were set as follows: a; =0, a, =1, a3 =2, a, = 19, and 99 for all other a;. Thus,
x; exhibits the highest sensitivity followed by the other parameters with increasing index i. Sensitivity in-
dices, which can be computed analytically for this function (Saltelli et al. 2010), are given in Table 2.

Table 2: First-order and total sensitivity indices calculated for test case 1

i a; Si Sti

1 0 0.666013 | 0.749510

2 0.166503 | 0.230618

3 2 0.074001 0.107073

4 19 0.001665 | 0.002496
5...30 99 0.000067 | 0.000100
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For a second test case, the constants a;, a», as, ay, and as; were set to zero and all other a; to 99. Thus, the
first five parameters have the same sensitivity which is significantly higher than the one of the remaining

parameters. Analytical computed sensitivity indices for both parameter groups are given in Table 3.

Table 3: First-order and total sensitivity indices calculated for test case 2

i a; Si STi
1...5 0 0.103600 0.327700
6...30 99 0.000010 0.000044

4 RESULTS AND DISCUSSION

First-order and total sensitivity indices were calculated for the test case 1 applying the method described
above. The result obtained for parameter x; is illustrated as a function of iteration in Figure 1. As for the
first iteration, a base sample (matrix A) with 129 rows was used. For each of the following iteration steps,
the sample size is roughly doubled with increasing iteration number, i.e. N = 257, 513, ..., 16385 at the
iteration step 2, 3, ..., 8. The analytic value of the sensitivity index is represented by a solid line whereas
a 10% deviation from this value is represented by a dashed line.

Clearly, sensitivities converge to their analytic values with increasing iteration number. As for the first-
order sensitivity index, the Z-test does not seem to improve the accuracy of the calculated index which
can however be expected because the Z-test should not impact the result of the most influential parame-
ters. This is due to the fact that usually all Fourier coefficients are statistically significant and therefore
selected during the test, which was observed from the second iteration onwards in this example.

1.00 +  -— -
Sensitivity of Parameter x;,
0.90

0.80

0.70

0.60

-O- S, w/o Z-test

—- S, w/ Z-test

0.50 + -0- St sample mean

- S, bootstrap mean

= 90% confidenceinterval

0.40 f f f f f t
1 2 3 4 5 6 7 8

[teration

Figure 1: Results for parameter x; as computed with/without applying the Z-test and with/without apply-
ing the bootstrap technique, respectively.

1742



Henkel, Wilson, and Krug

As for the total sensitivity index, there is a noticeable difference between the sample mean and the boots-
trap mean, especially at the first and second iteration, which becomes smaller with increasing sample size.
This is not surprising because the Sobol’ method is known to be inaccurate at small sample sizes. On the
other hand, it is also known that the bootstrap technique offers advantages in terms of ranking of sensi-
tivity indices (Yang 2011). Thus, the bootstrap method may significantly improve the accuracy of the
computed index as can be seen in Figure 1. Note that after the second iteration S; and the bootstrap mean
of Sty are already within a 10% error range, Sti even after the first iteration. Nevertheless, the confidence
interval as calculated for the total sensitivity index is large at small sample size but decrease steadily with
each subsequent iteration.

As can be seen in Figure 2 and 3, respectively, the sensitivities of the parameters x, and x; also converge
to their analytic values. However, first-order sensitivities are strongly overestimated, especially at the first
two iterations, if a Z-test is not applied. The reason for this observation is simply the fact that all Fourier
coefficients, especially those which are not statistically significant, are considered during the analysis. On
the other hand, the Z-test significantly improves the accuracy in the determination of the first-order sensi-
tivities. Also, the bootstrap technique helps a lot to improve the estimates for the total sensitivity index as
in the case of parameter x;.

This also holds for the remaining parameters x, ... x3p which were correctly classified as non-influential
parameters due to their low sensitivity. However, to illustrate the effect of the Z-test for a non-influential
parameter, results are shown for parameter x,. As can be seen in Figure 4, S, is far beyond its analytic
value and even larger than St4 at the first four iterations if the Z-test is not applied. On the other hand, at
the first five iterations the application of the test leads to an exclusion of all Fourier coefficients from the
index calculation because they are too small to be considered. Thus, S4 = 0 is obtained. Only from the 6"
iteration onwards Fourier coefficients are partly detected as statistically significant and thus contributing
to Sa.

035 71 Sensitivity of Parameter x,
-O- S, w/o Z-test
O - S, w/ Z-test
0.30 + \\\ - -0- Sq, sample mean
N - S, bootstrap mean
RN - — 90% confidenceinterval

0.25

020 v o .
Tt . e
e = * —e *
i
0.10 % % % % % % % %
1 2 3 4 5 6 7 8
Iteration

Figure 2: Results for parameter x, as computed with/without applying the Z-test and with/without apply-
ing the bootstrap technique, respectively.
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0.20
Sensitivity of Parameter x;
- -O- S;w/o Z-test
—— S, w/Z-test
-0- Sy sample mean
0., -8 S, bootstrap mean
0.15 + N — 90% confidenceinterval

0.10 -~

0.05 + + + + + + + +
1 2 3 4 5 6 7 8
Iteration

Figure 3: Results for parameter x; as computed with/without applying the Z-test and with/without apply-
ing the bootstrap technique, respectively.

0.100
AN Sensitivity of Parameter x,

S, w/o Z-test

S, w/ Z-test

S+, sample mean

S14 bootstrap mean

S,, analytic value

Six 10%

S14, analytic value

\ Staax 10%

— 90% confidenceinterval

RN J=R 3

0.010 ,

0.001 +
1

Iteration

Figure 4: Results for parameter x, as computed with/without applying the Z-test and with/without apply-
ing the bootstrap technique, respectively.

Hence, a large sample size would be required to characterize the main effect of a non-sensitive parameter
with sufficient precision. However, this is not our goal since we are interested in getting a parameter rank-
ing. In the case of independent parameters, the total sensitivity index provides a reliable measure for the
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parameter ranking of importance. Therefore, all we need to do is just draw all total indices together with
their confidence intervals in one plot and analyze whether any two intervals overlap. Figure 5 illustrates
that intervals of the total sensitivities partly overlap at the first iteration, however, no more overlap is ap-
parent from the second iteration onwards. Thus, definite conclusions in terms of importance ranking are
already obtained at the second iteration step, i.e. the parameter with the highest sensitivity index (St;) out-
ranks the others, the parameter with the second highest index (St,) outranks the others except the first pa-
rameter and so on. As expected, the final parameter ranking obtained is identical to the ranking based on
the analytical indices.

Information about the main effects of model parameters can be gained from first-order sensitivity in-
dices that can also be calculated using the Sobol’ method. In order to compare the convergence behavior
between the Sobol’ method and our approach, first-order indices were recalculated using the estimator of
Saltelli et al. (2010) and the generated matrices B and AiB. The result is exemplary shown for parameter x;
(see Figure 6). Clearly, the index S, computed by RBD-FAST converges faster to the analytic value than
the one computed by the Sobol” method. This behavior was observed for all parameters. In fact, it is gen-
erally known that FAST is superior in terms of convergence compared to the Sobol’ method (see e.g.
Gatelli et al. 2009). It should be noted that the exclusive use of the Sobol” method for the calculation of
first-order and total sensitivity indices requires N additional model evaluations compared to our approach.
In other words, information about the main effects is obtained at no extra computational cost when apply-
ing our method.

As a final note to the application of the bootstrap technique, this method cannot be employed in RBD-
FAST for the following reason. A resampling of the base sample would result in a nonuniform and non-
periodic sampling in the frequency domain, which distorts the periodic signal RBD-FAST is relied on.
Thus, unreliable estimates of bootstrap means and confidence intervals would be obtained.

000 Total sensitivity indices 0.7 First-order sensitivity indices for x;
Hé%z——z—a—u—n h il
0100 4 %= = = . > 0.6 +
—analytic value
0.010 + \ > Spp % 8py X Sy3 ¥ Sy \ 05 + -o-RBD-FAST w/o Z-test
- - —~-RBD-FAST w/ Z-test
N%—X—:—*—n -4 Sobol' method
0.001 + 1 1 1 1 1 1 0.4 — 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Iteration Iteration
Figure 5: Total sensitivity indices as calculated for Figure 6: First-order sensitivities for x; calculated
the first four parameters. with RBD-FAST and the Sobol” method, respect.

As for test case 2, the results obtained for each parameter of the first group were very similar, therefore
mean sensitivities averaged over these five parameters are briefly discussed here. As for the total sensitiv-
ity, the bootstrap technique also improves the estimate for this index in this case (see Figure 7). Remark-
able is that the index converges much more slowly to its analytic value compared to test case 1. Obvious-
ly, this is a very difficult test case, as also previously stated by other authors (see e.g. Saltelli and Sobol
1995), where strong interactions between parameters occur. As expected for parameters of high im-
portance, first-order sensitivities calculated with applying the Z-test differ very little from those calculated
without applying the test.

As a final remark, our approach has also been evaluated using other test functions (not shown here).
Overall, the bootstrap technique and the Z-test improves the algorithm presented above. Moreover, the
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RBD-FAST algorithm has been successfully tested on models with correlated parameters applying the
“restricted pairing technique” of Iman and Conover (Iman and Conover 1982). Thus, parameter correla-
tions can be considered during the analysis of main effects. Unfortunately, this technique cannot applied
during the calculation of total sensitivities as described above because the variance decomposition as pro-
posed by Sobol’ and used in our approach requires fully independent parameters (Saltelli 2002).

1.00 + = =
B Mean Sensitivity of Parameter x; ... x;
-O- Sw/o Z-test
0.80 + _ —- Sw/Z-test
-0- Sysample mean
-B- S;bootstrap mean
O--_ = 90% confidenceinterval
0.60
0.40
0.20 + -
0.00 + + + + + + + +
1 2 3 4 5 6 7 8
Iteration

Figure 7: Results of the second test case as computed with/without applying the Z-test and with/without
applying the bootstrap technique, respectively.

CONCLUSIONS

For the first time, two complementing variance-based methods, the Sobol’-method and RBD-FAST, were
combined for a global sensitivity analysis of a nonlinear mathematical model. A combination of these two
methods is feasible if a shared sampling strategy is used. In particular, the method suggests the generation
of a base sample by applying a radial design approach together with Sobol’s quasi-random sequences.
Then, total sensitivity indices can be estimated using the Sobol’-Saltelli method whereas first-order sensi-
tivity indices can be concurrently computed using a modified version of RBD-FAST. The feasibility and
capability of the method was investigated using an analytical test function commonly used as benchmark
in the field of sensitivity analysis. It was shown that the method can be used for a global sensitivity analy-
sis of a nonlinear model without assuming any restrictions on the model except that model input parame-
ters have to be independent and uniformly distributed. However, correlations between parameters can be
considered in the course of the analysis of main effects if the given correlation structure is preserved by
applying e.g. the method of Iman and Conover (Iman and Conover 1982).

The bootstrap technique was applied to evaluate the uncertainty of the calculated total sensitivity in-
dices by the computation of confidence bounds. Further, the bootstrap means of the indices help to im-
prove the accuracy of the method in terms of parameter ranking. Moreover, information about the main
effects of model parameters, i.e. first-order sensitivity indices were obtained at no extra computational
cost. The accuracy in the determination of these indices can be improved by applying a statistical Z-test.
Last but no least, data of previous model evaluations can be reused for a new, more precise sensitivity
analysis. However, as a trade-off the size of the base sample has to be doubled in this case.
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The approach developed is part of our framework consisting of software tools for screening, sensitivi-
ty analysis and optimization of model parameters. In particular, it makes sense to do a screening analysis
if the model has many parameters and/or is computationally expensive to evaluate, as in the case of hy-
drogeological models. It is known that such models need a parameter calibration which can be done using
a three-step procedure. The first step would be a screening analysis which allows a classification of pa-
rameters into important and non-important ones. For this purpose, an efficient screening algorithm was
developed recently (Henkel et al. 2011). In a second step, the important parameters are analyzed in more
detail using the approach described above. The third step would be the optimization of parameters ranked
as important, which can be done by using e.g. our optimization software ISSOP= (Krug 2002).
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