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ABSTRACT

We consider the problem of estimating the time-average
variance constant for a stationary process. A previous
paper described an approach based on multiple integrations
of the simulation output path, and described the efficiency
improvement that can result compared with the method of
batch means (which is a special case of the method). In this
paper we describe versions of the method that have low bias
for moderate simulation run lengths. The method constructs
an estimator based on applying a quadratic function to the
simulation output. The particular quadratic form is chosen
to minimize variance subject to constraints on the order of
the bias. Estimators that are first-order and second-order
unbiased are described.

1 INTRODUCTION

We consider the steady-state simulation output analysis
problem for a stationary process. Suppose a simulation
produces output Y,, = (Y1, Y2,...,Y,). Our goal is to estimate

n
o2 :r}gr;n Var (ZY,/n) .

i=1
One approach is to apply a quadratic function to the output
vector Y,. In general, the cost of computing such an
estimator is proportional to the square of the simulation
run length n. An example of this approach is the batch
means estimator, though in the case of batch means the
complexity is linear in run length n due to the special form
of the quadratic function.

Our approach is as follows. Choose a nonnegative
parameter k that is small compared with the square root
of the simulation run length n. As the simulation runs,
maintain a vector Wn € RK! after n simulated steps. At
any time n we can construct our variance estimator V,, from
W,, in time ¢ (k?) by applying a quadratic function to Wn.
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This way the complexity is reduced to &' (k*) = & (n) per
computation of the variance estimator.

A previous paper (Calvin 2007), introduced a class
of estimators that are based on multiple integrations of
the simulated path; the rth component of the vector Wn
is the r-fold integrated path of the simulation output. In
that paper, the quadratic function was chosen so that the
limiting distribution of the estimators could be worked out
easily and we were mainly concerned with the efficiency
of the estimators, where the efficiency of an estimator is
defined as the reciprocal of the product of mean-squared
error and computation time. Numerical experiments showed
that with the particular choice of quadratic function used
there, the efficiency of the resulting estimator could be an
order of magnitude higher than the efficiency of the batch
means estimator. However, in experiments with short run
lengths it was found that the bias of the estimators was
quite large compared with the method of batch means. That
finding motivated the present paper, which focuses on bias
properties.

2 SETUP AND ASSUMPTIONS

Suppose that a simulation generates a real-valued sequence
Y1,Ys,.... We assume that (¥;) is a stationary process with
EY; = u and that the series

> =EM —pu)’+ Y E((Yi—p)(Yy—p))

n>1

converges absolutely with 6> > 0. For the bias approxi-
mations, we will assume the absolute convergence of the
sums

Aj=Y nE((n—p)(Y—n)
n>1

for j <2.



3 SIMULATION ALGORITHM

We now outline the proposed method for estimating the
parameter 62 of the simulated process. Choose a parameter
k > 0 (the integration count parameter). Run a simulation,
producing output {Y},Y>,...}. Define VT/OJ =0for0<j<k
and for i > 0 set

W'=Y
=1

and for 1 < j <k set
W=y Wi
=1

The data maintained by the simulation method after n sim-
ulated steps is W, = (WO, W, ..., WF). (We will use bold
typeface for vectors and matrices.) The vector Wn can be
updated in time (k) at each simulation step.

Define

[nt]
Wl)=n"2Y Y, 0<r<1,

i=1

and for r>1and 0 <t <1,

Wi = [ Wi s =r [ W)=y as

Set  W,(1) = (W2(1),...,Wk(r))
(Wf(t)7...,ﬁf(t)),0§t§1.

Define the matrices A and N,, by

A(rv('I) - {

where the m are the Stirling numbers of the first kind
(Knuth 1997), and

and  W,(1) =

(-1=a[], q<n
0 q>r,

+1/2 —
n /7 q=r

Ny(r,q) =
n(r,q) {0 g
The following theorem provides the means to transform the
discrete iterated sums into the iterated integrals.

Theorem 1.

W,.(1) = (AN,) " 'W,(1).
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In order to center the output, define

Wol(s)

WO(s) —swi(1), 0<s<1,

and for r > 1 and 0 <t <1,

t

W =r[
k

,Wn(t)) 0 <r< 1. Define

Wo(s)(t —s)"\ds.

1 0 0
12 0 0
1/3 0 0

R= :
1/(k+1) 0 0

Then
Wn(l) = (I_R) (ANn)il Wn(l)'

Our output analysis method is based on the following limit
theorem.

Theorem 2. As n — oo,

k

— = 2
(Va0 Wh(D) S or (0,0, ()
where C = (Cjj) is the matrix defined by
C ' 1<i,j<k
. i .
PTG DG+ )ity ==

The proof of Theorem 2 follows from Theorem 1 in
Calvin (2007), with a different covariance matrix due to a
slightly different definition of the W, .

4 BIAS AND VARIANCE

To prepare for the construction of low bias estimators, we
will need an approximation to the expectation of products
of the {W,}. The following theorem approximates the
expectation to order n 2.

Theorem 3. For 1 < a, 3 <k,

afo?
(a+1)(B+1)(a+B+1)
pyP  pyP

te =t +o(n?) (2

E(Wwh) =

+

n
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as n — oo, where

peb_ (@B—1o  (af+ D 3)
! 20+ 1D)(B+1) (a+1)(B+1)
and
2
B _ o B
Dy’ T (a+Bﬁ+1I(a>l) a+1l(ﬁ>1)>
oy [femn t2@azy | Tpon + 3Bl et B
B+1 o+1 2
g (a(a— D+BB-1) gty ﬁ’(ﬁ>1>)
2 (x+B-1) B+1 a+1 )’

We now consider estimators of the form V,, = WZBW,,
for a symmetric positive semidefinite matrix B of order k.
We will consider different matrices B, chosen to optimize
different objectives. In general, we will choose B to mini-
mize the asymptotic variance of V,,, subject to constraints
on the bias. We next give the bias expansion in terms of
the matrix B.

Theorem 4. Suppose that the matrix B is chosen so that

ko k
;; i+1) ]+1)(i+j+1)B”7 .
If in addition we choose B such that
k ij+1
LY angeni =" ®
then
EW,BW, =0 <1+ﬁ1)+0(n1),
where
LY s
2545 (i+1)( J+1)

If, in addition to (4) and (5), the following constraints
hold:

1. . .
L=y +3/l>1) it
i+1 2

)Bij:O (6)
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and

ii( ii—D)+j—1) iy —jl(j>l)>B~:0

i=1j=1 (i+j—1) Jj+1 i+l EA

(7
then
EW,BW, = (Hﬂl +BZ)+o(n2),
where
1 k l _]
ﬁz EZZZIFZI l+]_m1(i>l)—ml(1>l) B’J

Suppose that the matrix B satisfies (4) and (5), and
define

| W,BW )
L] -l—ﬂl /n
Then from Theorem 4,
E (an —62) = o(nfl) )

so V! is a first-order unbiased estimator.

In general, there could be many choices of B that satisfy
(4) and (5), thus giving rise to many first-order unbiased
estimators. Among these we want to identify one with
minimal variance. Let us approximate the variance of the
estimator using the limiting distribution given in Theorem
2; that is,

Var (WZBW,,) ~ tr (CBCB),

which is a convex function of B (here ¢r denotes the trace
of a matrix). Thus we are led to a convex optimization
problem: We want to choose B to minimize

tr(CBCB)

subject to the constraints (4) and (5). The first-order opti-
mality conditions are a set of k*> +2 linear equations. Thus
we can find the matrix B that minimizes the asymptotic
variance subject to the bias constraints by solving a system
of k?> 42 linear equations. We let V! denote the estima-
tor defined by (8) with B chosen to solve the constrained
optimization problem.

The construction of a second-order unbiased estimator
is analogous to the construction we gave for the first-order
unbiased estimator. In this case we add the constraints (6)
and (7). If B satisfies these additional constraints and we



define
7T E—
V2o W, BW
"1+ Bi/n+Bo/n?

then Theorem 4 implies that
E (Vn2 — 0'2) =0 (nfz) ;

that is, V? is a second-order unbiased estimator. Choosing
B to minimize the asymptotic variance now requires solving
a system of k* +4 linear equations.

One can also choose B to satisfy only (4) and minimize
the asymptotic variance. We denote this estimator by V..

5 OVERLAPPING BATCHES

Given a simulation output of length n, Y1,Y>,....Y,, and
a “batch size” b, 0 < b < n, we can construct estima-
tors based on the simulation output Y;,Y;2,...,Y;, for

0 < j < n—>b and then average the estimators. This approach
has been used in the construction of several variance con-
stant estimators; see Meketon and Schmeiser (1984) and
Alexopoulos et al. (2006).

For 0 < b <nand 0 < j <n—>b consider the estimator
for the jth “batch” of the form

Vjﬁn = Wj,j+bBWJ-,J+ha

W _ (wo 7k
where W; ;) = (Wj,j+b""7Wi.j+h)’
~ 0 Jt+b
Wiiw= 2 Yo
=)t
and for r > 1,

n
v _ =1
Wip=r Y, W'
i=j+1
The following Lemma shows how to obtain the vectors
W; iyp from the vectors Wy ;1 = W, produced by the
basic simulation algorithm described in Section 3

Lemma 1.
Wj7j+b :W/+b—DWj, )
where
T g <,
D(r,q) = {(rq) 4=
0, qg>r
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and d” is the rising factorial function defined by

a=(a)a+1)(a+2)---(a+r—1)
and a® = 1,; see Knuth (1997).

Now
W, 6= (I—R)(ANy) "W, ;1)

is the analog of the vector W, on which we based the
estimators in Section 3, but defined for the jth batch of size
b. Then

—~ —~\T —~ —~
Vin=(Wjio—DW,) B, (W;i,—DW,),
where
B, = (I-R)N,'A"") B(I-R)N,'A"").

Our overlapped estimator is then

)
ov
=7 L Vin
"on-b+15

By choosing B as described in Section 4 we can obtain
first- or second-order unbiased estimators. We need to
replace n with b, so for example the first-order unbiased
estimator has bias o(b~!) as b — oo.

6 NUMERICAL EXPERIMENTS

The numerical results are for a first-order autoregressive
process defined by

Yi=0Y 1 +¢g, i>1,

with the & ~ N(0, 1) independent and ¥y ~ N(0,1). We set
the parameter @ = 0.9, which results in cr=19.

In all cases we constructed the overlapping estimators
based on a batch size of b =n/20. Figures 1, 2, and 3 show
the results of experiments for run lengths of 2,000, 6,000,
and 10,000, respectively. The curves for each of the mth
order unbiased estimators start at the upper left for k =2
and as k increases the bias generally increases while the
variance decreases.

For each run length, the figures show the sample bias
and sample variance of the standard overlapping batch means
estimator (Alexopoulos et al. 2006), and the first and second
order unbiased estimators. The choice of k ranged from
2 to 4. Each experiment consisted of 10° independent
replications.
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Figure 1: Sample bias and variance for AR(1) simulations,
varying k, n = 2,000.
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Figure 2: Sample bias and variance for AR(1) simulations,
varying k, n = 6,000.

As the run length n increases, the bias of the 2nd order
unbiased estimator becomes very small compared to that of
the batch means estimator.

Experiments with the consistent estimator Vn0 resulted,
as expected, in large bias and low variance, and were omitted
from the figures.
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