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ABSTRACT mutual fund. The priors are updated accordingly. When the

expected utility conditional on past realizations that results
We consider the problem of a mutual fund manager that from switching to the actively managed fund exceeds the
maximizes the present value of expected fees and has toexpected utility from staying with the market portfolio, the
decide the level of fee to impose on the fund. The fee will investor movesthe money tothe fund. The fund manager sets
be paid by a risk averse investor that maximizes expected the fees in such a way that the present value of expected
utility over final wealth. This investor can invest either fees is maximized. When the fee level is too high, the
in an indexed fund or in a managed fund. The manager investor might not find optimal to switch. Of course, if the
has superior ability and, as a result of it, the fund offers a level is very low, the switch will happen almost certainly,
higher expected return. However, the investor has incom- but the revenue will be low.
plete information about the ability of the fund manager.
The investor has priors about this ability that are upgraded 2 THE MODEL
according to the performance of the fund. At some opti-
mal level, the investor decides to switch from the market There are two assets, the market portfolio, whose price we
portfolio to the mutual fund. Our problem does not have denote byM! and the managed fund, whose price we denote
a closed form solution, but we can compute optimal fees, by M?2. Their prices, and therefore their returns, satisfy the

using simulation. following dynamics:
1 INTRODUCTION dM! = MYudt+otaw} @)
dM? = MPadt + o2 dWt+o%2aw?)  (2)

In this paper we attempt to establish the optimal fee structure
for a fund manager that attempts to maximize the present ynere all the parameters are constant andt, w2) are

value of the fees revenue. In order to be able to solve g independent Brownian motion processes. As a result

our problem numerically, we consider a fixed and known o it the assets are partially (but not perfectly) correlated.
horizon and assume that when the investor puts money in \we assume that

the actively managed fund, it will be kept until the end of
the time horizon. 1 21,2 202\ 1/2
We consider a setting with two agents, a mutual fund = ((U )"+ @™ ) (3)

manager and a risk averse investor that has some wealth . . . )
to allocate in risky securities. There are two types of so that the r!sk of both.assets is equivalent. Althqugh this
risky securities: a market portfolio or passive index and aSSumption is not required to solve the problem, it allows
the actively managed fund. The fund manager has superior us to compare investment in the market portfolio versus
ability, and as a result of it the actively managed fund investment in the mutual fund on equgl grounds_. H_owever,
offers an expected return higher than the market portfolio €XPected returns of the two assets differ. In principle, we
(see, for example, Brown and Goetzmann 1995 and Carhart Will focus in the case in which

1997 for a review of this topic). The investor, however,

has imperfect information about the ability of the mutual o= H )
fund manager. The investor has priors about the ability

of the fund manager and observes the realizations of the
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so that the mutual fund has a larger expected return than
the market portfolio due to the ability of the fund manager.
Clearly, @ is a measure of the ability of the manager. We
will also consider the case in whieh= u. If the investor

is uncertain about the leved, it might still be optimal for

the mutual fund manager to charge a fee.

In this setting, there are two agents. First, we have the
manager of the mutual fund whose price is described by
M?2. We assume that the fund manager has perfect infor-
mation about all the parameters of the model, including the

and Zapatero

is a Brownian motion process under the same probabil-
ity measureP, but under the information filtration of the
investor, F.

Also @ and S (the standard deviation of the beliefs of
the investor) satisfy the following dynamics,

A Sy Sy 2 A
dat = ﬁdzt = Oﬁ (th —+ ((X — at)dt) (9)
St
ds, = ——3dt 10
1 0_22 ( )

parameters that characterize the preferences of the investor

that we introduce later.

Then, there is an investor that knows o, 621 and
022, but does not knowr. That is, the investor knows
the parameters that characterize the market portfolio. The
investor also knows the risk of the mutual fund, that, for
simplicity, we assume is identical to the risk of the market
portfolio. However, the investor does not knawy that is,
the ability of the fund manager. The investor has beliefs
(priors) about the ability of the fund manager and observes
the performance of the mutual fund. However, given areturn
process for the mutual fund, the investor cannot tell whether
the return was the result of the ability of the fund manager or
due to luck. The investor will observe the realizations of the
mutual fund and will upgrade her priors accordingly, using
Bayes rule. For an introduction to problems of incomplete
information in finance, see Detemple (1986), Dothan and
Feldman (1986) and Gennotte (1986). We now introduce
some notation. Denote by

@ = Ela|F;] (5)
the belief of the agent at date where F; is the filtration
generated by the value of the market portfolio and the fund
and, thereforeE[-|F;] means expected value conditional
on observing the history of the funtf?, as well as the
history of the passive funds?.

At moment zero, the investor thinks thatbelongs to
a normal distribution with meafy and standard deviation
So. Using Bayes rule, this problem is equivalent to that
of an investor who thinks that/? satisfies the following
dynamics:

dM? = M2(&dt + o?XdW} 4 0?2dz,) (6)
where Z is the innovation process,
1 (dM? 21 ;1
le:ﬁ M—tz—atdt_o dWl . (7)

Note that by the standard filtering theory, the process

o — &[
022

dZ; = dw? + dt (8)
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The parametes$ represents the degree of uncertainty of the
investor about her own beliefs.

Next, we assume that this investor has the following
objective:

maxE loge T X7 (12)

wherep is some discount factor and represents the wealth
of the investor at momenrf. We assume thar is fixed,
so that the investor has a fixed horizon.

This investor starts with a level of wealtkiy that is
initially invested in the market portfolio. At any point in
time, the investor can decide to transfer wealth to the market
portfolio, but will have to pay a dixed fee. For example,
suppose that at momenthe investor has a level of wealth
X; that will be switched from the market portfolio to the
mutual fund. The level of wealth to be transfered to the
mutual fund is,

X, (1—k) (12)

wherek is the fee level.

The first step is to determine when it is optimal for the
investor to switch from the market portfolio to the actively
managed fund. Suppose an investor that has attained a level
of wealth C. It will be optimal for this investor to switch
at the stopping time at which

E/log[C(1 — k) expl (& — %((o”)z
+(0%2)2))(T —1)

+02X(Wr — W) +0%2(Zr — Z)1]  (13)
= Elog[Cexpl(n — %(o%(T —1)
+ot(Wr — Wl (14)

where E represents expected value with respect to the
probability measureP. It is straightforward to solve the
previous equality, sincéW, Z) are both martingales with
respect tdP. The previous inequality obtains at the stoping
time ¢ at which

logll — k] + & (T — 1) = u(T — 1) . (15)
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The fund manager chooses the fee lekeso as to
maximize the present value of expected fees,

rrgka)\er_”kX, (16)

wherer is the interest rate level andrepresents the moment
at which the investor switches money from the market
portfolio to the mutual fund.

3 NUMERICAL RESULTS

It appears that an analytic solution to the problem of the
mutual fund manager is not feasible because it involves the
computation of the optimal stopping time However, for

a given value of the parametér it is straightforward to
compute the value of the objective of the fund manager
using Monte Carlo simulation (see Boyle 1977 and Duffie
2001 for an introduction and review of the application of
this technique in finance). We simulate a possible path of
the Brownian motion processes by discretizing the econ-
omy in time intervals of sizeAr and replacingdW by a
pseudo-random process (computer generatesiich that

z ~ N (0, At). For a given path of the economy (character-
ized by the realizations d¥* andW?2) we find the stopping
time at which the equality that triggers the switch, obtains.
More explicitely, we simulate a path fér as described by
equation (9), and a path of the wealth of the investor that
will be explained by (1). That is, we assume the investor
invests all holdings in the indexed portfolio and observes
the actively managed fund of (2). We compute the moment
t at which it is optimal for the investor to transfer her wealth
from the indexed portfolio to the actively managed fund.
That happens at the moment in which the equality of (15)
obtains. Then we compute the present value of the fee for
that moment and a level of wealttX as in (16). Since the
fund manager tries to maximize expected present value and
we computed the present value for just one possible path of
the economy (that is, the Brownian motion processes that
explain the dynamics of all the financial variables of the
model), we repeat this exercise for a large number of paths
and compute the average, so as to approximate the expecte
present value for a given fee leviel Obviously, for some

of the simulated paths, it might be the case that for the time
horizon considered, the equality (15) never arises. In that
case, the investor never switches from the indexed portfolio
to the actively managed portfolio. The income of the fund
manager for that particular realization of the economy is
zero, and that is the income we include in the average in
order to estimate (15).

In order to determine the optimé&) we construct a one-
dimensional grid of the value function of the fund manager:
we start with ak = 0 and move up in increments of1
until we reach the valuke = 1 (which is the highest possible
fee). We compare our estimates of the value function of
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the fund manager of (16) and choose the valtleat yields
the highest value for the fund manager.

We perform two exercises for a large set of parameter
values. The results of the exercises are collected in Tables
1 and 2. In the last two columns of Tables 1 and 2 we
collect the optimal fee levelkj and the expected present
value for the fund manager given that fee level (that we
represent byR), as a function of different values for the
other parameters of the model. In particular, the parameters
over which we perform this comparative statics exercise
are: u, the expected return in the indexed portfolig;the
parameter that characterizes the “true” ability of the fund
manager and is the actual expected return on the actively
managed fund, over which the investor is uncertainthat
represents thatial belief of the investor about the ability
of the fund manager, and it is upgraded according to market
realizations, as explained by (9); the volatility of both
the indexed fund and the actively managed fund from our
assumption in (3); finally,S, which represents the initial
level of uncertainty of the investor about the ability of the
fund manager and it evolves according to the dynamics of
(10). To simplify the number of parameters, we assume
that r = u. We assume a total time horizon of three
years,T = 3. That is, the investor invests right now in the
indexed fund, and when (if ever), it is optimal to switch to
the managed fund, she will do so. After three years, the
investor will cash the value of the fund (either of them).
If the investor switches to the actively managed fund, she
pays the whole fe& regardless of when the switch takes
place. We now analyze the results of each table.

In Table 1 we collect the results for the case in which
the investor that switches to the actively managed portfolio
invests exactly $1 in the actively managed portfolio, that
is, we assume thaX, = 1, regardless of the moment at
which the switch takes place. As expected, both the optimal
fee and the expected present value of the manager revenue
increase with the ability of the manager, However,
more important than the manager ability is the perception
of the investor: the expected present value of revenue and
optimal fee are higher when the investor thinks that the

Jnanager is of high ability, but the manager is average (that

Is, « = w), than when the manager is of high ability but
the investor thinks she is average (thatds= w). With
respect to the uncertainty of the investor, it increases both the
optimal fee and the expected present value of the revenue.
If the investor is very uncertain, it is optimal for the fund
manager to charge a high fee because a “lucky streak”will
make the investor think the manager is of high quality and
she will switch quickly to the managed fund. This happens
because an investor who is very uncertain is very sensitive
to market realizations and will quickly upgrade her beliefs.
With respect to the volatility of the funds, the higher the
volatility, the lower the fee the manager can charge. The
reason is that the investor will have a more difficult time
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Table 1: Optimal Fee Levek] and Expected Present Table 2: Optimal Fee Levek] and Expected Present
Value of the RevenueR) When the Investor Invests Value of the RevenueR) When the Investor Transfers
$1 in the Mutual Fund at the Optimal Stopping Time. Total Value of the Market Index to the Mutual Fund
Time Horizon Is 3 Years at the Optimal Stopping Time. Time Horizon Is 3
uw |« & o S R k Years. Initial Investment in the Market Index is $1
0.1 0.12]0.1 | 0.2 | 0.03| 0.005618| 0.01 n | o a o S R k
0.1 0.12] 0.1 | 0.2 | 0.05| 0.014845| 0.03 0.1]0.12] 0.1 | 0.2 | 0.03| 0.004858| 0.01
0.1 0.12] 0.11| 0.2 | 0.03| 0.026082| 0.03 0.1]0.12] 0.1 | 0.2 | 0.05| 0.012425| 0.03
0.1|0.12|0.12| 0.2 | 0.03| 0.05 0.05 0.1]0.12|0.11| 0.2 | 0.03| 0.02 0.02
0.1 0.13]0.1 | 0.2 | 0.03| 0.005839| 0.01 0.1]0.12| 0.12] 0.2 | 0.03| 0.05 0.05
0102 |01 |02 |01 |0.065213| 0.11 0.1/ 0.13] 0.1 | 0.2 | 0.03| 0.005058| 0.01
0102 |01 |02 |02 |0.162164| 0.25 0102 |01 |02 |01 |0.057362| 0.1
0102 |01 |03 |01 |0.040672| 0.07 0102 |01 |02 |02 |0.136607| 0.25
01{02 |02 |02 |01 |0.25 0.25 0102 |01 |03 |01 |0.035333| 0.07
0102 |02 |02 |02 |0.262194| 0.33 0102 |02 |02 |01 |0.25 0.25
0102 |02 |02 |03 |0.314057| 0.41 0102 |02 |02 |02 |0.25 0.25
0102 |02 |03 |02 |0.25 0.25 01|02 |02 |02 |03 |025 0.25
0.1/015]0.1 | 0.2 | 0.2 | 0.055225| 0.1 0102 |02 |03 [02 |0.25 0.25
0.1|0.15] 0.1 | 0.2 | 0.2 |0.142326| 0.23 0.1]0.15]0.1 | 0.2 | 0.2 | 0.047489| 0.09
0.1 0.15] 0.1 | 0.2 | 0.05| 0.016755| 0.03 0.1]015]0.1 |02 |02 |0.117674| 0.23
0.1(0.15] 0.1 |03 |01 |0.03606 | 0.07 0.1]0.15| 0.1 | 0.2 | 0.05| 0.014434| 0.03
0.1 0.15| 0.1 | 0.15| 0.1 | 0.075009| 0.12 0.1]0.15] 0.1 |03 | 0.1 |0.031413| 0.06
0101 |01 |0.45]0.1 | 0.059333| 0.11 0.1]0.15| 0.1 | 0.15| 0.1 | 0.064148| 0.12
01{01 |01 |02 |01 |0.046188| 0.09 0101 |01 |015]0.1 | 0.049227| 0.1
01{01 |01 |02 |03 |0.195521| 0.31 0101 |01 |02 |01 |0.039299| 0.08
0101 |02 |02 |01 |0.25 0.25 0101 |01 |02 |03 |0.153718| 0.34
0101 |02 |02 |02 |025 0.25 0101 (02 |02 |01 |0.25 0.25
0101 |02 |03 |02 |0.25 0.25 0101 |02 |02 |02 |0.25 0.25
02|03 |02 |02 |02 |0.153634| 0.25 0101 |02 |03 |02 |0.25 0.25
0203 |03 |02 [01 |0.25 0.25 0203 |02 |02 |02 |0.136444| 0.24
02|03 |03 |02 |03 |0.302923| 0.42 0203 (03 |02 |01 |0.25 0.25
02|03 |03 |02 |03 |025 0.25

trying to find out the level of ability of the manager, and

will not switch if the fee is high. fund was fixed. The expected present value of the income
In Table 2 we perform a similar exercise, but here is also lower, in general.

we assume that the investor transfers her total holdings in

the indexed fund into the actively managed fund. That is, REFERENCES

the investor starts with $1 invested in the indexed fund at

momentt = 0. Then, the value of the initial investment Boyle, P., 1977, “Options: a Monte Carlo Approacbhgur-

changes according to equation (2). In this case, we simulate nal of Financial Economicgl, 323—-338.

the value of the investment as well. As in the case of Table Brown, S. and W. Goetzmann, 1995, “Performance Persis-

1, when equation (15) obtains, the investor will find optimal tence,”Journal of Finance50, 679—698.

to switch to the In some cases, at some point she might find Carthart, M., 1997, “On Persistence in Mutual Fund Per-
optimal to switch to the index. As in Table 1, we construct formance,”Journal of Finance52, 57-82.

a one-dimensional grid df on the rangd0, 1], and repeat Detemple, J.B., 1986, “Asset pricing in a production econ-
the exercise a larger number of times for each fee value, in omy with incomplete information Journal of Finance,
order to find the level that maximizes the expected present 41, 383-391.

value of the income of the manager. Overall, the results Dothan, M.U. and D. Feldman, 1986, “Equilibrium interest
do not differ greatly from those of Table 1, although the rates and multiperiod bonds in a partially observable
optimal fee tends to be lower than the one we estimated economy,”Journal of Finance4l, 369-382.

when the wealth to be transfered to the actively managed Duffie, D., 2001 Dynamic Asset Pricing Theorgrd edition,
Princeton University Press.
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