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Abstract

A procedure for improving the esti-
mate of the mean (in_the mean-square
sense), compared to X, for a weakly-
stationary autoregressive time-series is
presented. The improvement provided by
the procedure is especially evident when
only a relatively short sample time-series
is available and the power spectrum of the
underlying process is not flat {(white).

A detailed empirical evaluation of the
new estimation procedure, based on a
simulation analysis, is presented.

The new procedure is based on an
estimator that would be BLUE (best linear
unbiased estimator) if the order and co-
efficients of the underlying autoregres-
sive process were known. The Toss of
efficiency caused by estimating the
order and coefficients is shown to be
small.

INTRODUCTION

Weakly-stationary autoregressive pro-
cesses are used to model a wide variety of
time-series [1] A pth-order autoregres-
sive process, AR(p)., may be represented
by the difference equation (Xt-u) +

b](Xt_]-u) +o..F bp(Xt_p-u) = Ets
where Xt represents the state of the

process at time t, where u represents the
mean of the process, where €t is an un-

correlated sequence of normally distributed
random variables with mean zero and

variance cg, and where, for stationarity,
the roots of the characteristic equation
1+ b]z"1 #...4+ b 2" = 0 must lie within
the unit circle in the complex Z-plane.
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The estimate of the mean, in addition
to being an important feature in charac-
terizing the process, - is also used in the
estimation of the autocovariance function.
Thus, accurate estimates are quite impor-
tant. Generally, the mean, u, is
estimated from a sample time-series
{xi:i = 1,N} of length N using x =

X In this paper, a procedure is
i=1

developed for improving the estimate of u
{(in the mean-square sense). The fimprove-

1
N

no~ =2

.ment obtained by using our procedure is

especially evident when only a short
sample time-series is available; indeed,
in this case an improvement in the
estimate of u is most welcome since for _
short time-series.samples, the estimate X
generally has a large mean-square error.
Furthermore, the degree of improvement
afforded by our procedure is dependent
on the location of the roots of the
characteristic equation of the AR(p) with-
in the unit circle in the complex Z-plane.

Although it is not assumed that the
order p and the coefficients b],...,b

are known for the AR(p) generating the
sample time-series, our new estimation
procedure for u is based on an estimator
that.would be BLUE (best linear unbiased
estimator) if the order p and coefficients
b1,...,bp were known. Thus, the first

step in this new procedure is to estimate
p and b],...,bp Then the estimator for

that would be BLUE if b],...,bp were

known is employed using the estimated
coefficients a],...,ap in place of the
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Improving The Estimate 0f The Mean For
Autoregressive Time-Series {continued)

required coefficients b],...,b Under

conditions to be explored below, signifi-
cant improvements in the estimate of u
(compared to X) are possible.

After presenting the theoretical basis
for our new estimation procedure, an
empirical evaluation of the new estimator
is presented using the results of an
extensive simulation study. In particular,
the conditions under which the greatest
improvements may be obtained are explored.

THEORETICAL BASIS FOR NEW PROCEDURE

Qur improved estimation procedure for
u is based on a linear estimator that would
be BLUE if the order-p and coefficients
b],...,bp were known. We establish first

the following theorem:

Main Theorem: The BLUE estimator for the
mean of a weakly-stationary AR(p) with
coefficients by,...,b  1s m = kCix, where

X
1
X = |- represents the sample time-

*n |

series, k is a scalar such that kng

1 ]
1
b,
T+ by + b1
1 T+ by # bp
1, 1= ||, and C =
1 1+ by ¥ bp
T+ by .. bp_]
T + by
1
- -

‘The proof of the -main theorem is
expedited by first presenting some results
concerning row-reversibie matrices and
reflective vectors.

pefinition: An nxn matrix B is row-

reversible, Be¢RR (¢RR denotes the set of
row—reversib1e_matrices), if the elements
of B, bij’ satisfy, bij = bri1oi, ntl-j°
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Lemma 1: A1l doubly symmetric matrices
(matrices symmetric about the two main
diagonals) are row-reversible.

Lemma 2: If nxn matrices D, E, and F
satisfy the equation D = EF, and De¢RR,

and Ee¢RR, then Fe¢RR.
presented in Appendix A.

The praof is
Lemma 3: If nxn matrix A is row-reversible

then A™! is row-reversible.
presented in Appendix B.

The proof is

Definition: A column véctor C is reflec-
tive if the elements <y of C satisfy,

. = C s e
C1 nt1-1

Lemma 4: If Rn'is the nxn autocovariance
matrix of a weakly-stationary.stochastic
process, then R']l is a reflective vector.
The proof is presented in Appendix C.
The proof of the main theorem stated
above now follows.® The weakly-stationary
*
AR(P),s X+ byXy g *+e..¥b X, = ey, may
be represented in matrix form as

£ = Ax, -

where the nxn matrix A s given by

e e —

—1 <::::::::>
“en b2 b] 1

A= b
®p Pp-1
bp bp_] by by 1
bp bp_] b1 1
€1 1
for n>2p, where ¢ , where x = |I 1,
“n X2

*The mean of the process, u, is assumed

zero for notational convenience, without
loss of generality.



and where Z is a pxp lower triangular
matrix such that 7z' = R, (R_ is the pxp

covariance matrix of the AR(p)). The Z
matrix insures that the time-series x is
covariance~stationary.

The autocovariance matrix of the
vector ¢ is Inoi, where In is the nxn

identity matrix. Therefore,

I o2 = E(ee’) = E(Ax x'AT) =
ne = ==
(2)
AE(x x")AT = AR AT
where R, = E(x 5T) is the nxn covariance

matrix of the AR(p).
it follows that

From equation (2)

- 1
Rn = —AA, (3)

It is well known that for any weakly-
stationary stochastic process, a BLUE
estimator for the mean is [2],

fio= ke'x, (4)
where

o
€= cRy'1, (5)

c is an arbitrary scalar, and k is a scalar
such that kC'1 = 1.

For a weakly-stationary AR(p) it
follows from equations (3) and (5) that

ATAL. : (6)

Q
o NjO

From the structure of the A matrix of
the AR{p) it follows that

(7)

&, ] [k, ]
k13 ST
kot koo
Al = |%p1 = (T#by+...+b ) | Xp2],
145, +. .. +b P" 1
p !
i+b + +h i
[Heetby
| i L

where the constants ki];1 = 1,p are the row

sums of the Z~ matrix and k1.2 = ki]/
(1 + by +...+ bp).
Since
—_— 7 —_
P
'p—-l bp.n
AT - by . .7
1 ] .
1 :
0 5. .
0
it follows that
. =
SE
03 (8)
tby+. . +b
ATal = |: (T+by+. . tb )
T+by+...+b P
T+by+...4b
i+b]
] _

where ki3;] = 1,p are determined from

(Z'])T and the constants kip-

. 12T, _ =1
Since —7A A= Rn s

%

lemma 4, that ATAl is a reflective vector,.

it follows, from
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Improving The Estimate Of The Mean For
Autoregressive Time-Series (continued)

Thereforé,‘

i1
1+b,
T+by+.. o 4by (9)
. T+b*...+b 4
T 1 P
A'Al = : . Qhﬁfu”+%).-
|14b,+...#b_ ]

1 P
Ttby+...4by

1+b
1

1

When the arbitrary scalar c, in
.equation (6), is chosen to be ¢ = ci/
(1+b1+...+b ), then from equations (4),
(5), (6), and (9) it follows that the BLUE
estimator; f, is given by fi = kQTL, where

-
1+b,
Tb+o. b g
) 1+b-l+.-.+'bp
Cc=|: (10a)
Teby+. ..+
T+byta . tb g
i+b,
1
and ’ (10b)

) 1
k= RO+ %D, =25 -2(p-1)b, 1~ - --2b]

NEW PROCEDURE FOR ESTIMATING THE MEAN

The main theorem stated and proved
above provides the basis for the new
procedure.

First, the order p and coefficients
b];‘..,bp of the AR(p) underlying the

sample time-series are estimated by
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employing the method suggested by
Durbin [3]. The estimate a . denotes the

estimate of the sth coefficient, bs’ when

the order of AR(p) is r. From [3],

w
r-1
a,, = -=— (11)
rr Vi1
where
r-1 . (
w = ¥ a R . 12)
r-1 g=g 18 7S
where
r-1 .
v = z a R s (]3)
- r-1 s=g 155
where
N T3s = 0‘ (14)
= ar—l,s * (ar,r)(ar—1,r—s); r>1,s
=1, ,r-1
where
agg © 1
and where
3 N-s - -
Rs ° W iii(xi'x)(xi+s'x)'

The coefficients a are obtained

rs

for values of r from 0 to n/2. Then, .
following [4], the residual variance

N Y N

02 = ya_ R is computed for each r, and
r s=p 'S'S

the value of r which minimizes Bi is

chosen as the estimate of the order of

AR{p).

Based on equations (4) and (10), the
estimate of the mean, u, is given by
my = ke'x, (15)

where



+...%
ar,r-]

rl " Tppr
c= | s (16)

i+a +,..%
ri Ay

.ot ;
ar,r—]

) PR

and k is computed so that kQTl = 1.

EMPIRICAL EVALUATION OF THE NEW ESTIMATOR

The effectiveness of the new estimator .

for the mean, u, was evaluated using
simulation experiments. Each experiment
invelved the generation of 250 independent
sample time-series, each of length 50, each
initially in the steady-state (weakly-
stationary), from an AR(p). The root con-
figuration of the characteristic equation

of the AR(p), 1+b]z‘]+...+bpz'p = 0, was

the feature used to classify each experi-
ment. Experiments were conducted for
different order AR(p)'s and, in particular,
for different root configurations for a
given order AR(p).

For each_experiment 250 independent
estimates of X and m; were obtained. Each

AR(p) sample throughout the experimenta-
tion was generated with u = 0 (with no
loss of generality). The experimental
: 250
mean-sguare errors I ()'(1.)2 and
i=1
250
b (ml )° were computed and compared for
i=1 i
each experiment. The ratio_of mean-
square errors, MSE(ml)/MSE(x), was used as

a measure of effectiveness for the new
estimator. 1In addition, the theoretical
ratios of the mean-square errors for the
BLUE estimator M and X (using the known
coefficients b],...,bp)* were compared

*It is easily shown that ggg g =

n2
lT Rn-]l 17R

nl

"1y short length (e.g., 50) may dis§1ay

to the experimental ratios.

The results of the experimentation -
when p = 2, 4, and 6 are presented 1in
Figures 1, 2, and 3, respectively. The
experimental ratio of mean-square errors
are shown, 1in parenthesis, above the
theoretical ratio for each configuration
of characteristic equation roots in the
complex Z-plane.

It was occasionally found that the
order of the process, r, estimated from
the sample time-series of Tlength 50
differed from the true order, p, of the
AR{p) used to generate the sample. When
the estimate of the mean, ﬁ], obtained

using the estimated order r and estimated
coefficients Aqse-+sd,,. Was compared to

the estimate ﬁ] obtained by setting r

equal to the known order p and using a
new set of estimated coefficients
ap],...,app, our procedure (which uses

ar]”“’arr) most often yielded an

estimate closer to the process mean than
the estimate which used r = p. This may
be explained by the observation that a
particular sample time-series of relative-
characteristics typical of an AR(r) of
different order than the underlying
process. Qur procedure exploits the
characteristics of the particular sample
time-series and if the sample behaves
like a representative from AR(r), the
estimated coefficients Bpqse-rrdy,. are.
used to estimate u.

RESULTS AND CONCLUSIONS

It is evident from the experimental
results depicted in Figures 1, 2, and 3
that significant improvements in the
estimation of the mean, u, may be
achieved using our procedure.

The potential degree of improvement
afforded by our procedure may be seen by
examining the theoretical ratios of mean-
square error (obtained assuming the
b],...,bp are known) for different root

configurations of the characteristic
equation of the AR(p). Generally, the
ratio of theoretical mean-square errors
improves (becomes smaller) as the roots
move radially outward (towards unit
radius) and counterclockwise (towards 180
degrees). A root near the unit-circle
produces a sharply defined peak in the
power spectrum of the AR(p). As this
root is moved counterclockwise towards
180 degrees, the frequency of the
spectral peak increases. A root at the
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Improving The Estimate Of The Mean For
Autoregressive Time-Series {continued)

center of the unit-circle corresponds to
a flat (white) spectrum. Here, no
improvement may be expected.

The experimental ratios of mean-
square errors of the new estimator, m],

and the estimator X, are seen to closely

follow the theoretical ratios. Thus, the
Toss of efficiency caused by not knowing

the order and coefficients of the under-

Tying AR(p) is not very great.

Since our procedure may provide
highly significant improvements in
estimating u when the spectrum of the
underlying AR(p) possesses one or more
sharply defined peaks, it is recommended
that a screening procedure, based on the
sample spectrum, be employed. For sample
spectra that display narrow bandwidth
peaks (preferably of higher frequency), a
major improvement in estimating u may be
expected. When the sample spectrum
resembles a flat (white) spectrum, our
procedure will yield 1ittle or no benefit.

Appendix A

Proof of Lemma 2:
Since D = EF, it follows that

n

di5 = kileikfkj’ (A1)

where {eik} and {fkj} are the elements of
the matrices E and F.

It is useful to define

1=n+1-1
m=n+1-7] (A2)
r=n+1-=-%k
Then
n
d f {A3)

= L e .
m 2y 1( rm*

- Since Da¢RR and Ee¢RR, it foellows that

634

ﬂjj = d]m and i T eqpe Therefore,
n N
di5 = ik etk {A4)
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But from equation Al,

djj = k§1eikfkﬂ'
Therefore,
fkg = Taslokom = Frslokontl-g
and Fe¢RR.
Appendix B

Proof of Lemma 3:

since AA™! = I and AeoRRand I eofF,

n
it follows from lemma 2 that'A'1e¢RR.
Appendix C
Proof of Lemma 4:
Rn is a doubly symmetric matrix, and
from lemma 1, Rne¢RR.

From lemma 3 it follows that‘R;]e¢RR.

Then from the definjtion of a reflective
vector, it follows that R;]l is a reflec-
tive vector.
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