wuctv o . . Fitting @ Distribution to Data Using an Aiternative to Moments

Edward F. Mykytka
John S. Ramberg

Systems and Industrial Engineering
The University of Arizona~
Tucson, AZ 85721

Abstract

A four-parameter probability distribution that
This dis—

tribution can approximate many well-known distribu-

is useful in fitting data is considered.

tions and provides a simple and effective algorithm
for gemerating random variates. Its utility, how-
ever, is limited by one's ability to determine its
parameters. The method of moments has been suggest-
ed as a means of selecting the four parameter val-
ues when the first four moments are specified or
_can be estimated. Sample moments, however, are sen-
sitive to extreme observations and are subject to
large sampling variability. Hence, the method of
moments is generalized to allow the use of surro-
gate measures of location, scale, symmetry, and
tailweight. A new~procedure using two statistics -
that are. functions of oxder statisties is developed
and is compared with the method of moments by means

of an exdmple and a Monte Caxlo study.
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INTRODUCTION

Recently, a versatile four—ﬁarameter probabil-
ity distribution whose density function can assume a
wide variety of curve shapes, was proposed by Ram-
berg, Dudewicz, Tadikamalla, and Mykytka [12]. Orig-

inally developed by Ramberg and Schmeiser [13,14]

to provide an effective algorithm for generating
random variates in Monte Carlo simulation studies,
the distribution is useful in itself for modeling
probability distributions and representing data when
the underlying distribution is unknown. It can be
used to approximate many well-known distributions
and its simple form makes it analytically as well as
computationally tractable.

Particular applications of the distribution in-
clude its use as a tool for solving certain produc-:
tion-inventory problems. Kottas and Lau {8], for
example, suggest its use in modeling lead time de-
mands. Silver [17] demonstrates how the distribu-
tion can be utilized in estimating the safety factor
in an inventory control model.

The distribution is also useful in Monte Carlo
studies of the robustmness of statistical procedures
and for sensitivity analyses in simulation experi-~
ments. For instance, in a Monte Carlo study of
linear rank statistics, O0'Meara [11] found it to be
useful not only because it allowed a broad class of
distributions to be generated, but also because it
offered an easy means of computing the scores of
Fisher [3] used the
distribution in a simulation study of the properties

of two statistics that describe the tailweight and

simple linear rank statistics.

symmetry of a distribution and found it convenient
for deriving general asymptotic results for these
statistics. In a robustness study of adaptive esti-~
mation procedures, Moberg, Ramberg, and Randles [9]

used it because it provided a single family of dis-
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Fitting A Distribution To Data (continued)

tributions that was not only computationally tracta-
ble, but extensive enough to cover a wide range of
symmetric and asymmetric -distributions.

As an illustration of the use of this distribu-
tion in fitting data, consider the histogram for 70
observations of the yield, in pounds, of a chemical
process (obtained from Bury [1, P- 6]) given in
Figure 1. The two superimposed distributions were
fit by methods described in this paper.

Despite its versatility and simple form, the
usefulness of this distribution is, however, limit-
ed by one's ability to determine its parameters.
The following two sections give d review of some
properties of this distribution and outline the use
of the method of moments for parameter estimation.
In the subsequent section, an alternative to the
method of moments is presented which is based on
two statistics that provide alternative measures of
the symmetry‘énﬂ tailweight of a distribution. The
two procedures are then compared by means of an ex—
ample, followed by a Monte Carlo study which exam-
ines the effects‘of sampling variability on them.
Finally, a computer progrém for the alternate pro-
cedure and some theoretical fesults are given in

the appendices.

PROPERTIES OF THE DISTRIBUTION

Although most continuous probability distribu-
tions are defined in terms of their demsity func-—
tions, £(x), or distribution functions, F(x), it is
equally valid to define a distribution by its quan-
tile function, if that quantile function exists.
The quantile (or percentile) function, R(p), is
simply the inverse of the distribution function.

The ability to express a random variable in
terms of its quantile function is quite useful in
Monte Carlo simulation studies. In particular, it
is well known that if R is the quantile function of
a continuous probability distribution and if the
random variable U is uniformly distributed on the
(0,1) interval, then the transformation X = R(U)
yields a continuous random variable with quantile
function R. Thus, since sources. of uniform (0,1)

pseudo-random variates are readily available, this
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transformation yields a simple method for geanating

pseudo-random variates from distributions whose quan-

tile functions are known and are computationally
tractable.

This technique was utilized by Ramberg and
Schmeiser [13,14], who generalized Tukey's lambda
function [18] to a four-parameter distribution in
order to facilitate the modeling of both symmetric
and asymmetric distributions. This distribution is

defined by the quantile function

R(p) = Ay + '3 - (1 - M1 /%y
TeN
(0<p< 1.

The parameters Aj and Aj are location and scale para-
meters, respectively, while A3 and A4 jointly deter-
mine the shape of the distribution. When A5 = K4,
the resulting density is symmetric.

The density function corresponding to the per-—

centile function (1) is

£(x)

1]

£[R(p)]

Ay~ A1
‘3 -1
A,[Agp ] @

(0<p<D.

It should be noted that although Al does not appear
explicitly in this expression, f(x) is implicitly a

- function of Al since it is defined in terms of R(p)

which does depend on Al'
The distribution function does not, in general,

exist in "simple closed form." It is, however,

' simple to obtain a plot of the distribution function

by plotting p on the y-axis versus R(p) on the x-
axis. Similarly, a plot of the density function is
easily obtained by plotting, for p ranging from zero
to one, f£IR(p)] on the y-axis against R(p) on the x-
axis.

This four—parameter distribution includes a
wide range of'curve-shapes as demonstrated by the
density plots given by Ramberg, Dudewicz, Tadika-
malla, and Mykytka [12].

assume the usual (symmetric or asymmetric) unimodal

The density function can



chape, J- and reverse J-shapes, and even some U-
shapes. Many truncated densities can also be "+ .-
obtained.

The distributich' bar alsv' provide a good approx-
imation to many well-krown distributions.
ple, Schmeiser [16] has shown that setting
A1-= 0, 12 = 0.1975 and 13 =~A4
an approximation to the standard normal distribution
for which M%x 1 d(x) - Rfl(x) 4 Ay 0.001, where @(x).

is the normal distribution function.

For exam-

= 0.1349 results in

Similarly, as -
depicted in Table 1, a good approximation to the ex~
5= 0.0004

{This result should not be surprising

ponential density results when Al = AZ = A
and AB = 0.0.
since Schmeiser [15] has shown that the limiting

distribution as A4 + 0 is exponential with parameter

® when Al = XB = 0 and AZ = l4 {/ 6.)

PARAMETER SELECTION USING MOMENTS

Although the moments of a.probability distribu~
+ion do not determine that distribution uniquely,
they do convey useful information about the distri-
bution. The relationship suggests that one method
for determining the values of the four lambda para~
neters is to choose Al’ Az, AB’ and X4 so that the
resulting distribution has a specified mean, vari-
ance, skewness, and kurtosis. (The skewness and
kurtosis are, of course, the standardized third and

fourth moments as defined by

oy = E(X - u)3 / 63
and
o, = E(X - u)4 / 04,

respectively, where | and 02 are the mean and vari-
ance of the distribution.)

Ramberg and Schmeiser [14] have derived expres—
sions for the mean, variance, skewness, and kurtosis
of the proposed distribution as functions of the
(See also [12].)

these expressions, it can be shown that legitimate

four lambda parameters. From
densities whose first four moments exist occur only
when AS and 14 have the same sign and

> - .
Min(As,Aé) > -1/4

It can also be shown that the skewness and kur-
Thus, if

the wvalues of'u3 and‘ah are known (or can be esti-

tosis are functions of A3 and Aé alone.

mated), the corresponding values of AS and')\4 can
be determined {or -estimated) by solwving the system

of simultaneous non~linear equations

Ay = ag(Agshy)
o, = o (),

where aé(k3,k4) and aa(k3,ké)'are the values of
skevness and kurtosis calculated as functions of K3
and X4. Alternately, one can apply techniques of
function minimization to search for values of A3 and

A& which minimize an objective function such as
EOLLAY = oy = 0, AN + €o, = o, (aad, D)2
327 O3 = U3lhgs 2y O = O {Agahy?)

subject to the constraint that As ana Ah ﬁave the
same sign.

The moment formulas of Ramberg and Schmeiser
further indicate that the variance depends on the
shape parameter 12 as well as on AS and Aﬁ, and that
the mean is a function of all four parameters.
Hence, once one has determined values for A3 and KA,
one can then consecutively solve for the values of
Az and Al which correspond to specified values of 62
and .

Either of these methods requires computerized
numerical procedures since a3(k3,14) and u4(k3,14)
are highly non-linear. To simplify this process, a
table has been constructed by Ramberg, Dudewicz,

Tadikamalla and Mykytka [12] which permits the imme-

diate selection of the lambda parameters for given

values of the first four moments. (The complete
table, along with a discussion of its construction
and accuracy, can also be found in Mykytka [101.)
If yu, 02, as, and a4 are unknown, they must be
estimated from sample data. The preceding procedure
is then used to estimate the lambda parameters with

U, 62, a3, and o, replaced by their usual sample

estimates, which4we shall denote as x, 82, 33, and

&4, respectively. It should be noted, however, that
the third and fourth sample moments are quite sensi=
tive to extreme observations and the variability of

these sample moments can be large.
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Fittmg A Distribution To Data (continued)

AN ALTERNATE METHOD FOR PARAMETEk ESTIMATION

The first four moments can provide a convenient
procedure for parameter selection since their popu~
lation values are often known as a result of experi-
ence or from theoretical considerations. On the
other hand, the use of sample moments can reasonably
be questioned because of the great deal of variabi-
lity associated with the third and fourth-sample
moments. It would thus seem reasonable to seek a
method for estimating the lambda parameters based on
a less variable set of sample statistics which des-
cribe, as fully as possible, the distribution being
sampled.

Consider, for example, the most common alter—
nate measures of location and scale, the median and
the interquartile range (IQR).: Each can easily be

expressed as a function of the lambda parameters, as

follows:
median = R(0.50)
As VA (3)
=2, + [0.50) ° = (0.50) "1 / 4,
and .
IQR = R(0.75) - R(0.25) .
- (&)
A A A A
= [(0.75) 3-(0.25) 2~(0.25) >+(0.75) 4]/)\2.

Note that the median is analogous to the mean in
that it is a function of all four parameters. Simi-
larly, the IQR depends only on A2’ A3, and XA as
does the variance.

Alternate measures of symmetry and tailﬁeight
(surrogates for, the skewness and kurtosis) are not
as well-known. Hogg, Fisher, and Randles [6] have
proposed an attractive pair of statistics which are
functions of linear combinations of the order sta-
tistics. In particular, let ¥; <Y, < ... <Y, be

" the order statistics of a random sample of size n
from a continuous distribution. The skewness indi-
cator, Q3, is then defined by

7(0.05) - #(0..50)
ﬁ(,o.so). - 1.¢0.05). .

, (5)
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where T(0.05), M(0.50) and L(0.05) are, respective—
1y, the averages of the largest (uppermost) five
percent of the Y's, the middle 50 percent of the
Y's, and the sﬁallest'(lb&ést) five percent of the
Y's. Fractional quantities are used in the compu-
tation of these averages; for example, if n = 50,
then £(0.05) = (¥, *+ ¥, +'(1,/2))72.5, since
{0.05)n = 2.5. Similarly, Q4, the tailweight des-
eriptor, is defined as ’

G(0.05) - £(0.05) . (6)
U¢0.50) - L£0.50)

< .Y

The particular notation uséd for these statistics,
i.e., Q3 and Q4, is that of Moberg, Ramberg, and
Randles [9] and is used because it suggests their
use as alternatives to Oy and Q-

Hogg, Fisher, and Randles suggest that if Q3 is
large, say greater than two, then there is an indi-~
cation that the distribution is skewed to the right,
i.e., positively skewed. Similarl&, if Qy < 1/2,
the indication is that it might be negatively skewed.
For symmétric distributions, this ratio should be
nearly one.

very heavy-tailed distribution while if Q4 <2, a

In a 1like manner, Q4 > 7 suggests a

light-tailed distribution is suggested.
Fisher [3] has shown that, asymptotically,

- o .
'F(0.05) ~ M(0.50)
E(Qq) = =i - )
37 Wyc0.50) ~ ME0.05)
and
= -
EQQ,) = 1U(0.05) 1(0.05) ®
¥ MgG0.50) T PE(0.50)

For our particular four-parameter distribution,

r A3+1 14+1 “
u 1 - (1-0) o
U(o) = —5— - + A1,
] A3 + 1 K4 +1 ]
- A+l A+l -
3 4
u - o (1-a) -1
L) =g, |5 F17 %, +1 * AL,



X+l 1-g Mgl
-

-y
Wiy = ox, [

] AB +1

A4 Al
- Ay

+ + Al
L L P

Upon substituting these last expressions into (7)
and (8), it should be clear that E(Q3) and E(Qh) are
functions of A3 and A4 alone. .

" Although (7) and (8) are asymptotic results,
they do provide one with a method of estimating the
lambda parameters analogous to the method of moments.
In particular, let Q3(A3,A4) = E(QB) and Qa(As,XQ) =
E(Q4) and let Q3 and Q4 denote the sample statistics
calculated by (3) and (4).

<can estimate the lambda parameters by first search-

Then, for -example, one
ing for AB and-lé to minipize the objective function
. ) ) ,
EGgedy) = €03 = Q0207 + (@ - 403,207 )

subject to the constraint that %1 and 12 have the
same sign. The parameters 11 and Az can then be de-
termined from the expressions for the mean and vari-
ance of the distribution, or from the expressions

(A FORTRAN

program which minimizes the objective function (9)

for the median and interquartile range.

in order to determine the lambda parameters corre-
sponding to specified values for the mean,.variance,
Q3 and Q&’ is described 4n Appendix A and is listed
in Figure 8.)

EXAMPLE

In order to compare this alternate procedure
with the method of moments, consider once again the
dafa represented by the histogram in Figure 1. The
ordered data are presented for reference in Table 2.
The data are taken from Bury [1, p.6] and are sum-
marized by the sample statistics

% = 24.186, . &%

14.494,
&3 = 0.67, &4 = 3.69.

Using the method of moments (following the procedure

outlined in [12]), the corresponding parameter

estimates are

n
i

Xl 22.122, iz 0.0349,

AS 0.0435, A

4 0.1283.

The statistics QB and Q4 are calculated from
the data (as illustrated in Table 2) to be

Q3 = 1.5901 and Q4 = 2.8607.
Solving for ks and A4 by minimizing (9) (using the

program listed in Figure 8), the lambda parameters

are estimated to be

>
"

L = 22.706, Xz = 0.0006184,
iz = 0.0008252, Xﬁ = 0.001742.

Although these estimates of the parameter val-
ues appear to differ considerably from those
obtained using sample moments, the differences
between the corxesbonding density plots are not .
nearly as radical as one might expect. Figure 1
shows both probabi;ity densities superimposed over
the relative frequency histégram. The density from
the method of moments appears to be slightly more
skewed; however, both seem‘Fo fit the data well.
(Corresponding chi—sqﬁare goodness—of-fit test sta-
tistics are calculated in Table 3.) One might con-
sider the (Q3,Q4) density as the better fit, since
it best reflects the peakedness of the data.

A MONTE CARLO STUDY

The example in the previous section suggests
that the (Q3,Q4) method of estimating the lambda
parameters results in a slightly better fit to the
data than does the method of moments. Despite this,
one does not know which of the two methods best es-
timates the shape of the :true underlying density
function.

Tnitially, one might be interested in deter-
mining which pair of statistics, (&3,34) or (Q3,QA),
is least sensitive to sampling variability. A
start has been made in this direction with the re-
sults given in Appendix B. 1In particular, expres-

sions are derived for the moments of the order
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Fitting A Distribution To Data (continued)

statistics of the proposed distribution as well as
for the covariance between any pair of order statis—
tics. These are potentially useful since Q3 and Q4
are functions of order statistics. Furthermore,
these results enable one to approximate the moments
of varilous theoretical distributions that can be
-approximated with the proposed distribution.

A Monte Carlo simulation study was performed to
compare the sampling variability effects ‘of the two
methods. Thirty random samples of size n = 50 and
n = 100 were generated from three particular distri-
butions and both methods were used to estimate the -
lambda parameters from these samples. The sampling
variability effects were then compared by plotting
—- for each method, disfribution, and sémpie size ~-
the estimated density functions for each of the 30
replications on the same coordinate axes. The re-
sults are shown in Figures 2 through 7.°

The random samples were generated using the
quantile function (1) to transférm uniform (O,l)A
random variates into variates from the specified
distribution by the method outlined previously. The
specific random number gemerator employed was o
Marsaglia's SUPER-DUPER (available from and docu-
mented in reference [2]) and, for the same sample
sizes, the same sequences were employed to generate
the 30 samples from each distribution.,

Thé parameters for the distributions were
chosen so that each had a zero mean and unit vari-
ance. The distribution considered in Figures 2 and
3 is the approximation to the normal which has a
zero skewness and a kurtosis of three. Equivalently,
the (asymptotically) expected values of'Q3 and Q4
are 1.0 and 2.5959 respectively. The second distri-
bution (Figures 4 and 5) is also symmetric and has a
kurtosis of six.
t distribution with six degrees of freedom, this
distripution has E(Q3) = 110 and E(Q4)~- 3.0604.
Figures 6 and 7 depict a skewed distribution with
Og = 1 and o, = 5; the’corresponding values of E(Q3)
and E(Qh) atre 1.835 and 2.8119, respectively.

From each sample, the statistics aé and &4 as

Roughly equivalent to a Student's

well Q3 and Q4 were calculated and then used to es-
timate the lambda parameters by each of the two

methods. Since the intent of this study was to
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compare only the shapes of the resulting densities,
in both cases Al and Az were estimated using the
sample mean and variance.

The sampling variability of the moments pre-

sented itself even before the estimated densities

. were plotted, producing some combinations of

(sample) skewness and kurtosis for which correspond-
ing values of 13 and 14 do not -exist. . This phendme~-
non occurred primarily for a‘ sample size of n = 50,
although a few incidents were observed for the
1arger sample size. This phenomenon did not occur
even once using the Q3 and Q4 statistics.

The plots in Figures 2 through 7 show that the
curve shapes of .the densities estimated by the metﬁ—
od of moments are more varied-than the shapes of
the densities estimated by the.(QB,Q4) method. The
curve shapes for the latter method conform more
closely to the form of the specified distributions
(shown by the dotted curves). In contrast, the
method of moments sometimes estimated these general-
ly "bell-shaped" curves with‘J-shapeé and often was
unable to estimate the density at all. It is thus
concluded that the sampling variability effects of
Q3 and Q4 are considerably less than those of the .

sample moments.

. . ¢
APPENDIX A

The FORTRAN program listed in Figure 8 searches
for the values of the four lambda parameters corre-—
sponding to specified values of mean, variance, Q3,
and Q4. It employs Powell's algorithm for uncon-
strained function minimization (to minimize the ob-
jective funetion (9)) and is designed to interface
with the version of the algorithm presented as
SUBROUTINE Bbfﬁ'by Keuster and Mize [7]. (This sub~
routine is not 1isted'in Figure 8.)

The program requires the user to input the de-
sired values of Y, 02, Q3, and Q4 and starting val-
ues for 13 and AE' Two useful pairs of starting
values are (0.1; .0.I) and. (-0.05,.-0.05).. In addi-
tion, the user must supply values for some para-
meters used by Powell's algorithm. Recommended val-

ues for these are MAXIT = 100, ESCALE = 1000, and



E(1) = E(2) = 0.00001l. A complete discussion of
the definition and significance of these can be
found in Keuster and Mize [7].

This program has been run and tested on an IBM
360 computer at the University of Iowa, and re-
quires the built~in double precision functions DABS,
DSQRT, DSIGN, and DGAMMA, supplied by IBM. The
first three are generally available on most FORTRAN
facilities, however the gamma function DGAMMA may
not be readily available. If a substitute cannot
be obtained, the user then may wish to alter the
program to determine AZ and Al using the éxpres—
sions for the interquartile range (2) and the medi-
an (1), instead of the variance and mean. (The
gamma function is required only in the computation
of the variance as a function of the lambda para-
meters.)

The following is a list of variable names used

in the program and their -definitions.

LAMBDA Vector containing the four lambda para-
meters.

MU Degired mean (input).

SIGMA2 Desired variance (input).

Q3 Desired value of Q3 (input).

Q4 Desired value of Q4 (input).

MEAN Calculated mean.

VAR Calculated variance.

Q3CALC Calculated value of Q3.

Q4CALC Calculated value of Q&'

START Vector of starting values for A3 and 14
(input).

MAXIT Maximum number of iterations for Powell's
algorithm (input).

ESCALE Maximum step-size multiplier —- X(I) will
not be incremented by more than
Escale*E(I) (input).

E Convergence criteria for Powell's algo-
rithm -- Convergence assumed when values
for parameters between successive itera-
tions differ by less than these values
(input).

N Number of parameters determined via mini-
mization routine (N = 2).

IFON Number of function evaluations required
in minimization procedure.

TOL Tolerance value -- if optimal value of

objective:function exceeds TOL a warning

message is printed.

IPRINT Controls printing in BOTM (not used).

X Parameter values ~- initially contains
the starting values for A3 and A4 -
finally contains the optimal values of
AB and ké.

EF Optimal value of objective function.

W Working vector area for BOTM.

NW Dimension of W (NW = N*(N+3)) .

NI Card reader unit number.

NO Printer unit number.

APPENDIX B

In this section, a generalization is given for
a result stated.by 0'Meara [11] for the expected
value of the jth order statistic of a random sample
of size n from a member of the proposed distribu-~
tion. In particular, expressions are given for the
kth moment of the jth order statistic and the co-

variance between any pair of order statistics.

RESULT : For Al = 0,. the kth moment of the
jth order statistic of a random sample of size n

from a distribution having quantile function (1) is
given by

k .
k -k n! k i
e I T ¢ S TR o (1) D

(10)

By (k-1)+], A, dim=3+1),

where, by the definition of the beta distribution
(see, for example, Hogg and Craig [5, p.134])

1 .
j ua_1 (1—u)b—1 du
0

B(a,b) =

_ _T@r®) .
T (atb)

The proof of this result is given by Mykytka
[10] and can be -sketched as follows. By definition,
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Fitting A Distribution To Data (continued)

E(Y k) = j xk gj(x) dx

3 —
where gj(yj) is the density function for the jth
order statistic of a random sample from a distribu-
tion with distribution function F(x) and density
function £(x). In particular, as given by Hogg and
Craig [5, p.150],

! . -1 n-j
g,(,) = —2 Fe )13 nere) 1™ £6).
T gt | i :
Making the change of variable u = F(x) so that
A A

x = R() = [u3 - (1-u) Z’]xz‘l

one then has

-k n!

51 )\3 )‘Qk
G-Dt@-!

[u” - (1-u) 7]

EY.S =2
hj 2 0

. uJ—l (l—u)n—J du.

Ay Ak
Expanding [u = -~ (1-u) ]
interchanging the order of summation and integration
yields °

in a binomial series and

k

k -k al k i
EL.) = A z ( ) -1)
3 2 (-Di@-3)t =0 L
(1 Ag (e=1)+j-1 A dm-]
. ot (1-u) du.

Recognizing that the integral has the form of the
beta function, the result follows directly.

When k = 1, the result (10) reduces to the ex—
pression for the mean of the jth order statistic
given by O'Meara. Similarly, setting k = 2 yields
an expression for E(Y.Z). Then, the variance of the
jth order statistic o%.a random sample from a dis-

tribution withuquantile function (1) is given by

]

i 2 2
Y E(Y. - LE(Y. .
Var( j) C P ) -1 (‘J)]
In order to calculate the variance of the sta-
tistics U(a), i(u), or M(e), which are linear combi-
nations of the order statistics, one needs to com-

pute the covariance between pairs of the order sta-

368 December 3-5, 1979

‘ties Y

tistics. The following result enables one to de-

termine these covariances.

RESULT: TFor Al = 0 and any two order statis-
i and Yj such that Yi
sample of size n from a distribution with quantile

function (1),

E_Yj, of a random

j-i~-1
n! 5

(1-1)1(§~1-1) 1 (n-j)! k=0

- [§-1-1 k
B(,Y,) ( . ) -1

'[B(A3+j-i_ksn‘j+1)'B(j—i"ksx4+n-j+l)] (11)

1 e
- X;?ﬁ?i'— Bk, +1)].

The proof of this result is also given by
Mykytka [10] and proceeds in'a similar manner.

Given the two results, (10) and (11), the co-
variance of any two order statistics, Yi f_Yj, is’

then given by
COV(Yin) = E(?in) - E(Yi)E(Yj)'

The variances of the statistics U(a), L(o), and M(o)
can then be determined using the usual formula for

the variance of a sum of dependent random variables.
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FIGURE 1. Relative Frequency Histogram and the
Fitted Distributions
TABLE 1. Comparison of the Actual and Approxi;
mated Percentiles of the Exponential
Distribution
Actual Approximated Distance
Percentile Percentile Criterion™®
P R(p)=-1n(l-p)  R(p)=x, F(xp)=l-e™ P [p-F(xp)|
0.01 0.0100 0.0104 0.0103 0.0003°
0.05 0.0513 0.0517 0.0504 0.0004
0.10 0.1054 0.1058 0.1004 0.0004
0.50 0.6931 '0.6935 0.5002 0.0002
0.75 1.3863 1.3863 0.7500 0.0000
2.390 2.3052 2.3018 0.8999 0.0001
0.95 2.9957 2.9943 0.9499 0.0001
0.99 4.6052 4.6012 0.9900 0.0000
0.995 5.2983 5.2931 0.9950 0.0000
*Phe distance criterion, |p-F(x.)|, is
the absolute difference between tge specified
probability, p, and the value of the c.d.f.
for the exponential distribution at the
approximated percentile.
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Fitting A Distribution To Data (continued)

TABLE 2., Ordered Data and Calculation of Q3 and Q4

TABLE 3. Chi-Square Goodness—of-Fit Test -

Statistics® for the Fitted Distri-

(6 impossible
] : densities omitted)

0.5

o 1 T T o
-3.0 -1.5 0.0 1.5 3.8

butions
Ordered Data Expacted Frequéncias
17 20 22 23 23 24 25 26 27 29 Yiald Observed Density Eit Dansity Fit
: (interval) Fraquency  Using Moments Usin
17 20 22 23 23 24 25 26 28 29 ) et
< L
18 20 220 23 23 2¢ 25 26 28 31 | less chan 18.3 4].m 10.86 9.75
~-18-~ 21 =-=22-= 23 23 25 25 -=26=-= 28 =-31-- 18.5 - 20.3 § ,
19 21 220 23 23 24 25 26 28 33 20,5 - 22.5 13 © 14,39 14.59
19 21 32 ° 23 24, 24 25 27 29 34 22,5 - 24.5 19 15.39 . 15.86
19 21 22 . 23 24 24 25 27 29 16 24.5 - 26.5 12 12,01 12.73
‘ 26.3 - 28.3 7 7.92 7.67
. Dashes (--) bracketing an observation indicate 28.5 - 30.3 4 - 4.58 4.15
that fraqtignal portions of the observation were used 30.3 - 32.3 2
in calculating Q, and Q,. 3
S 32,5 - 345 it s 4.57 5.25
more than 34.5 1
Calculation of the Q, and Q, Statisties | | 777 STt TTTTEmTT”
N ‘ ) 2
§(.05) = (131/2)+33+34+36) /3.5 = 33.8571 test statistic values: ¥ = 1.33 & = 0069
G(.50) = (24+24+--++34+36) /35 = 27,0571 2 2
) i P [ ¥ ()< 1.39 ] =0.50; B { x7(2)< 0.575 ] =0.25
L(.05) = (17+17+18+(18/2)}/3.5 = 17.4286 .
- . £ 3r3 P [4
L(.50) = (L7+17+°« ++23424)/35. = 21.3143 _Comparison of the values o:ocha cest ;ta:is:~cs with the
' above tabulatad values of ¥~ {with (7-4-~1)=2 degrees of
(.50} = ((22/2) 4224+« ++26+(26/2))/35 = 23.7714 freedom) indicates that aither model Iics the data well.
Q3 - (33.8.57»1-'-23.7714)/(23.7’/-];4?17.4286) = 1.5901 * The 3(2 cest statistics are computed agcoriing %o che
Q4 = (33,.8571-17.4286)/(27.0571-21.3143) = 2.8607 sechod outlined by Hahn and Shapirs 56, s :1.9} .
£(x) . Behavior of the Sample Statistics
Method of Moments

in the 30 Replications for
aq = 0, o, = 3 and n = 50

Standard  Expected |

statistic Minimum  Maximum Average Deviation vValue
X -0.2545 0.2766 =0.0413. 0.123 0
o? 0.6181 1.1345 0.9960 0.223 e
qﬁy -0.6153 0.8234 0.0221 1.260 0
a4 1.1471 6.0460 2.8668 1.260 3

£(.05) ~-2.8284 =-1.3893 -2.0034 0.347 -2.0677

£(.50) -=1.1415 -0.5493 =-0.8312 0.159 ~5,7965

G(.05) 1.3012 2.5837 1.9221 0.314 2.0677

G(.50)  0.5159  1.1102  0.7486  0.154 0.79%5
®(.50) =0.2456 0.2002 -0,0509 0.137 0
Q4 0-.6194 1.5090 1.0429 0.256 1

2.

1342 3.0141 2.4926 0.203 2.5959

Observed Combinations of &3 and & 4
For Which k3 and 7\4 Do Not Exist
(0.0487, 1.3132)

(0.2428, 1.6360)

(0.0795, 1.4148)
(~0.2126, 1.2616)
(-0.1860, 1.1471)
(~-0.0566, 1.5082)

3, and n = 50
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f(x Method of Moments Behavior of the Sample Statistics
in the 30 Replications for
oy = 0, o4 = 3 and n = 100
Lo Standard Expectéd
Statistic Minimum Maximum Average Deviation Value
X -0.2061 0.2179 0.0209 0.102 0
qf 0.7328 1.4770 1.0006 0.181 1
o -0.5183 0.4876 0.0688 0.239 0
oy 1.8193 6.1141 3.0748 1.003 3
L(.05) -2,.5663 -1.5239 ~-1.9973 0.253 -2.0677
£(.50) -1.0119 -0.4489 -0.7699 0.133 -0.7965
G(.05) 1.6834 2.6757 2.0922 0.243 2.0677
§(.50) 0.5997 1.0374 0.8118 0.117 0.7965
M(.50) -0.2165 0.2575 0.0073 0.111 0
Q3 0.6943 1.3994 1.0609 0.185 1
Q4 2.3404 3.1195 2.5973 0.183 2.5959
Observed Combinations of a3 and 64
For Which A3 and X4 Do Not Exist
none
FIGURE 3. Monte Carlo Results —— 0L3.= 0, OL4 =3, and n = 100
-Behavior of the Sample Statistics
in the 30 Replications for
£ (%) Method of Moments a3 = 0r oy = 6 and n = 50
{6 impossible Standard Expected
densities omitted) Statistic Minimum Maximum Average Deviation Value
- A p -0. . -0. 0.125 0
/[Z’@\\\& , x 0.2678  0.3384  -0.0396
,7;1,7:[/75\&__\ o? 0.5301  1.6635  0.9786  0.304 1
/ /lly, \\\i\\\i\\ % -2.5322 2.1240 -0.0453 0.799 0
. , AR ~
‘,,V oy 1.0138 17.6625 4.4964 3.821 6
WAt R .
N L(.05) -3.8817 ~1.2839 -2.1728 0.595 -2'2563,
L£(.50) -1.1037 -0.4731 -0,7717 0.168 -0.7372
=3 T T T e U(.05) 1.1761 3.4497 2.0343 0.521 2.2563
-3.0 -i.5 0.0 s 30 §i(.50)  0.3939  1.1668  0.6925  0.162 0.7372
M(.50) -0.2374 0.1653 ~0.0422 0.113 [¢]
Q3 0.5223 2.1348 1.0439 0.385 1
Q4 2.4035 3.7639 2.8708 0.308 3.0604
Observed Combinations of &3 and &4
For Which A3 and A4 Do Not Exist
(-0.0178, 1.0139)
(0.3873, 1.7385)
(0.1072, 1.1206)
(~0.2777, 1.3161)
(-0.2208, 0.9514)
(-0.1441, 1.3227)
FIGURE 4. Monte Carlo Results -- 04 =0, o, =6, and n = 50
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Fitting A Distribution Te Data (contihued)

flg) : Méthod of Moments
Behavior of the Samplé Statistics
in the 30 Replications for
ey = o, oy ™ 6 and n = 100
. . Standard Expected
Statistic Minimum Maximum Average Deviation Value
x +0.2055 0.2481 0.0253 0.102 0
a* 0.7135. 1.7589 1.0177  0.241 1
. -1.6700  3.5123 0.2759°  0.864 0
d4 2.0243 34.4756 6.1313 5.855 6
£(.05) -3.2040 ~1.5634 -2.1522  0.424  -2.2563
£(.50) =0.9905 -0.4096 -0.7105. 0.136 -0.7372
G(.05) i.5923 3.7806  2.3398 0.435 2.2563
T(.50) 0.5337 0.9993 0.7611 0.12@ 0.7372
M(.50) -0.1792 0.2159 0.0061 0.092 0’
Q3 0.6018 1.5696 1.1205 0.282 1
Q 2.713% 3.7799  3.0565 0.264 . 3.0602
Observed Combinations of 63 agd 34
For Which lé and x4 Do Not Exist
none
B 2 - =T -
-3.0 -1.5 0.0 1.5 3.0
. X
FIGURE 5. Monte Carlo Results -- aj = 0, a4 =6, aid n = 100
Behavior of the Sample Statistics
. in the 30 Replications for
£ (x) Method of Moments a3 =1, a, =5 and n = 50
{13 impossible . Standard Expected
2_. densities omitted) Statistic Minimum Maximum Average Deviation _Value
-% -0.2481 0.3434 0.0341 0.123 0
qf 0.5212 1.8083 0.9649 0.290 1
A L8] 0.1059 3.4517 0.8691 0.790 1
2, 0.6749 16.9619 4.0721 :3.565 5
£(.05) -2.2217 -1.1551 ~-1.5712 0.250 ~1.6277
o . —— £(.50) -0.9895 =-0.5675 =0.7719 0.114 ~0.7548
=3a T T T T B
3.0 1.5 0.0 1.5 3. g(.OS) 1.3359 3.8521 2.3618 0.574 2.6149
x U(.50) 0.3402 1.2542 0.7037 0.197 0.7541
i M(.50) -0.3799 0.0465 -0.1752 0.121 -0.1313
1 £x) R .
Q3 1.14%0 3.0847 1.8779 0.544 1.8349%
w Q4 2.2443 3.1938 2.6710 0.279 ) 2.8118
o - -
Observed Combinations of &3 and &4
For Which i, and }, Do Not Exist
(0.5572, 2.0429) (0.0733, 0.6749)
- (3.1295,16.9619) (3.4517,14.4515)
(1.0338, 1.7667) (0.3814, 1.7880)
(0.9107, 0.3097) (2.2734, 8.7950)
/
: - (0.4514, 1.6498) (0.2459, 1.1087)
- (0.1059, 0.8689) (0.2499, 1.6776)
-3.0
FIGURE 6. Monte Carlo Results —— og = 1, a, = 5, and n = 50
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£(x) Method of Moments Behavior of the Sample Statistics
i ibl in the 30 Replications for
(4 impossi. e. 93 = 1, gy =5 and n = 100
n densities omitted)
o standard Expected
Statistic Minimum Maximum Average Deviation Value
x -0.1940 0.2422 0.0272 0.10l 0
- a2 0.7299 1.4443 1.0388 0.214 1
é; 0.3727 4.24686 1.2060 0.770 1
oy 1.6667  27.2252 5.9566 4.631 5
_2 £(.05) -1.9892 -1.3061 -1.5650 0.180 ~1.6277
(=]
-3.0 -1.3 ca. 1.5 3.0 L(.50) =-0.9007 -~0.4906 ~-0.7286 0.096 -0.7548
* U(.05) 1.8594 3.5431 2.6896 0.469 2.6149
U(.50) 0.5126 1.0646 0.7831 0.151 0.7541
£(x) M(.50) -0.3211 0.1152 -0.1266 0.100 -0.1313
w Q, 1.2729 2.7176 1.9929 0.401 1.8349
S Q4 2.4721 3.3816 2.8216 0.249 2.8118
Observed Combinations of 33 and 34
For Which A3 and A4'Do Not Exist
_ (4.2466,27.2252)
(0.6159, 2.3576)
(2.3762, 9.9702)
(0.1925, 1.6667)
o
c-_
-3.0
FIGURE 7. Monte Carlo Results —-— a3 =1, a4 =5, and n = 100
C wmmx FROGRAN QPOVW o— 105 3RZAD(5,610) 4U, SIGMA2,Q3,Q4
c 610 TFORMAT(4D10.0)
C *»%x PROGRAM SEARCHES FOR THZ 4 PARAMETERS OF THE  *=«x Ir(Q4.L2.0,D0) STOP
C *®x%%x IANBERG~SCHMEISZR-TUKEY DISTN. CORRESPONDING  *#»x  C
C #x%%x TQ SPECIFIED MEAN, VARIANCEZ, Q3 (A UZASURZ OF hkxx IFUN=0
C ##&x SYNMETRY), AND Q8 (A MEASURZ OF TAILWEIGHT) *xxx  C
c READ (5,615) (X(T}),I=1,2)
C *xx* DARAMETERS ARE DETERMINED BY SEARCHING FIRST  #*%kx 615 FORMAT(2D10.0)
C ***x POR LAMBDA(3) AND LAMBDA(4) POR WHICH MINIMIZE =#xx C
C *%xx THE SUM OF SQUARED DEVIATIONS BETWEEN THE P START (1) =X (1)
C #%xk SPECIPIZD AND CALCULATED VALUES OF Q3 AND QU4  *%¥x START (2) =X (2)
c c
C *#=k SEARCH ¥ETHOD USED IS POWELL'S ALGORITHM FOR  m#xx 140 caLL BOT™(X,E,N,EF,ESCALE, IPRINT,MAXIT,W,NI,NO,N¥)
C **%% UNCONSTRAINED PUNCTION MINIMIZATION *xxe  C
c C CALL FUNCTION 70 INSURE THAT Q3 AFD G4 CORRESPOND
C ##x* LAMBDA(1) AND LANBDA(2) ARE THEN DETEEMINED xRk C TO OPTINAL VALUES GF LAMBDA(3) AND LAMBDA(4) FRON
C #*%%% PROM LAMBDA(3) AND LAMBDA (4) USING PORMULAS mkn € POWELL'S ALGORITHH
C *%x*x POR THE MEAN AND VARTANCE *wx  C
c CALL CALCPX(N,X,EF)
IMPLICIT DOUBLE PRECISION (A-H,L,M,0-3) LAMBDA (3) =X (1)
DOUBLE PRECISION MEAN,NO LAMBDA (4) =X (2)
DIMENSZCN X (10} ,2(10),W(130) ,LANBDA (4) ,5START (2) c
c ¢ CALCULATE LAMBDA(1) AND LAaMBDA (2) FROM LAMBDA(3)
COMMON Q3,Q3CALC,Q4,QUCALC,NU,SIGNA2,IFUN C  AND LAMBDA (4)
¢ c
y1=5 CALL PN2(LASBDA)
NO=6 c
c WRIT2 (6,710} (J,LAMBDA{(J}),J=1,4)
READ (5,605) MAXIT,ESCLLE, (E(I),X=1,2) 710 FORMAT(///,2(8X,2 (TELAMBDA (,X1,3H): ,D14.7,4X),/))
605 FORMAT(I10,3D10.0) c
c C COMPUTE MEAN AND VARIANCE PROM LAMBDA VALUES
WRITE (6,701) MAXIT,3SCALE, (E(I),I=1,2) c
701 FORMAT (35H1PARAMETERS POR POWELL'S ALGORITHM:,/, CALL MVCHCK (LAKEDA,MEAN,VAR)
ASX,9H MAXIT = ,I4,12H ESCALE = ,PS.0, c
B10E =(1) = ,D10.3,10H E(2) = ,D10.3,/////) ARITE (6,715)
c 715 FPORMAT (16X ,30HMPAN VARIANCE Q3 Q8,/)
IPRINT=3 c
N=2 WRITE (6,720) MU,SIGNA2,0Q3,Q4
NW=H* (N+3) 720 TFORMAT (14H DESIRED: U4 (F8.4,2X))
TOL=5.D~4 'WRITE (6,725) MEAN,VAR,Q3ICALC,QUCALC
c 725 TPORMAT (148 CALCULATED: ,4 (F8.4,2X),//)
FIGURE 8. FORTRAN Program to Determinc Lambda Parameters Corresponding

to Specified Mean, Variance, Q3; and Q4
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Fitting A Distribution To Data (continued)

c
WRITE (6,730) EP
730 TFORMAT (30 XININOM VALUE OF PUNCTION IS ,D15.7,//)
c
| WRITEZ(6,732) (START(I) ,I=1,2)
732 TFORMAT (10X,34ESTARTING VALUES USED -- START(1): ,
ZD14.7,/,38X,10HSTART (2} : ,Di4.7,/)
[
IFUN=IPUN-1
WRITE(6,735) IPOUN
735 FORMAT (286 POWRLL'S ALGORITRM RIQUIRED,IS,
A21H PUNCTION EVALUATIONS,//) .
€ . R
IP(ZF.LT.TOL) GO T0 105
WRITE (6,770)
770 PORMAT (1X,36H*** TEIS VALUE OF OBJECTIVE PUNCTION,
B178% ¥AY BE TOO IARGE,/,10X,18H--- SUGGEST USE OF,
C30H DIFPERENT STARTING VALUES *%*,//)

Go TO 105
c
EXD
SUBROUTINE CALCPX {N,L,PX)
c
| C *%=% SUBROUTINE BVALUATES OBJECTIVE PUKCTION (9)  *%wx
C #awk THE SUM OF THE SQUARED DIPPEKENCES BETWEEN *xax
J C ®xkx THE SPECIPIED VALUES OF Q3 AND Q4 AND THOSE  %%xi
C %kx CALCULATED AS FUNCTIONS OF LAMBDA(3) AND ik
| © *xx« LAMBDA (4) i
te

INPLICIT DOUSLE PRECISION (A-H,L,M,0-2)
DOUBLE PRECISION MU

DIMENSION L(2)

COMMON Q3,Q3CALC, Qd, QUCALC,HMU,SIGHAZ,TFON

IFUN=IFUN+1
c .
i L3=L (1) +1.D0
Li=L (2) +1.D0
1c
C  YOTE THAT L{1) IS5 ACTUALLY LAMBDA(3)+1 AND
c L(2) IS5 ACTUALLY LAMBDA (4)+1
c
C  INSURE THAT L(1) AND L(2) HAVE SAME SIGN
e h
. IP(L(1)*L(2) .LT.0.D0) GO TO 999
¢
U05=20.D0% ({ (1. D0~ {0.95D0**L3)) /L3) = ( (0.05D0**L4) /L4) )
. U50%2.D0%( ((1.D0= (0. 5DO**L3) ) /L3) = ( (G SDO**L4) /LU) )
c .
L05=20.D0% (( (0. 0SDO**L3) /L3) + ( ((0.95D0*%L L) =1,D0) /L4) )
150=2.D0* ({ (0. 5D0%*L3) /L3) +( ((0. 5DO**L#H) - 1.D0) /L))
c )
¥S0=( (. 7SDO**L3)~ (. 25D0**L3) ) /L3
: M50=2,D0% (MS50+ ( ((+ 25D0*%L4) = (. T5DO**14}) /L4))
c
Q3CALC= (J05-450)/ (M50=-105)
QUCALC= (U05-L05)/ (U50=150)
c
™3=Q3-Q3CALC
T4=Q4-Q4CALE
C !
C  FUNCTION VALUE IS SQUARED DIFFERENCE BETWEEN
C  CALCULATED AND DESIRED VALUES OF Q3 AND Q4
c
: FY= (T3%13) + (T4xTY)
BRETURN
c
f C

999 P¥=1,D3
RETURN
END

SUBROUTINE FN2 (LAMBDA)

wwkk SUBROUTINE CALCULATES LAMBDA(1) AND LANBDA(2) **x=
*x%% A5 PUNCTIONS OF LAMBDA(3) AND LAMBDA (4) bbb

anona

IMPLICIT DOUBLE PRECISION (A-%,1,0-7)
DOUBLE PRICISION MO
DIMENSION LAMBDA(Y4)
COMMON A3,A3S,AU,AUS,NU,SIGNAZ,I2UN

a0

10 a=(1.D0/(1.D0¢LAYBDA (3)).) = (1.D0/ (1. GO+LALBDA (4)) )
B20=1,D0/(1.D0+ (2.DOXLAXSDA(3)))
B02=1,D0/(1.D0+ (2.DO*LANBDA (4} ))
B11=B2TA (LAMSDA (3) +1,D0, LANBDA {4) +1.D0)
B=B20+B02~ (2. DO*B11}

LAMBDA (2) =DSQRT (B- (A *A))) *DSIGN (1.D0,LAKBDA {3))
LAMBDA (2) =LAMBDA({2) /DSQRT (ST GNA2)

LAMBDR {1)=MU~-A/LANBDA(2)

RETURN

2ND

SUBROUTINE MVCHCX (LAMBDA, MEAN, VAR)

*#kk SUBROUTINE CALCULATES THE MEAN AND VARIANCE #wmx
*%%% AS FUNCTIONS OF THE POUR LAMBDA PARAMETERS *x%x

nanoa

IMPLICIT DOUBLE PRECISION (A~H,L,0-Z)
DOUBLE PRECISION MEBAN
DINENSION LANBDA(Y)

A=(1.D0/(1,D0+LIHBD1(3)))~(1.D0/(1.D0+;AHBDI(QL))
B20=1,20/(1.D0+ (2. DO*LAMBDA (3)))
802=1,D0/(1.D0+ (2. DO*LAMBDA (4)))

B11=BETA (LANBDA (3) +1.DQ, LAMBDA (4) +1.D0)
B=B20+B02= (2.D0*B11)

MEAN=LANBDA (1} + (A /LAMBDA (2))
VAR= (B~ (A*d) ) / (LAMBDA (2) *LAMBDA (2))

RETURN
END

DOUBLE PRECISION FUNCTION BETA (X, Y)
c
DOUBLE PRECISION X,Y,DGAMMA, BETA
c
BETA=DGAMMA (X) *DGANMA (Y) /DGA MHA (X+Y)
RETURN
END

SUBROUTINE BOT™ (X,Z,N,EF,ESCALEZ,IPRINT,MAXIT,N,
1¥I,50 W)

R
xRER
ey

*akx SUBROUTINE PERFPORMS POWELL'S ALGORITHM FOR
*awk ONCONSTRAINED FUNCTION MINIMIZATION
*¥x% DEYELOPED BY M4.J.D.POWELL

e
kR
R
oK

#*x%k SOURCE:

Lok s © "OPTINTIZATION TECHNIQUES WITH FORTRAN®
bbb BY J.L.KEUSTER AND J.H.MIZE

i (MEW YORK, MCGRAW-HILL, 1973)

anNnnaonannaan

FIGURE 8.  <{Contirdued)

374

December 3-5, 1979



