The -Alias ‘nl. Aiias-ﬁllniaeﬂon-ﬂixlm Methods for '-Gangraliilu
- Random Yariables from Probability Distributions

Absgraét

- The allas-rejectlon—mlxture method is a
general and éxact method for the computer
generation of random 'variables from an

~arbitrdry discrete, continuous, or mixed

probability distribution. The. method is
based on two lngredients- (1) Walker's
alias method, an ingenious and efficient

method for generating discrete random
variables, and (2) the rejection-mixture
method, which is a modification of-the

standard rejection method that eliminates
the need to repeat steps of the algorithm.
The generation of random variables by the
alias-rejection-mixture method
operations ‘that are 51mple and few and,
remarkably, approximately the same for all
distributions.

1. INTRODUCTION

This paper reviews the recent work on a
new general exact method for generatlng
random variables from an arbitrary dis-
crete, continuous or mixed distribution.
This method, called the alias-rejection-
mixture method, requires for each random
variable generated operations that are
simple and few and furthermore that are
approximately the same for all distribu-
tions,

In Section 2 we review some of the most
commonly used general methods for the gen-
eration of continuous or discrete random
variables and indicate their relation to
the allas-rejectlon—mlxture method. Sec~-
tion 3 reviews both the alias method, the
discrete version of alias-rejection-
nixture method, and the fundamental
theorem that demonstrates its generality.
The alias method is combined with the
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rejection-nixture method to glve -rige to
the allas—rejectlon—mlxtune method, as
described in Sectionh 4. Also discussed in
Section 4 is an efficient variant of the
method called the uniform alias-rejection-
mixture method. 'Finally .some. concluding
remarks .on open issueés and.areas for fur-
ther work are made in Section 5.

2. BACKGROUND

2.1 A short review of basic methods used ‘

in the computer generation of random

varjables

Four basic methods are .used, often in
creative K ways, in almost all algorithms
for the computer generation of random var-
iables from a specified dlstrlbutlon
Fl{x) = Pr(X < x). The nethods rely on the
initial generation of one or more pseudo~-
independent . uniform
are convenlently generated on a’ computer
by various methods, notably by the linear
congruential method, e.g., Knitth (1) or
Ahrens and Dieter (2), on most computers.

2.1.1 The invérsg-dis;;jgggjgnA(IQ)
method .

For each realization desired, perform the
following steps:

IDl. Generate U ~ uniform (%,1)

ID2, Set X < F-i(m)

It is ea51ly shown that, for F strictly
able X generated by this method has. the
deésired distribution F(-). Further, theé

‘easily modified to work for
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random numbers which

.increasing with no jumps, the random vari- "
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Generation of Random Variables (continued)

arbitrary distributions F(-) w;thout the
above restriction. - - .

Unfortunately, for only a .few distribu-

tions does this simple method, when used
alone, yield efficient algorithms. For
many distributions {(e.g., -normal, &,
gamma, beta) the inverse~-distribution
function F !{+) is a computationally-
difficult 1ntegra1. *Bven’' for ‘distribu-

tions for ‘whlch the inverse-distribution’
expressible -

function () is easily
(e.qg., '1(9) = -1n(l - U) for the unit
exponential distribution), the algorithm
based on it may not be efficient. (In the

exponential exarnple, execution of the log~ ’

arithm function involves a series, computa—
tion that is relatively time~-consuming.) -

v

2.1.2 The mixture method

Choose a mixture
n
F(x) = Zl P; Fi(x)r

where

Fl( ) distribution Functions, to represent
F(-). For each realization desired, per-
form the following steps: -

MI. [Choose at random an élement of the

mixture]

Generate I ~ discrete
{P1.+P2sP3 s Pyp)

M2. [Generate .a variable from the
chosen element of the mixture]

Generate X ~ Fy(*) {independent of
of 1) ‘

It is profitable to choose a mixture so
that the ' frequently-chosen distributions

Fi(+) (i.e., those for which the pi's are
large) are easy to generate. The integer
variable I is generated [from a uniform
(8,1) variable]. by one of the discrete-
variable generating technlques (topic to
be discussed 1later), 'and the variable
X v Pj(-) is generated from one or more
uniform {9;1) variables by some convenient
technique using other methods. Commonly,
the mixture is chosen so that a
frequently-chosen distribution Fj(-) is
particularly simple to generate, for
example, either a unlform distribution or
a triangular (i.e., "sum of two indepen-
dent uniform random variables") distribu-
tion.
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Algorithmg. based on. the mixture method
have been “proposed for various distribu-
tions (e.g., normal, t, Cauchy, etc.),

. .with the' choSen mixture tailored {(often

cleverly) to the desired distribution. In’
these algorithms there are typically one
or two hlgh-probablllty elements of the
mixture that are easy to generate {e.g.,
uniform, or triangular, densities). The
other elements of the mixture are typi-
cally "leftover™ odd-ball dlstrlbutlons,
for which the rejection method is often
chosen.

The mlxture method is of particular inter-
est since it is one of the building blocks
of both the alias method and the alias-
rejection-mixture method, the subjects of
this paper. However, unllke the use of
the "'mixture method in other applications,
the alias method and. . alias-rejection-
mixture (ARM)- method provide. a general
prescription for the specification of = the
mixture that is applicable {and routlnely
and efficiently applled) to most distribu-
tions, ) '

2.1.3 The (ggggp;anggl) rejection

To generate random variables from a den-
s8ity (or probability mass) function £{-},
choose any function g{+) > £(+). For each’
realization desired, perform the following
steps as often as necessary for accep-
tance:

Rl. [Prépare for the acceptance-
.rejection step,i

{a) TGenerate a variable X from the
density ¢ *.g(").

{b) Generate U “ uniform (g,1),
independent of X.

R2, LAcceptance—rejee;ionL

(a) IfU < gzig,'aceethX.
(b) Otherw1se, repeat steps RI and
R2. .

The strategy for: obtaining_'aq efficient
algorithm is to choose a dominating func-
tion g(+) that

(a) (wheﬁ normalized) is a density (such
as a wuniform density) from which random
variables are easily generated, and

(b) is close to the density £(:), [i.e.,
has a probability of acceptance (= c¢) of
close to 1].




Unfortunately, these two aims are often
conflicting, and often a dominating func-
tion that is a compromise between these
two aims is the best choice.

Discussed later

in this wpaper (Section

4.1) - will be a’'modificaton of the rejec- .

tion method that avoids the need to  ever
repeat steps of the algorithm {and thus
increases speed).. This new method will be
.the cornerstone of the aliasr-rejection-
mixture method. . .

2.1.4 Methods using special functions

Some of the common parameteric families of
distributions have special properties that
allow the generation of random variables
from some special function. of one or more
uniform random variables. These methods
are often clever, and occasionally even
competitive with other methods. Their
main limitation is that each is applicable
only to a certain very restricted Ffamily
of distributions. .

There are several other basic methods that
might have been added to the list of basic
methods, but are not. 1In addition to the
the four basic methods described above,
- there are several other important basic
methods: the comparison method
Neumann (3) , Forsythe (4)], the method of
polynomial sampling [e.g., Ahrens and
Dieter (5)], the ratio-of-uniforms method
[Kinderman and Monahan (6)], and the
rectangle-wedge-tail method [Marsaglia,
MacLaren and Bray (7)]. These methods,
which have been successfully applied to
several specific distributions, are not
described here only in the interest of
brevity.

2.2 Developments to date in the use of
the basic methods

A very brief overview of how these methods
have been used to date in developing algo-
_rithms for generating random wvariables
from various distributions is now given,
first for discrete distributions, then for
continuous distributions,

2,2.1 Discrete distributions

The developments for discrete' distribu-
. tions, except for a few specialized algo-
rithms, have been largely along the

following two general lines:

(a) The direct use of the inverse
distribution (ID) method

Consider the inverse distribution method
for the discrete distribution p(x), where
for simplicity of exposition, and without
loss of generality, the mass points of the

[von °

distribution are taken to be the integers
X =1,2,s..,n. - For 'discrete distribu-
tions, the inverse distribution method
generates the integer x = i if F~1(U) = i;
that is, X =1 is = .generated:

Pj.1 <U <Pj ()

z. P(X)’ i=l,2,...,n.
X<1 :

As seen from expression (1), the inverse

distribution method for a discrete distri-~

bution thus involves searching  for the
interval Ij = (Pj-3,Pil in which the uni-
form (#,1) variable U lies. The speed of

the inverse distribution method thus
depends on the speed of the search. Two
points can be made in this regard. First,

the speed of the method generally de-~

iff

creases as the number of discrete values n

of the distribution (which is the number
of intervals Ii, i =1,2,...,n that are
searched) increases. Second, the speed

can depend markedly on the search strategy
employed. The commonly used linear
search, in which intervals Ij are searched
sequentially i = 1,2,...,n, (by first com-
paring U with P;, then P,, and so on, and
setting x = i as soon as U < Pj), is not
the fastest, even when the event probabil-
ities p(l), p(2) are renumbered so that
p(l) 2p(2) 2p(3)... A faster search pro-
cedure is described by Atkinson (8). Even
for this method, the speed decreases as
the number of discrete values of the dis-
tribution increases.

{b) The use of mixture methods

One clever mixture method
(9) table method.
described here, except to say that it is
based on the b-ary representation of the
probabilities p(1),p(2);...,p(n), where b
is a selected integer base, usually
b =2M, m integer. The speed of
Marsaglia's table method depends both on
the number of outcomes of the distribu-
tion and the actual distribution p(*).
Depending on the discrete distribution

is Marsaglia's

This method will not be:

p{-), the average number of comparisons
may be as small as 1 or as large as
approximately logp(n). This method

requires large tables. Ahrens and Dieter
(5) discuss the performance of this method
for the Poisson. distribution.

A recent dramatic advance in the genera-
tion of random variables from discrete
distributions is a clever method dis-
covered by Walker (16,11,12) for computer
generation of pseudorandom variables frgm
an arbitrary discrete probability distri-
bution with a finite number of outcomes.
This method 4is descibed below in Section
3.
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Generation of Random Variables (continued)

2.2.2 Continuous distributions

For continuous distributions, the develop-
ments have in general been along the lines
of combining the basic methods in ingen-
ious ways that result in simple and/or
efficient algorithms for certain distribu-
tions.

Many innovative methods have been dis-
covered by creatively combining various of
the tools of the inverse~distribution
method, the mixture method, thé rejection
method, the special-function method, and
the other basic methods in ways suitable
to the specified distribution under consi-
deration.

A 'drawback of almost any of these methods
proposed to date for generating random
variables from continuous distributions is
that it is applicable only to one, or a
few, distributions, For the practicing
researcher using Monte Carlo and simula-
tion methods, this means that many differ-
ent algorithms, each applicable to a nar-
row class of distributions, must be
obtained, tested; and maintained.

Some effort in the direction of efficient—~
ly applying one method to a wide class of
distributions has been accomplished, nota-
bly:

(a) applications of the von Neumann
comparison [Forsythe (4)] method to those
densities of yhe exponential family
E(x) = ¢ « e"B(x), where B(x) is an
increasing function of xe(8,»). Applica-
tions of this method include the exponen-
tial distribution [Forsythe <(4), Ahrens
and Dieter (5), and Ahrens and Dieter
(13)1, the normal distribution [Forsythe
{4), Brent (14), Ahrens and Dieter (5),
and Ahrens and Dieter (13)], and the beta
and gamma distributions [Atkinson and
Pearce (15)]. Unfortunately, a method for
routinely applying the method to distribu-
tions in the (restricted) exponential
class of densities has not yet been dig-
covered and programmed; implementations of
the comparison method have to date been
done dn a case-~by-case basis, albeit all
based on the comparison method.

(b) applicatons of the rectangle-wedge-
tail [Marsaglia, MacLaren, and Bray (7)]
method. This method is one that appears,
at least in principle, to be of wide
applicability (much wider than the von
Neumann-Forsythe method). It is based on
expressing the distribution as a mixture
of numerous eléments, most of which are
equiprobable uniform distributions. The
determination of the mixture requires a
good deal of effort, and as far as we know
it has been applied only to the normal
distribution [Marsaglia, MacLaren, and
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Bray (7); Knuth (1,)1, and the exponehtial
distribution.

We will describe in this paper the alias~
rejection-mixture method [Kronmal and
Peterson (16)1, which is efficient and
routinely applied to almost any continuous.
{(or mixed) distribution. We feel ‘that
this method offers considerable promise of
filling a need for a general, routinely
applicable, yet efficient, method for gen-
erating random variables from continuous
distributions.

3. THE ALIAS METHOD

The alias method, due to Walker
(19,11,12), 1is a clever hnhew method for
efficiently generating random' variables
from any discrete distribution with a
finite number of outcomes., This method is
related to rejection methods, but is
better because the "rejected" random num-
bers are not discarded but instead
replaced by "aliases." The alias method
appears to be a significant improvement
over previous methods for generating dis-
crete random variables, especially in sim-
plicity and speed. This method is a spe-
cial case of the rejection-mixture method,
to be discussed in section 4.1 below,
which is the cornerstone of the alias-~
rejection-mixture method, the subject of
this paper.

A modified version of the alias method can
be described in terms of mixtures [Kronmal
and Peterson (17)]. The following theorem
about representing discrete distributions
as equiprobable mixtures states the
relevant result on which the alias method
is based. For convenience and without
loss of geénerality, the mass points of the
discrete distribution p{(x) will be
X = 112,5..,n.

Theorem

Any discrete distribution p(:) with a
finite number (n) of outcomes _can be
expressed as an’ i s mixture
of n 2=point distributions qi{*)s

i=1,2,...,n0. Furthermore, the elements
qi;(*), i=1,2,...,n can be numbered such
that, for i = 1,2,...,n, the value i is a
mass point of gi(-*).

The proof, given in (17), involves demon-
strating the construction of a set of n
2-point distributions qi{(*), i=1,2,...,0n,
that are elements of such a mixture, and
thus provides a prescription for finding
and expressing the q;(x) in terms of the
specified distribution p(x).




Once a representation of p(x) in terms of
an equiprobable mixture

, 1 2
p(x) = 1 qix)

where the gj(x) are 2~point distributions,
has been determined, it is used by the
alias method to generate random variables
from p(*) as follows:

fhe Alias algorithm

For each random variable desired from the
spec1f1ed distribution

=l d

pix) =

Il e~

1 ai{x),

perform the following two steps*

Al. [Choose at random an element of the
mixture,]

Generate I ~ uniform
(1,2/...,n).

A2, [Choose at random one of the two °
values of the distribution gy(-).]

(a) Generate U N'uniform.(ﬂ,l),
independent of I.

(b) If U <gqgp(I), return I.
return Ajg.

Otherwise,

The qi(i) and A4, i = 1,2,...,n, are con-
stants that describe the 2-point distribu-
tions qi(*), i = 1,2,...,n whose equiprob-
able mixture is equal to the specified
distribution p(.). The fractional con-
stant qi(i) is the probability of the mass
point i assigned by the 2-point distribu-
tion gji(-), and the integer constant Aj,
called an "alias," is the mass point of
the 2-point distribution gqji(+) that is not
i. A total of 2n storage locations are
needed for the constants qj;(i) and Aj,
i=1,2,...,n, required by the method

Note that the discrete uniform (1,2,...,n)
random variable I is returned by the
method unless the comparison in Step A2b
fails (i.e., "rejection” occurs). If the
comparison fails, the

returned. .

The beauty of the alias method is that, in
sharp contrast to the various discrete
search procedures used in the inverse-
distribution method in common use for dis-
crete distributions, only one comparison
is needed per variable generated. Thus,
regardless of the number of mass points of
the specified discrete distribution, the

-points in the distribution!).

alias Ay is,

-method

method is very efficient: once the table
of 2n constants is computed, which can be
done with a number of operations propor-
tional to n, the total of the operations
required to generate each random variable
are:

(a) generation of two uniform random num-
bers [or only one if the wuniform
(6,1) variable and the wuniform
(1,2,...,n) variable are stripped
from one uniform (#,n) variable],

{(b) either one (if T"acceptance" in the
comparlson step), or two (if
"rejection”) table look-ups, and

(c) one comparison.

In summary, the alias method for generat-
ing random variables from .an arbitrary
spec1f1ed discrete probability d&istribu-
tion is exact and requires a very few num-
ber of steps. Generation of the tables,
performed -only once, is proportional to
only the first power of the number of
values of the discrete distribution. The
generation of the random variables
requires, in addition to the generation of
one uniform random variable, only one com-
parison and either one or two table look-
ups (regardless of the number of mass
The method,
in general, requires fewer operations than
other methods suggested to date, including
specialized methods for generating random
variables for common families of discrete
distributions such as binomial,’ P01sson,
and geometric distributions. Of course,
since the table-generating portion of the
alias method 1is a required overhead, it
may not be the preferred method if the

generation of only a small number of ran-
dom variables is desired. Because of its
exactness and speed, in addition to its

generality, simplicity, and portability,
the alias method is a highly promising one
for generating large numbers of random
variables from any discrete distribution.

4. THE REJECTION-MIXTURE AND THE
ALIAS-REJECTION-MIXTURE METHODS

The alias-rejection-mixture (ARM) method
{Kronmal and Peterson (16)] is a promising
general exact method for generating random
variables from an arbitrary continuous,
discrete, or mixed distribution.

The ARM method combines the features of
two methods: the alias method for generat-
ing random variables from discrete distri-
butions (Section 3), and a modified rejec-
tion method, called the rejection-mixture
(16), described below. In sharp
contrast to the simple rejection method,
the rejection-mixture method does not
require repeat of steps of the algorithm.
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Generation of Random Variables (continued)

4.1 Rejection-mixture method

To generate random variables from f£(x).,
a < x £ b, make preparations as follows:

{a) Choose a decomposition of £(-) into

subdensities g, (+) and ga(+)s
CEC) = og1(e) + ga()
(b) Choose a function
hix) > gi1{x), a <X <by
that:

(i) dominates the first subdensity g (X).
" and .

(ii) 'is a density.

The rejection-mixt
For each random variable desired, perform
the following two steps:
RMl. [Prepare for the acceptance-
"rejection” step.]
' (a) Generate X v h(-).
(b) Generate U m‘uniﬁorm (9,1).
RMZ ., [Acceptance—“rejection“]
' (a) I£ U 1,3§%§% , then return X.

(b) Otherwise, generate Y from the
density ¢+ g2 {(*): and return Y.

I3

It is noteworthy that "rejection" in step

RM2 in the rejection-mixture method is
similar to the aliasing in the alias
method; the difference is that here
"rejection" specifies to return an alias

random variable Y ~ ¢ + gaof(+), whereas in
the alias method "rejection” specifies to
return the alias constant AI.

that the rejection-mixture  method
the flexibility of two choices in
specified

Note
offers
the design. of the method for a

£(-):

(a) a choice of the decomposition of the
density £(-) into subdensities g; (°)
and g1(+), and

(b} a choice of the density h(+) that
dominates gi(¢).

The  strategies behind making these

choices, which are crucial to the effi-
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cient operation of the method, are similar
to those behind the choice of dominating
function in the simple  acceptance-
rejection method. They will not be dis-
cussed here, except to say that the aims
are that both the densities h(*) and
c+g,(+) are easy to generate variables
from. Note that . whereas in the simple
rejection method it is quite advantageous
to make large the probability of "accep-
tance in order to avoid repeating steps of
the algorithm, it is not partieularly
advantageous in the rejeéection-mixture
me@hod, since upon "rejection" in the
rejection-mixture method steps are
repeated but rather a (hopefully) ' simply-
generated random variable is generated.
?hus, unlike the simple-rejection method,
in the rejection-mixture method it is not
particularly advantageous "to choose the
dominating function close to the function
it dominates, and thus more flexibility is
provided in the rejection-mixture  method
in the choice of dominating function. ‘

Like the simple-rejection method, the
rejection-mixture method is applicable to
continuous, discrete, or mixed densities.
Although in most cases (when generating Y
~ ¢ *ga(*) is faster than repeating steps)
it is more efficient than the
simple-rejection method, the rejection—
mixture method suffers from the same
limiting feature that the function g;(-)
must be evaluated each time. Even if
upper and lower constant bounding func-
tions for g;(+)/h(-) are used for the ini-
tial comparisons to minimize the propor-
tion of times when evaluation of
g1 (+)/h(+) is necessary, their value is
limited in the usual instances in which
g; (+)/h(+) is not nearly constant. Non-
constant bounding functions can be used,
but these typically require more time to
evaluate than constant ones. Thus, when
used as the sole tool, the rejection-
mixture method usually suffers the same
fate as the simple-rejection method--for
most distributions, when used alone it is
not competitive with other methods.

However, when combined with the alias
method in the alias-rejection-mixture

method, as described below, the rejection
method will become more useful. By choos-
ing large enough the number n of judi-

ciously chosen densities
elements of an equiprobable mixture

1 n
£(x) = = 1 £i(x),
i=1
the densities fi(x) can be chosen; it
appears, to be éssentally flat, When the
rejection-mixture method is applied to

£4i(+) that are.

not -




.each of then, ‘and when upper and lower

constant bounding functions are used, it
appears that evaluation of any nonconstant
functions can be avoided almost com—
pletely.

4.2 The alias~rejection-mixture . (ARM)
method ‘

The alias-rejection-mixture -method (ARM)
is a combination of Walker's alias method
and the rejection-mixture method.

The preparations needed to generate random
variables from a specified density f£(x),
a<x <b (where a,b may be ¥.=, respec-
tively) are as follows: ’

(a) Express the density f(:) as a mixture

(usually, but.not necessarily, -eguiprob- .

able) of n densities f£i(+), i = 1,2,...,n2

n - .
CE=) = ] py ¢ £3(9) _ : (2)
i=1
0 < P; < 1, 1i=1,2,,..,n
Xpi.= 1

(b) For each of the densities fji{+) of
the mixzxture, choose a decomposition into
subdensities: :

£;(0) = 91,1(‘) + gi’2(~); {3)
i=1,2,...n.

(¢) For each of the subdensities,
g9;i,1{*), i=1,2,...,n, of the first term
on the right-hand side of eq. (3), choose
a function hji(+) > gi,1 that dominates
gi'll-), and is a density, i.e.,

b
I‘hi(x)dx = 1.
at

Once the above choices of the Pi s
£4+)s  93,1(*)y @i 2(+), and hy(-f,
i=1,2,...,n, are made, ‘they are used
to generate random variables from f(-)
as follows:

Alias-rejection-mixture algorithm

For each random.variable desired from the
specified distribution £(+), perform the
following three steps:

ARMl. [Choose at random an element of
the mixture eq. (2)]

Generate I ~ discréte distri--
bution P(I = i) = wpj, i =

1,2,...,n. [If pj = 1/n for all
i, then I ~ uniform (1,2,...,n).]

ARM2. [Prepare for the acceptance-
"rejection" step]

a. Generate X ~ hy(+).
b. Generate U ~ uniform (6,1).

ARM3. [Acceptance-"rejection"]

91,1 (X)
< , then return X.
If U < pitgy— th turn X

Otherwise, generate
Y~ Cr- .gr,2()s where

b
CI = l/[ gI'z(xadx(
‘a

and return &.

‘Comments

{1) This method' is -truly -a:combination of
the alias method and the rejection-mixture

- method. Step 1 in ARM is similar to step

1 in the alias method, the only difference
being that ARM has added flexibility in
choosing the pj. (In most cases, however,
it will not be advantageous to use this
flexibility, for the reason that uniformly
distributed integers are much more easily
generated on a computer than nonuniformly
distributed integers). Steps 2 and 3 in
ARM are similar to steps 1 and 2 in the
rejection-mixture method, the only differ-
ence being that ARM does the acceptance-
"rejection" procedure conditionally on the
randomly-selected member I of the mixture

{eq. 2).

(2) The method has been -described above
.as applicable to arbitrary. continuous or
mixed distributions. .Actually, it is
applicable also to purely discrete distri-
butions, but here (the sole use of) the
alias method is generally more efficient.

{(3) There are some similarities between
the ARM method and the rectangle-wedge-
tail method for generating normal random
variables. In particular, the ARM method
uses the feature of equiprobable mixtures.

However, unlike the rectangle-wedge-tail
method, +the ARM method uses the alias and
rejection-mixture ideas for generating
random variables from the chosen element
of the mixture.

(4) The ARM method allows many choices to

be made in the preparation portion of the
method:
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Generation of Random Variables (continued)

a choice of integer n of elements
of the mixture

(a)

(b) a choice of mixture weights 1

is= 1,2]---,!‘1,

(c)
i = 1,2,--.‘]1’1,

for each £;(*), i = 1,;2,...,0n,
chosen in ic, a choice of subden-
sities gi,l(') and 91,2(’)' and

{d)

(e) for each subdensity g; ;(*) chosen
in 44, a choice of the'éominating

density h; (*) 2 g3 ;(°).

The choices are of course crucial for
speed of the method. However, the choices
of any of the above items affects the
ability to make good choices of the other
items, and so the search for a_ good com-
bination of <choices is not always
straightforward. The restrictions on the
choices are noted in Comment 5 below, and
the general aims of any strategy for

making the choices are noted in Comment 6. °

Below we shall discuss one particularly
promising strategy, <called the uniform
alias~rejection-mixture method, that seems
to result in remarkably few and simple
operations and that offers promise of a
strategy that .can be routinely applied to
any distribution,

(5) There are several conditions that the
choices must satisfy in order to have a
valid method that works as described:

(a) the items n,pPir and £i(°),
i=1,2,...,n must be chosen so that the
mixture (2) is a bona fide one for £(+).
That is, n a positive integer,
§ <pi £1, £i(+) densities, and

n ' .
i.zl.pi . fi(-) = the specified ?(-).
(b) the subdensities g %(-) and
g; o(+) must be chosen so th4 “gi,1{*) +

gir2(4) = £5()s i = 1,2,...,m, &0d s0
‘tﬁég they are bona fide subdensities,
i.e., g; 1(x) 28, gi,2(x) 20, for all
iand x.'7 A

(¢) the functions hj(-)
so that ‘

must be chosen

(i) hj{(-) _>_gi,1(-), i=11,2,...,n

b
{ii) I hij(x)dx =1, i =1,2,...,n.

a
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(6)

choosing the quantities in 4 above are:

a choice of mixture. elements £i(-),'

the '

The general aims of any strategy for

(a) (Efficiency in step ARM1) -That the

mixturg _probability distribution
P(; =1i), i=1,2,...,n 1is one from
which random variables are efficiently

generated. Usually this would mean
either (i) that the number n of elements
of the mixture is small, say 2 or 3, or
(ii) that the distribution P(I = i) is
uniform: P(I = i) =1/n, i=1,2,...,n.
The latter choice is made below in UARM.
It is crucial that the method (fortu-
nately) retains its flexibility of-
application to any density, despite this
choice of a uniform density of P(I = i).

(b) (Efficiency in step ARM2) That
Fhe dominating densities hi(*),
i=1,2,...,n, are ones from which ran-

dom variables are efficiently generated.
For example, one desirable choice would
be uniform densities, the simplest of
all densities to-generate. This choice
is made below in UARM again, fortunately
without, it .seems, sacrificing any
needed flexibility. ’ i

(c) (Efficiency in step ARM3) That the

quantities g;,1(x) and h3(x),
i=1,2,...,n, are easy to compute, and
that the densities ci+gj,2(),

i=1,2,...,n, are ones from which ran-
dom variables are efficiently generated.
For example, the choice of uniform den-
sities for the hj(-:), mentioned above as
a desirable choice with regard to effi-
ciency of step ARM2, is also a good one
to make the hj(-) easy to compute.
Also, one desirable choice for the den-
sities cj +gj, 2(+) would be uniform den-
sities. This choice is made below in
UARM.

Unfortunately, since one of the condi-
tions on the choices requires that the
mixture of densities f£3(+) is the speci-
fied density f(-), not all sSubdensities
can be chosen arbitrarily; our conven-

tion is to select the subdensities
gi,1{*), i=121,2,..0/n, to be respon-
sible for the main feature (shape) of
the specific density £(-). Thus, typi-
“cally the subdensities gi,1(+),
i=1,2,...,n, will not be easy to com-

pute, since typically £(-) is not. How-
ever, the need to compute these subden-
sities will be avoided (at the expense
of only one or two comparisons and table
lookups) by incorporating boundary func-
tions into the alias-rejection-mixture
method, as discussed below.

(7) In a fashion similar to_that used in
the simple acceptance-rejection method, or
in the rejection-mixture method, constant




(or 1linear, or piecewise linear, at some
expense in computing time)
upper bounding functions Lj and Uj for the
quantities gj,31{*)/hi(*), i =1,2,...,n,
can be specified (and stored), and then
computation of gy ,1(X)/hg(X) in step ARM3a
is largely avoided by modifying this step
as follows to compare the uniform (8,1)
random variable U with Ly and U first,
The step ARM3 then becomes:

ARM3 © Perform the following steps until a
value is returned:

a’., IfU S.LI, then return X.

b, I£ U > UI, then return ¥ ~ ¢
91,2(')~ .

97,1 &) :
¢’. IfE U =< —h;—m‘— + then return X.

d°. Otherwise, return ¥ ™ cp - gl'é(').

Note that step ARM3c”, which involves a
computation of the function 9t l(x)/hI(X),
is performed only if the comparisons in
steps ARM3a” and ARM3b~ both fail. If the
constants L and Uz are close to
gI'l(x)/hI(x}, then the computation of

gr,1(X) / hp(X) will largely be avoided.
Also note that each of the steps ARM3a”
and ARM3b” consists of comparing the uni-~
form variate U with a tabled constant.

(8) If ARM is modified as shown in
Comment 7 to use upper and lower constant
bounding functions Ly and Uy for the func-
tions 91,1(')/hI(’)r i=1,2,¢..,n, then a
further convenient modification can also
be made: the "alias" random variable ¥ in
step ARM3d~ need not be specified to have
the same distribution as the "alias" ran-
dom variable Y in step ARM3b~“. That is,
in ARM3d- we could return Y =~ d; -
gI’3(-), where 9 3(-) is chosen so that
4

£1(+) =g1,1(*) + g1,2(+) + gg 3(+),

that is, a decomposition into 3 subdensi-
ties instead of 2 (thus two "alias" sub-
densities instead of only one). This
gives added £flexibility at no cost in
additional steps. Furthermore, 1f the
random variable Y in step ARM3d~“ is speci-
fied to have one distribution regardless

of I, which is practical when the total

of the masses of the subdensities gj; 3(+),
i=1,2,.../n, is small, then it appears
that the method gains a slight advantage
in speed (because table look-up is avoided
in the few instances when step ARM3d~ is
performed) . Also realized is a gain in
simplicity and efficiency of the initial
portion of the algorithm that computes the
required constants (because computation of

lower and/or’

P[U > g1,1(X)/h1(X)], which requires an
integration of the density, is not needed;
computation of the total mass of the sub-
densities gi,3(~), i=1,2y00a¢n,
1iP(g;,1(X)/hy (X) < U < U4), which '
requires no integration, suffices).

It appears (details not given here) that
the alias-rejection mixture method can be -
applied to generate random variables from
any continuous or mixed distribution. For
any distribution it offers a wide range of
allowable choices of mixture elements and
subdensities in the search for an effi-
cient combination of choices. Described
in the next section is an exceptionally
promising special case of the ARM method,
called the unjiform alias-rejection-
mixture method, which embodies a strategy
for choosing the mixture elements and sub-
densities that appear to be generally
applicable, and whose operations are few,
simple, and even, to a large extent,
independent of the specified distribution
£().

4.3 The uniform alias-rejectjon-mixture
method

The uniform alias-rejection-mixture (UARM)
method, a specialized version of the ARM
method with bounding functions, is a gen-
eral exact method for generating random
variables from continuous (or mixed) dis-
tributions, whose operations are few and
simple and approximately the same for all
distributions.

The UARM method is the ARM method (with
bounding functions) specialized by the
following choices, designed to attain
operations that are simple and few:

(a) equal (= 1/n) mixture weights pj,
i = l,,z,...,n. -

(b) subdensities g; 1(*)« i=1,2/00ern,
of the form e

gj,1(x)=(n - £(x) ~dj) « I(xeI3),

whose supports are adjacent intervals
I; = (a + (i - I)w, a + iw) of equal width
w  (except possibly for g1,1() and
gn,1(*), which would handle the left and
right tails). Note that the subdensities
gi, 1(*) i=1,2,...,n, have the same
shape as the parent density £(-) in each
of the intervals I3, i= 1,2,...,n. .Thus,
they have the primary responsibility for
ensuring that the mixture

It o~

1
I (gi,l(') + gi,2(') +g3,30))
i=1
does indeed equal the density £(°:). Note,
however, that the subdensities gi,l(‘) do
not have this entire responsibility,
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Generatiop of Random Variables (continued) -

because they are missing a uniform contri-
bution dj « I(xeI;) that is regained (see
below) from some of the subdensities
gi'z(') and gi,3('), i-= 1,2,...,!1.

(c) alias subdensities gj,20%)

i= 1,2,...,n, that are all uniform and

with support the intervals Ij_, where the
1

integer j; (1 <= 3jj < n) indicates the

alias interval for mixture dgnsity £5().

(a) (if_ the second-alias subdensities
.94,3r 1=1,2,...,n, referred to in
comment. 8 of Section 4.2 are used) alias
subdensities gi,3(*), i=1,2,...,n, that
are all uniform with common support (c,d).

{e) dominating densities hi(+),
is= 1,2,...,n, that are all uniform on the
intervals Ij, i.e., hi(x) = 1/w + I[xeli],
[except possibly £for hjy(+) and hy(-),
wpich dominate the tail element subdensi-
ties gj,1(+) and gp, 1(*)]. '

(f) lower and upper bounding functions Lj

and U; that are the best possible: 1i.e.,

Lj =inf w - gj,1(x), and
xelj

U; Ssup w * gi,lx).
xely

Once the remaining choices (n, a, w, and
gi,1(*), i i=1,2,...,n), which depend
on the specified f(x), are made, they are
used to generate random variables from
f(+) as follows:

The Uniform alias-rejection-mixture
algorithm

For each random variable desired from the
specified distribution £(-), perform the
following three steps:

UARMl. [Choose at random an element of
the mixture]

Generate I~ discrete uniform
(1,2,¢0.,n)

UARM2, [Prepare in part for the
acceptance - "rejection" step]
Generate U ~ uniform (9,1/w)

UARM3. [Acceptance-"rejection"]

(a) if U 2 Ly, then return X ~ uni-
form (Ii).

(by If U > Ux, then return ¥ <~ uni-
form (Iji). .
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(c) Generate X v uniform It. If U <
v * gr,1(X), then return X.

(d) Otherwise, return Y ~ uniform

{(c,d).

These steps are remarkably few and simple.
The steps require the following operations
per random variable generated:

Step UARML: 1 uniform random variable

Step UARM2: 1 uniform random variable

Step UARM3: either 1 or 2 table look-ups
and comparisons, plus 1 uniform random

. variable and table look-up, plus computa-

tion of the subdensity gy 1(+), another
comparison, and another uAIform random
variable (Y¥) a fraction of the time. We
will note below that by choosing n large
enough it appears that the computation of
the subdensity g1, 1(+)., the comparison of
U with 91,1(')r and the generation of the
uniform random variable Y will be per-
formed an arbitrarily small fraction ¢ of
the time.

The total of the operations required on
the average per variable is, thus, as
follows, where ¢ denotes the small £frac-
tion (discussed below) of the time that

Step UARM3c is reached:

(1) uniform random variables: 3 + ¢

random variables.

[This can be reduced to 2 + e if a uniform
{(#,1) variable and a uniform (1,2,...,n)
variable are stripped from one uniform
(#,n) variable, and can be reduced to
nearly 1 + &, if other standard tricks
(such as use of conditional uniformity)
are used.]

(2) gcomparisons: between 1 +e and 2 + ¢
(3) table look-ups: between 2 and 3

(4) computation of density: e

It is noteworthy that the type and number
of operations needed per random variable
generated does not depend on the distribu-
tion considered, provided that n c¢an be
chosen 1large é€nough. Furthermore, not
only are the operations few and simple on
the average (per variable), they are
essentially uniformly few and simple £for
each variable generated. Although the
fact that each variable is efficiently

generated is not an important considera-
tion in most applications, it might pos-
sibly become relevant on machines where
computations which rely on each other are




done in parallel on diffeérent central pro-
cessing units.

Now that the general UARM method has been
described, the only remaining considera-
tion is how, for a sgpecified f£(:), to
choose:

(1) the number of n of mixture
fi(.)l i = 1"\2'---,11'

elements

(2) the constants a and w that define the
n adjacent intervals,

(3) the subdensities gi,1(*), i=1,...,n,
whose supports are the intervals 7T =
(a + (i - 1)w, a + iw), and

(4) the indicators jj, i = 1,2,...,h, of

the alias intervals Ij. for mixture
elements £5(+), 1

(5) the common support (c,d) of the
second-alias subdensities gj,3(-),
i = l,2,...,l’l.

Research is underway on good strétegies

for routinely and efficiently making these
choices. Already developed is a strategy
for choosing n, the alias indicators Jir
i=1,2,...,n, and the suppressing con-
stants di, i =1,2,...,n, that has been
successfully applied to the normal distri-
bution [Kronmal and Peterson,(16)]. This
strategy does not depend on any special
feature of the normal distribution, and
appears to be applicable to any continuous
distribution.

5. CONCLUSION

In this paper we have reviewed the alias
and alias-~rejection mixture methods for
generating discrete and continuous random
variables respectively, and we have pre-
sented algorithms for implementing them.
The alias method is applicable to any dis~
crete distribution, and the alias~
rejection-mixture method appears to be
applicable to any continuous or mixed dis-
tribution. Furthermore, each method
involves relatively few and simple opera-
tions, and when implemented result in pro-
grams that are short and fast.
Additional investigation is needed in
methods to optimize and generalize the
choices necessary in implementing the
alias-rejection~-mixture algorithm. Among
the open questions are: (1) how many sub-
densities should be used; (2) how should
appropriate subdensities (and the result-
ing table of constants) be routinely com—
puted? (3) can the method be routinely
tailored to improve performance for speci-
fic distributions; and (4) can the method
be modified in such a way as to allow for
frequent changes in parameter value with-
out requiring costly total regeneration of
the table constants.

Finally, work is in progress on implement-
ing both the alias and UARM methods for
specific families of distributions includ-
ing the Poisson, binomial, geometric, and
multinomial (using the alias method) and
the normal (16), t, exponential, gamma,
beta, (using the UARM method) . This
includes running timing studies for each
distribution to compare these new methods
against other widely wused methods.
Details and results of these implementa-
tions will bé reported in the future.
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