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ABSTRACT

We consider a stochastic Inverse Variational Inequality (IVI) problem defined by a continuous and co-
coercive map over a closed and convex set. Motivated by the absence of performance guarantees for
stochastic IVI, we present a variance-reduced projection-based gradient method. Our proposed method
ensures an almost sure convergence of the generated iterates to the solution, and we establish a convergence
rate guarantee. To verify our results, we apply the proposed algorithm to a network equilibrium control
problem.

1 INTRODUCTION

In recent years, the inverse variational inequality (IVI) problem (He 1999) has become an active research area
within the field of mathematical optimization. The IVI problem is pertinent to numerous fields, including
transportation system operation, control policies, and electrical power network management (Yang and
Bell 1997; He and Liu 2011; Scrimali 2012; He and Dong 2018). Depending on the specific application,
factors such as the demand market, supply market, or transaction cost may exhibit stochastic behavior.
In this paper, we focus on Stochastic Inverse Variational Inequality (SIVI). In particular, let X C R" be a
nonempty closed convex set, and F : X — R” be a continuous nonlinear map. Consider the following SIVI
problem: find x* € R” such that F(x*) € X and

<y_F(x*)7X*> Z Oa Vy GXv (1)

where F(x) 2 E[G(x,E)], £ : Q = R, G: X x RY — R”", and the associated probability space is denoted by
(Q,.7,P). The SIVI problem involves finding a solution that satisfies a set of inequalities for all variable
y lying within the set X. Indeed, SIVI in (1) can be viewed as a classical Stochastic Variational Inequality
(SVI) problem, i.e., (y —x*, H(x*)) > 0 for any y € X, where H = F~!. However, F~! may not be available
in some practical applications which necessitates developing a new set of schemes.

While VIs (Nesterov and Scrimali 2011; Facchinei and Pang 2007; Malitsky 2015) and SVIs (Jiang
and Xu 2008; Koshal et al. 2012; Yousefian et al. 2017; Jalilzadeh and Shanbhag 2019) have been
studied extensively over the last several decades, less is known about SIVIs. Projection-based algorithms
to solve deterministic IVI problems have been developed by He and Liu (2011), He and Dong (2018)
and Luo and Yang (2014). Moreover, Zou et al. (2016) introduced a neural network-based method to
approximate the solutions to IVIs, however to the best of our knowledge there is no available algorithm
with a convergence rate guarantee for solving the SIVI. In this paper, we introduce a variance-reduced
projection-based algorithm for solving problem (1) when operator F is co-coercive, which is a weaker
assumption than strong monotonicity plus Lipschitz continuity. We show that the proposed scheme produces
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a sequence that converges to the solution of (1) almost surely, a convergence statement that was unavailable
thus far for this class of problems. Then, we derive rate and complexity guarantees for the proposed
algorithm.

The remainder of the paper is organized as follows. In Section 2, we define our notations and state
assumptions and some technical lemmas that we use throughout the paper. In Section 3, we propose the
Variance-reduced Inverse Projected Gradient (VR-IPG) method to solve the SIVI problem (1), and its
convergence analysis is stated in Section 3.1. Finally, numerical experiments are presented in Section 4 to
solve a network equilibrium control problem.

2 PRELIMINARIES

In this section, first, we define important notations and then the main assumptions that we need for the
convergence analysis are stated.

Notations. Throughout the paper, ||x|| denotes the Euclidean vector norm, i.e., ||x|| = vVxTx. Pyx[u] is
the projection of u onto the set X, i.e. Px[u] = argmin_y ||z — u||. E[x] is used to denote the expectation of
a random variable x. Moreover, ¢, € R" denotes the vector of ones and for a given a € R”, diag(a) € R"*"
denotes a diagonal matrix whose main diagonal elements are a.

Assumption 1. Operator F : X — R" is a co-coercive map on X, i.e., there exists |1 > 0 such that

(F(x) = F(y),x—y) > p|[F(x) = F)II*, VxyeX.

Remark 1. It is worth noting that for a Lipschitz continuous map F, co-coercivity is a weaker assumption
than strong monotonicity. In other words, a co-coercive map may not be strongly monotone, such as a
constant mapping. However, a map that is both strongly monotone and Lipschitz continuous is co-coercive.
Moreover, co-coercive maps have some desirable properties. For example, co-coercivity is preserved under
affine transformations. For instance, if F is a co-coercive map, then AT F(Ax)+d is also co-coercive,
where A is a matrix and d is a vector. This property highlights the versatility of co-coercivity in various
settings. See Zhu and Marcotte (1996) for more discussion about the properties of co-coercive maps.

If %, denotes the information history at epoch k, then we have the following requirements on the

associated filtrations where Wy y, = Nikzlj\’i {(G(xxs Ej) — F (xx)).

Assumption 2. There exists v > 0 such that EWiy, | Zi] = 0 and El||win | | Fi] < X,—i holds almost
surely for all k, where Fy = 6{x0,X1,...,%_1}.

In our analysis, the following technical lemma for projection mappings is used.
Lemma 1. (Bertsekas et al. 2003) Let X C R" be a nonempty closed and convex set. Then the followings
hold: (a) ||Px[u] —Px[v]|| < |lu—v|| for all u,v € R"; (b) (u—Px[u])T (x —Px[u]) <0 for all u € R" and
xeX.

Moreover, to prove almost sure convergence of the iterates we use the following Robbins-Siegmund
lemma (see Lemma 11 in Polyak (2003)).
Lemma 2. [Robbins-Siegmund] Let vi,uy, O, B be nonnegative random variables and let E[vyy | ] <
(14 o) vk —uk+ B, Ly Ok < o0 and Y7o ux < oo almost surely, where Elvy| | F;] denotes the conditional
mathematical expectation for the given vy, ..., Vi, Ug, - . ., U, &0, - - -,k Bo, - - -, Br. Then, vy — v almost surely
and Y ;7o ui < oo almost surely, where v > 0 is some random variable.

3 PROPOSED METHOD

In this section, we propose our algorithm for solving problem (1). First, we show that solving SIVI problem
(1) is equivalent to finding x* € R” such that

F(x') = Py (F(x*) — ). @)

Proposition 1. x* is a solution of problem (1) if and only if x* is a solution of equation (2).
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Proof.  We start by rewriting the projection equation (2) which is equivalent to F(x*) € argmin, .y ly—

(F(x*) —nx*)||>. We observe that F(x*) € X and since the objective function is convex, the first-order
optimality condition is equivalent to finding a global solution. Hence, (y — F (x*), F (x*) — (F (x*) = nx*)) >0
for all y € X. Therefore, (y — F(x*),x*) >0 for all y € X and F(x*) € X which means that x* is the solution
of problem (1). ]

To address the stochastic nature of the problem, we utilize a stochastic approximation (SA) scheme,
which has shown effectiveness in various stochastic computational problems. Conventional SA schemes
rely on a single or fixed batch of samples to estimate the expectation. Our proposed approach is a projected
gradient-based scheme where, in each iteration, F(x;) is substituted by a gradually increasing sample
average using a batch size of N, i.e., N%Zyi 1 G(xx,& k). A projection step generates an intermediate

iteration z; and the new iterate x| is then generated by taking a direction along —(Nik ZIJY:'I G(xk, k) — k)
with step-size 1/1; from the current iterate point x;. The outline of the proposed variance-reduced inverse
projected gradient (VR-IPG) method is displayed in Algorithm 1. Moreover, to measure how far the iterates
are from the optimal solution, we can examine the degree to which the optimality condition in (2) is violated.
Therefore, we define the gap function H : X x R, — R, such that H(x,n) £ 1 (F(x) —=Px (F(x) — nx))

n
which will be used to analyze the convergence rate of the proposed method.

Algorithm 1 Variance-reduced Inverse Projected Gradient (VR-IPG) method
Input: xo € X, {M, Ni }i>0 C Ry
for k=0,...T—1do
Ny )
=Py [z_,, G}éjk,éi,,k) B nm] :

1 ZIJYL G(xe,Ej k) —Zk> :

X+l =Xk — 7 N

end for

3.1 Convergence Analysis

To obtain the convergence results of Algorithm 1, we state a one-step analysis in Lemma 4. To this end, we
first establish the following technical result that will be utilized in the proof of Lemma 4. Related proofs
are provided in the appendix.

Lemma 3. Define H(x;,M;) = % (F (x) —Px (F (xx) — Mixx)) and let x* € X be a solution point for problem
(1). For any x € R", the following holds

(r=x)TH ) > (1 ) 1H e ).

Lemma 4. Consider iterates {x; }x>o generated by Algorithm 1 and suppose Assumptions 1 and 2 hold,
then the following for any k > 0:

* * 2 *
Ellenr =121 5 < = P = (1= ) s mOP+ 2+ 206 @)

Now we are ready to present the main results of this paper. In Theorem 1, we show that the iterates
generated by Algorithm 1 converge to a solution of problem (1) almost surely.
Theorem 1 (Almost sure convergence). Consider iterates {x; ;x>0 generated by Algorithm 1 and suppose
Assumptions 1 and 2 hold. Let Ny =1 for some 1 > 0 and suppose {Ny};. is an increasing sequence, such
that Y ;° ﬁ < oo, Then x; — x* almost surely.

Proof.  Consider (3), if ny = n for some 1 >0 and } ;" ﬁ < oo, the requirements of Lemma 2 are
satisfied and we can conclude that:
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@) ||xx —x*||? is a convergent sequence. Hence, {x;} is a bounded sequence which implies that it has
a convergent subsequence x, — x4 as g — oo for some x4 € X;

(i) Yr, (1 —ﬁ) |H (xx,m)||> < o almost surely. Since (1 - m) > 0, hence we have that

|H (xx,m)||> — 0 almost surely. From the definition of H (x;, ), we conclude that limy_.. F (x;) — Py (F (xz) —
nx;) — 0 which implies that lim, . F(xx, ) — Px (F (xt,) — nxx,) — 0.

From (i), we know that x;, — x almost surely, so from (ii), we have that F (xs) — Px (F (xs) — nxs) =0
which means that x3 is a solution of (1). Now we show that z is the unique limit point. Note that (3) is
true for any optimal solution, so one can write (3) for x* = xu. Invoking Lemma (2) again we conclude
that ||x; — x#/|? is a convergent sequence, i.e., there exists a > 0 such that a = limy_,.. ||x; — x#||>. Since X,
is a subsequance of x;, then we know that @ = limy_,e ||x; — xg[|* = limg_.. [|x¢, — x4|* = 0. Therefore, we

xx — x#||> = 0 almost surely which means that x; — xs almost surely. O

conclude that limy_,o |

Now, in Theorem 2 we demonstrate the convergence rate of the proposed method.
Theorem 2 (Convergence rate). Let {x;}i>0 be the iterates generated by Algorithm 1 and suppose As-
sumptions 1 and 2 hold. Choose N, =1 > ﬁ Let Ny = [(k+41)2*297 where 8 > 0 for all k > 0, Then the
following holds:

E[||H (x,1m)|?] < o — (7 + 2% + 2L (14 )1 = o(1/7).

ke{&?iT— 1} ;ZTAE;ES

Proof.  Taking expectations from both sides of (3) and use the fact that E[E[||xi 1 —x*||? | Z]] =
E[||xx1 —x*|*], we have:

* * 2
Elllveer —x°[12) < Elllxe =217 = (1= 5y ) EIH G m) 12+ S5 + 525 1

Now, by summing over k =0,...,7 — 1 and putting 1n; = 1 the following holds:

T-1
(1 275 BllH G I < - xu2+z o Z 2l

Now, we can provide a lower-bound for the left-hand-side of the above inequality by min; E[||H (xx,n)||*],
then we have:

. % 2 »
T (1 i) minB{IE (e m) ] < 2+ %VM - z 2l @

Let n > ﬁ, and select N = [(k+1)2*297, for some & > 0. Therefore, one can deduce the following
inequalities using simple algebra.

T-1 | T-1 : )
b3
Ny < Z (k+1)2+28 < 6
k=0 k=0
T-1 . —1 | T-1 | T-1 1 1 ]
= Ve Sl;)(k+l)l+5 SH,{ZI Gy S ) mmdrs s o st

Next, using the above inequalities in (4), we obtain

T (1= sk ) min B (o m)IP] < lxo =2+ 2%+ 20201 4.
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Finally, dividing both sides of previous inequality by 7 (1 — ﬁ) leads to
in  E[|H O T T R R L B oy
ke{olfl..l,l}_l} [[[H (e, m)|| ]_T(l—ﬁ)[nxo x*)|* + T (1+1)] (1/T)

O

Remark 2. In Theorem 2, we established the convergence rate of the proposed algorithm. In particular,
we showed that the proposed method finds an €-gap in O(1/¢€) iterations. Since at each iteration of the
method, N; samples are required, the total number of samples (oracle complexity) to achieve €-gap is
YN T (e 1) P = 0(1/63429),

4 NUMERICAL EXPERIMENTS

In this section, to illustrate the effectiveness of the proposed scheme, we first solve a test problem (Example
1) and then we solve a network equilibrium control problem (Example 2). The simulations are conducted
in MATLAB.

Example 1. Consider problem (1) for G(x,&) = Ax+b(&), where

50 2.0 1.0 0.0
A=[20 50 00, bE)=|-30]+¢,
1.0 0.0 6.0 -55

& € R3 is generated randomly from a standard Gaussian distribution, and X = {x € R? | x; € [-1,10], i =
1,2,3}. It is easy to check that F(x) = E[G(x,&)] is a co-coercive map and the unique optimal solution of
the problem is x* = [0,0.4,0.75]". Our proposed method is implemented for 20 replications with the same
starting point and the mean of replications are plotted. Figure 1 (left) shows the convergence of VR-IPG
for different choices of stepsizes when sample size Ny = (k+ 1)>*2% with § = 1/2.

10" =5 T o +N, =k+1
2 110 L . Y U
o) =15 * il N k1)
> >|< A -02 k
I_M 'x 0.5 //\\[ 6 8 10
= = : \\H\W
102 - 0 =
NZ 05!
0 > 101520 ' 5 10 15 20
# of iterations # of iterations

Figure 1: Example 1: Convergence of VR-IPG for different choices of stepsize (left); Almost sure
convergence of VR-IPG for different sample sizes.

We also implement VR-IPG for different choices of N and the mean of 20 replications and their 95%
confidence intervals are plotted in Figure 1 (right). From the plots, we observe that the confidence bands
are becoming tighter as k — oo,

Example 2. In this example, we consider a network equilibrium control problem described in He
et al. (2010). The problem is motivated by calculating the equilibrium in a supply and demand network.
The goal is to control resource exploitations on the supply market and commodity consumptions on the
demand markets by regulating taxes as a control variable denoted by x; € R™ and x; € R”, respectively.

Let x = [xlT sz ]T € R™*" and the commodity shipment between supply and demand markets are denoted
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by a = [[a;;]{_;]7_; € R"™. The problem can be formulated as an SIVI in (1) where the constraint set is
described by X = {x € R | Lx < b, F™" < x < F™>*} which restricts the total resource consumption for
some L € R7*(m+1) h e R4, and g > 0, moreover, the map F is described by a linear model based on an
optimal unit of shipments a*. Different from He et al. (2010), here we consider a stochastic linear model to
include uncertainty. In particular, let G(x,&) = [(Aa*(x) + &) ", (Ba*(x)+&)"]" where § e R™, & € R”
are random variables with standard Gaussian distribution, and

el 0 - 0
.10 el ... 0 R
A2 . c Rm*mn’ B4 [In,-n,ln} c R
0O 0 --- ¢f

n

For a given tax policy x, a*(x) can be obtained by solving the following equilibrium problem
(a' —a,l(a) +AT (g(a) + (a+x1)) —B' (h(a) = (B +x2))) >0, Va'>0.

where o € R™ is the resource tax imposed on the supply market, B € R” is the sale tax imposed in the
demand market, /(x) = diag(c)x+ 7, g(a) = diag(a)Aa+a®, and h(a) £ diag(p)Ba+ p° for some c € R™",
a,a’ € R™ and p,po € R"™. In this experiment, similar to He et al. (2010) we set m = 10, n = 30, g = 2,
F™in — [0 20e!]T, F™* = [160e, 60e,!]", and other problem’s parameter are generated uniformly at
random according to Table 1.

Table 1: Distribution of randomly generated problem’s parameters.

Parameter c T a a’ P P

Distribution | U[0.1,0.2] | U[1,2] | U[1,2] | U[270,370] | U[1,2] | U[620,720]

0

We execute the code 20 times with the same initial point xo = 0, and visualize the mean of replications.
Figure 2 (left) depicts the convergence of VR-IPG for varying step sizes when the sample size Ny, = (k+ 1)2+25
and 6 = 1/2. In addition, Figure 2 (right) depicts the results of implementing VR-IPG for a variety of Ny

-[_Nk=k+l
8 .
= . AN =k
~ I ’ N =k
>I<'¥4 \ 0 12 14 16 k
10 20 30 40 50 0 10 20 30 40
# of iterations # of iterations

Figure 2: Convergence of VR-IPG implemented on Example 2 for different choices of stepsize (left);
Almost sure convergence of VR-IPG for different sample sizes (right).

values, along with the mean of 20 replications, with stepsize equal to 1 and their respective 95% confidence
intervals. We observe that as k goes to infinity, the confidence intervals become tighter.

A APPENDICES

In this section, proof of Lemma 3 and Lemma 4 are provided.
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Proof of Lemma 3. Since x* is a solution and Px (F (x) — nx) € X by using definition of IVI we have:

(™, Py (F (x) = 1x) = F(x7)) > 0. (5)

Choosing u = F(x) — nx in Lemma 1. Since F(x*) € X then following holds:

((F(x) = nx) = Px (F (x) = 1x),Px (F (x) — x) — F(x")) > 0. (©6)
Combining (5) and (6), we get :

(nH(x,1m) =N (x—x"),(F(x) - F(x")) =nH(x,1)) 2 0
and consequently
(x=x)THeem) 2 [HOem)|? + 5 (= x") T (F(x) = F(&")) = 3 (F () = F(x)) " H (x, m).
Applying the co-coercivity of mapping F, we obtain:
(x—x*) H(em) 2 [Hem)|? + 5IIF () = F ()|~ l(F(x) —F(X*))TH(xvn)

= (eI~ g 1H )P+ /5 (Fx ) sk H )

> (1= g |1H (e, m) | O

Proof of Lemma 4. Recall that wy y, = N%Z]]\-[i 1 (G(xk,Ejx) — F(x)). Using the update rule of x4 in
Algorithm 1, one can obtain the following.

e — x|
= [lxe —x" — i (F (xk) + Wi, — Py (F () +wew, — i) ||

= [ =" — 5 (F () — P (F () — mexe)) — - (W, — P (F () 9, — M) + P (F () — meee)) |1

For notational simplicity, define e; = Wiy, —Px (F (xx) + Wiy, — Tixe) +Px (F (xx) — M) and H (x, mi) 2
i (F (xz) — Py (F (xx) — mixx)). Using the fact that (a — b — c)? = a* + b* — 2ab+ c* — 2ac + 2bc, we obtain
e —x°1?

SHXk—X*HZJrHH(Xk,nk)HZ—2<Xk—X*,H(Xk,nk)>+n lewl? = 5 (=" ) + 5 (H (v ), ) (D)
k

Using the definition of e; and Lemma 1, we have that
1
— el < n%\lwk,Nk 1>+ n%gHPX (F (o) + Wi, — k) — Px (F () — mei) || < %!\Wk7Nk\|2- ®)
k
Moreover, from definition of ¢; and H (xg, 1), one can show that
%<H(~xk7 nk) - ('xk —X*>,€k>
= o (H (v, M) — (v — x7), i)
—<,72k (H (i, i) — (o = X)), P (F () + Wiy, — M) — P (F (o) — e
= o (H (v, M) — (v —27), W)
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- <%}3((F(Xk) — M) + Mix™ — P (F () — M) ) P (F (i) + Wiy, — M) — P (F () — i)
By adding and subtracting wy y, and Py (F (xx) + Wi, — MiXx), We obtain:

%<H(xk,nk) — (i —x"), ex)
(

o (H (e, M) = (o = X7), W)

- ,%kz ((F (o) +3p v, — M) — P (F (xie) + Wiy, — M) s P (F () + Wiy, — Mixe) — P (F () — Miexe )

~
term (a)

— 2 (Px (F () + Wi, — Mek) — Poc (F () — M), P (F () + Wiy, — i) — P (F (o) — M)
i
+ n%@k,szpx (F (k) + Wiy, — M) — P (F (i) — i)
= " P (F () + iy, — M) — P (F () — M)
Based on Lemma 1 part (b), one can easily verify that term (a) <0, then the following can be obtained:
- (H (o, i) — (3 —x7) e
o (H (s M) — (o= X7), Wi v ) — (67, P (F (i) -+ i v, — i) — P (F (o) — M)
%<PX (F (k) + Wiy, — M) — P (F (o) — Mixie) s P (F (i) + Wi, — M) — P (F () — M)
+ %<Wk,Nk7Px (F (xk) + Wi v, — Mex) — P (F (o) — Miexe))
nzk (H (o, ie) — (o — x7), Wi v, ) — <X Px (F (xk) + Wen, — M) — P (F () — Miexe))
—,Tkz Py (F (xc) + Wiy, — Mixe) — P (F (i) — i) |

IA 3\N

term (b)

+ =5 (Wi v, P (F () + Wi, — M) — P (F () — M)

2
n
(H

< o CH (o ) = Ot =), Wi )+ 1 P14 3 e 1

€))

where in the last two inequalities we used the fact that term (b) < 0, Lemma 1 and Cauchy-Schwartz
inequality. Using Lemma 3, inequalities (8) and (9) in (7), we obtain

ot =" 1P < =212 = (1= ) G M)+ 2 (B o) — o= 2°), )

+ o e + 5 1w, ]

Taking conditional expectation and using Assumption 2, we have the following.

Efllvrt =1 | 22 < =112 = (1= iz ) IH Goo oI+ 5 +

I -

2l
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