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ABSTRACT

The goal of this paper is to develop a methodology for the systematic analysis of asymptotic statistical
properties of data-driven DRO formulations based on their corresponding non-DRO counterparts. We
illustrate our approach in various settings, including both phi-divergence and Wasserstein uncertainty sets.
Different types of asymptotic behaviors are obtained depending on the rate at which the uncertainty radius
decreases to zero as a function of the sample size and the geometry of the uncertainty sets.

1 INTRODUCTION

The statistical analysis of Empirical Risk Minimization (ERM) estimators is a well-investigated topic both
in statistics (e.g., (van der Vaart 1998)) and stochastic optimization (e.g., (Shapiro et al. 2009)). In recent
years, there has been significant interest in the investigation of distributionally robust optimization (DRO)
estimators (e.g., (Rahimian and Mehrotra 2019)). The goal of this paper is to develop a methodology for
the study of asymptotic statistical properties of data-driven DRO formulations based on their corresponding
non-DRO counterparts.

Our objective is to illustrate the main conceptual strategies for the statistical development, emphasizing
qualitative features, for instance, the different types of behavior arising from the interaction between
the distributional uncertainty size and the sample size, while keeping the discussion easily accessible.
Consequently, in order to keep the discussion easily accessible, we do not necessarily focus on the most
general assumptions to apply our results.

To set the stage, let us introduce some notation. We use () to denote the set of Borel probability
measures supported on a closed (nonempty) set . C R, Let Xj,...,X, be a sequence of independent
identically distributed (i.i.d.) random vectors viewed as realizations (or i.i.d. copies) of random vector X
having distribution P, € 3(.#). Consider the corresponding empirical measure B, = n~' Y, 8., where
3, denotes the Dirac measure of mass one at the point x € R?. The sample mean of a function ¥ : . — R
is Ep [w(X)] =n"'Y", w(X;). By the Strong Law of Large Numbers, we have that Ep, [y/(X)] converges
with probability one (w.p.1) to Ep [y(X)], provided the expectation Ep, [y(X)] is well defined.

By the Central Limit Theorem, n'/?(Ep, [y (X)] — Ep, [y (X)])~N (0,062), where “~” denotes the
weak convergence (converges in distribution) and N (0, 62) represents the normal distribution with mean
zero and variance 62 = Varp, [y/(X)], provided this variance is finite.

We consider a loss function of the form /: R? x ® — R, with ® C R™ being the parameter space.
Unless stated otherwise, we assume that the set © is compact and [(x,0) is continuous on . x ®. We

define
£2(8) :=Ep, [[(X,0)] and f(6) :=Ep, [I(X,6)]. (1)
So, the standard ERM formulation takes the form
i 0 2
min f, (6), @)
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and viewed as an empirical counterpart of the “true” (or limiting) form

min £(6). 3)
The statistical properties such as consistency and asymptotic normality of the ERM estimates have been
widely studied in significant generality as the sample size n — o. These types of results hold under
structural properties of the function f (-) and natural stability assumptions (to be reviewed) which guarantee
a functional Central Limit Theorems for f, (). Our goal is to present a development that is largely parallel
to the associated distributionally robust counterpart to (2).

More precisely, (2) can be endowed with distributional robustness by defining a set of probability
measures, called the ambiguity set, Mg(P,) C P(.’), which are seen as “reasonable” (according to some
criterion) perturbations of the empirical measure. The parameter 6 > 0 is the uncertainty size and the
family of sets {9s(P,) : & > 0} is typically nondecreasing in 6 (in the inclusion partial order sense). The
ambiguity set can be defined around any reference probability measure, but unless otherwise stated, we
will center the ambiguity set around P,. In this paper we deal with ambiguity sets of the form

Ms(Fy) :={P € P(S) : D(P,F) < 8},

where D(Q,P) is a divergence between Q,P € B(.). Specifically, we consider the phi-divergence and
Wasserstein distance cases.
In order to state the DRO version of (2) we define

Fn(0,8,):= sup Ep[l(X,0)],
PED)T(;"(P”)

where &, is a monotonically decreasing sequence tending to zero as n — oo. The DRO version of (2) takes
the form
min.%,(60,4,). 4)
0cO

The aim of this paper is to investigate asymptotic statistical properties of the optimal value and optimal
solutions of the DRO problem (4). There are typically (but not always) three types of cases involving the
limiting asymptotic statistics depending on the rate of convergence of 9, to zero. These can be seen both
in terms of the value function error

. o
min %,(6,6,) —min f(6),

and the optimal solution error (assuming it is unique for the limiting version of the problem and sufficient
regularity conditions are in place).

Intuitively, if &, is smaller than a certain (to be characterized) critical rate relative to the canonical
parametric statistical error rate n~'/2, then the DRO effect is negligible compared to the statistical error
implicit in a sample of size n. If §, decreases to zero right at the critical rate, the DRO effect is comparable
with this statistical error and can be quantified in the form of an asymptotic bias. If §, is greater than the
critical rate, the DRO effect overwhelms the statistical noise. These critical rates depend on the sensitivity
of the optimal value function with respect to a small change in the size of uncertainty.

Our objective is to provide accessible principles that can be used to obtain explicit limiting distributions
for the errors, both for value functions and optimizers, when §, — 0 in these three cases; see Theorems 1
and 2 for general principles and Theorems 3 and 4 for the application of these principles to value functions
of phi-divergence and Wasserstein DRO, respectively; and Theorem 5 for the corresponding application to
phi-divergence optimal solutions (we omit the Wasserstein case due to space constraints).

It is important to note that it is common in the data-driven DRO literature to suggest choosing &,
to enforce that P, is inside 915 (P,) with high probability. This selection typically will fall in the third

32



Blanchet and Shapiro

case, that is, this choice will induce estimates that are substantially larger than standard statistical noise.
Therefore, prescriptions corresponding to the third case should be assigned only if the optimizer perceives
that the out-of-sample environment is substantially different from the observed (empirical) environment
due to errors or fluctuations that fall outside of standard statistical noise.

The remainder of the paper is organized as follows. In Section 2 we will quickly review the elements
of the statistical analysis of Empirical Risk Minimization (ERM) — also known as Empirical Optimization
or Sample Average Approximation — which corresponds to case 8, = 0. Then, in Section 3, we will follow
a parallel discussion to that of Section 2 and discuss assumptions for the data-driven DRO version of
the problem. The objective is to use these assumptions so that we can obtain a flexible and disciplined
approach that can be systematically applied to various DRO formulations. Then, in Section 4 we will
discuss the application of this approach to the explicit development of asymptotics for the optimal value
in phi-divergence and Wasserstein DRO and, finally, in Section 5, we also develop these explicit results
for associated optimal solutions.

We use the following notation throughout the paper. For a sequence Y, of random variables, by writing
Y, = 0,(n~7) we mean that n’Y, tends in probability to zero as n — oo. In particular ¥, = 0,(1) means
that ¥, tends in probability to zero. The notation Q < P means that Q € () is absolutely continuous
with respect to P € P(.%). Unless stated otherwise, probabilistic statements like “almost every" (a.e.), are
made with respect to the probability measure P.. By saying that a function /. : . — R is integrable we
mean that Ep |2(X)| < oo. It is said that a mapping ¢ : R™ — R¥ is directionally differentiable at a point
0 € R™ if the directional derivative

: o $(0+1d)—9(6)
0'(0,d) =lim t

exists for every d € R™. We will use the term &,(0), 6 € O, to denote a random field such that

sup |€, (0)] = op(1). ®)
0cO

2 STATISTICS OF ERM: REVIEW

In addition to the population objective function f(0) :=Ep, [ (X, 0)], introduced in (1), we also let

¥ := inf f(0) and O :=argmin f(0),
0cO 0cO

be the optimal value and the set of optimal solutions of the population version of the optimization problem,
respectively.

As defined in (1), f,(0) = Ep, [l (X, 0)] is the objective function of the ERM version of the problem
and

Oy, := inf f,(0) and 6, € argmin f,(0)
6co 6cO

are the respective optimal value and an optimal solutions of the ERM problem. We will now quickly review
the development of the asymptotic statistics of the optimal value in ERM and then we will discuss the
corresponding results for optimal solutions.

2.1 Asymptotics of the Optimal Value

In order to analyze the statistical error in the difference between the optimal values ¥, — 1%, we start by
enforcing a functional Central Limit Theorem (CLT) for f, (-). In particular, one imposes assumptions that
guarantee an expansion of the form (recall that g,(-) satisfies (5))

fn(8) = f£(8)+n""2r,(8)+n""2g,(0), (6)
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where we have functional weak convergence
T ()0 ()

in the uniform topology on compact sets, with g () being a mean zero Gaussian random field with covariance
function

Cov (9(6) .0 (6’)) = Covp, (l(X,G) ,1 (X,G’) )
There are several ways to enforce (6); a simple set of sufficient conditions satisfying this is given next (cf.,
(van der Vaart 1998, example 19.7)).

Assumption 1 (i) For some § € @ the expectation Ep [/(X, 8)?] is finite. (ii) There is a measurable function
v:.% — Ry such that Ep [y(X)?] is finite and

1(X,0) —1(X,6")| < w(X)[| 6 — 6|

for all 6,6’ € ® and ae. X € ..
In particular, under this assumption, it follows that the expectation function f(6) and variance

62(0) := Varp (1(X,0))

are finite valued and continuous on ®. Furthermore, since the set ® is compact, it follows that the optimal
value, ¥, of the ERM problem converges to ¥ in probability (in fact, almost surely). Moreover, it is
not difficult to show from (6) that the distance from 6, to ®, converges in probability to zero (actually,
convergence occurs almost surely) as n — oo. Finally, since the functional V(¢) := infgce ¢(6), mapping
continuous functions ¢ : @ — R to the real line, is directionally differentiable, the following classical result
is a direct consequence of the (functional) Delta Theorem (cf., (Shapiro 1991)).

Proposition 1 Under Assumption 1,

1209 9 i
n'=(%,—19) elen(g*g(e) 7

as n — oo, In particular, if ® = {60*} is a singleton, i.e. 6* is the unique optimal solution of the true
problem, then n'/2(#, — ©9*) converges in distribution to normal N(0,c2(6%)).

2.2 Asymptotics of Optimal Solutions

We assume now that ®* = {6*} is a singleton, i.e., 8" is the unique optimal solution of the true (population)
problem (3). We also assume that for a.e. X, the function /(X,-) is continuously differentiable. As was
argued in the previous section, the asymptotics of the optimal value is governed by the asymptotics of
the objective function. On the other hand, the asymptotics of optimal solutions can be derived from the
asymptotics of the gradients of the objective function.

Let us consider the following parametrization of problem (3):

minf (0) +v70, (8)

6cO

with parameter vector v € R”. Denote by 6,(v) an optimal solution of the above problem (8) viewed as a
function of vector v. Of course, we have 6,(0) = 6*.

Assumption 2 (uniform second order growth) There is a neighborhood 7" of 6* and a positive constant
Kk such that for every v in a neighborhood of 0 € R™, problem (8) has an optimal solution 6,(v) € ¥ and

F(8)+v1(6—6.(v)) > (6. (v) +K][6—6.(v) |,
forall o e ®NY.
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The following assumption can be viewed as a counterpart of Assumption 1 applied to the gradients of
the objective function.

Assumption 3 (i) For some 6 € ® the expectation Ep, [
function ¥ : . — R, such that Ep [¥(X)?] is finite and

IVI(X,0) - VI(X,0")|| <¥(X)||6 -6, ©)
for all 6,6’ € ® and ae. X € ..
By the functional CLT it follows that
Vi (0)=Vf(0)+n%d,(0)+n g, (0), (10)

where we have a functional weak convergence d,, () ~» & (-) in the uniform topology on a closed neighborhood
of 0%, with & (-) being a continuous mean zero Gaussian random field with covariance function

Cov [6(6),6(0")] =Ep,[(VI(X,0) = Vf(6))(VI(X,8") = Vf(6")"].
It follows from (10) that
[V£u(8) = V£(0)] = [V£u(6%) = Vf(6")] =" [d,(6) —dy (6") +£,(6) — &, (87)].

IVI(X,0)|?] is finite. (ii) There is a measurable

Also since p, := 1|6, — 6*|| tends in probability to zero, we have
sup  [dy (0) —dn(07) +&,(0) — &, (07)] = 0p(1). (1D)
0:(|6—6%<pn

Thus we have the following result from (Shapiro 1993, Theorem 2.1), where the respective regularity
conditions are ensured by the above property (11).

Proposition 2 Suppose that Assumptions 2 and 3 hold. Then it follows that
6, = 6.(Z,) +0,(n" %), (12)
where Z, := Vf,(0%) —Vf(0%).
The above result reduces the analysis of asymptotic properties of optimal solutions to the investigation
of the asymptotic behavior of optimal solutions of the finite dimensional problem (8). By the (finite
dimensional) Central Limit Theorem, n'/?Z, converges in distribution to normal N(0,X) with covariance

matrix X = Cov(VI(X,0")). Moreover, if the mapping 6, (v) is directionally differentiable at v =0 (in the
Hadamard sense), then by the finite dimensional Delta Theorem it follows from (12) that

n'/2(6,—6")~0.(0,2),

where Z ~ N(0,X). In particular, if 6, (0,w) = Aw is linear (i.e., 0, (v) is differentiable at v = 0 with Jacobian
matrix A), then n'/?(6, — 6*) converges in distribution to normal with null mean vector and covariance
matrix AXAT.

Directional differentiability of optimal solutions of parameterized problems is well investigated. For
example, if 6" is an interior point of ®, f(0) is twice continuously differentiable at 6* and the Hessian
matrix H := V2f(6*) is nonsingular, then the uniform second order growth (Assumption 2) holds, and
6. (v) is differentiable at v =0 with 8/ (0,w) = H 'w. When 6* is on the boundary of the set ®, the
sensitivity analysis of the parameterized problem (8) is more delicate and involves a certain measure of the
curvature of the set @ at the point 8*. This is discussed extensively in (Bonnans and Shapiro 2000). We
also refer to (Shapiro, Dentcheva, and Ruszczynski 2009, sections 5.1.3 and 7.1.5) for a basic summary of
these results.

It is worthwhile to note at this point that the regularity conditions of Assumptions 2 and 3 address
different properties of the considered setting. Assumption 2 deals with the limiting optimization problem
and is of deterministic nature. The uniform second order growth condition was introduced in (Shapiro
1993), and in a more general form was discussed in (Bonnans and Shapiro 2000, section 5.1.3). On the
other hand Assumption 3 is related to the stochastic behavior of the ERM problem (2).
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3 STATISTICS OF DRO: GENERAL PRINCIPLES

We now provide sufficient conditions for the development of DRO statistical principles based on assumptions
which are parallel to those imposed in the ERM section. Define

B, := inf .%,(0,8,) and 6, € argmin.%,(0,3,),
6€0 6O

the optimal value and an optimal solution of the DRO problem (4).

3.1 DRO Asymptotics of the Optimal Value

Similar to the ERM case, in the DRO setting, we will typically have an expansion of the form
Fn(0,8,) = fn(0)+6/R, (8) + e, (0), (13)

for some y > 0, where R,(-) converges in probability in the uniform topology over ® to a continuous
deterministic process p(-),
Rn(e):p(6)+£n(9)' (14)

Since %, (+,0,) > fu(-), it follows then that p(-) > 0. We will characterize ¥ > 0 and p (-) explicitly
in the next sections in the context of phi-divergence and Wasserstein DRO formulations under suitable
conditions.The following result, summarizes the type of behavior that we expect in DRO formulations
depending on the rate of decay to zero of the uncertainty size J,.

Theorem 1 Suppose that Assumption 1 and conditions (13) - (14) hold. Then there are three types of
asymptotic behavior of the DRO optimal value:
(a) If 5] = 0 (n~"/2), then
By = B+ 0, (n—1/2>, (15)
and hence ~
n'/2 (8, — ) ~ Jnf g(6),

which coincides with (7) and thus the DRO formulation has no asymptotic impact.
(b) If 8 =n~'/2, then i
n? (B, — 0) ~ inf {g(6) +p(6)}. (16)
e *

so the DRO formulation introduces an explicit and quantifiable asymptotic bias which can be interpreted
as a regularization term.
(©) If 0(8]) =n~'/2, then

Bn_y (ﬁn - 19) ~ eiél(g*p (9) )
so the bias term induced by the DRO formulation is larger than the statistical error.

Proof. Part (a). By (13) and (14) we have that in the considered case
T(0,8,) = £,(8) +0(n"?)g, (),

where €, (0) is the generic term satisfying (5). Thus (15) follows.
Part (b). By (13) and (14) in the considered case, we can write

n'?(F,(0,8,) = £(0)) = n'*(£2(0) — £(8)) +p(6) + £ (6).
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Under Assumption 1, by the functional CLT we see that n'/2(f,(8) — £(8)) +p(8) converges in distribution
to g(0)+p(0), and hence (16) follows by the Delta Theorem.

Part (c) may appear somewhat different because the right hand side is deterministic but, under case
(c) note that we can simply write

Fn(0,8,) = f(0)+06/R,(0)+ )€, (0),

so case (c) also follows from the standard analysis since R, (-) converges uniformly to p (+) in probability
(thus it converges weakly in the uniform topology). O

3.2 DRO Asymptotics of the Optimal Solutions

As in the ERM development, in addition to Assumptions 2, it is convenient to guarantee that for all n large
enough, .%,(0,6,) is differentiable in a neighborhood ¥ of 6* and

V.Z,(0,8,) =Vf,(0)+8ID,(0)+87e,(0), (17)

for some y > 0, where D,, (6) converges in probability to Vp (6) uniformly around a closed neighborhood
¥ of 6*. As a consequence, we obtain the following analog of Theorem 1, which follows from the finite
dimensional Delta Theorem. Recall that 6,(v) is an optimal solution to problem (8) and 6.(0,-) is its
directional derivative at v = 0.

Theorem 2 Suppose that: Assumptions 2 and 3 hold, conditions (13) - (14) are satisfied, identity (17)
holds with D,, (-) converging in probability to Vp (-) uniformly around a closed neighborhood ¥ of 8*, and
that 6, (v) is directionally differentiable at v = 0 (in the Hadamard sense). Let Z ~ N(0,X) with covariance
matrix £ = Cov(VI(X,0*)). Then the DRO optimal solutions can have three types of asymptotic behavior:
(A) If §/ =0 (n~1/?), then

0, = 6,+o0, (n’1/2> ,
thus )
n'/2 (6, —6")~6/(0,2).

(B) If ) =n~1/2, then i
n'/2 (6, 6")~06.(0,Z+Vp(6")).

(©) If 0(8)) =n~'/2, then

8,7(6,—06")~6,(0,Vp(6Y)).
4 GENERAL PRINCIPLE IN ACTION: OPTIMAL VALUES
4.1 The Phi-Divergence Case

We recall the definition of the distributional uncertainty set for the phi-divergence case. Consider a convex
lower semi-continuous function ¢: R — R U{+eo} such that ¢(1) =0 and ¢(¢) = +oo for 7 < 0. For
probability measures Q, P € I3 such that Q is absolutely continuous with respect to P with the corresponding
density dQ/dP, the ¢-divergence is defined as (cf., (Csiszar 1963),(Morimoto 1963))

Dy(QIIP) = Ep[9(dQ/aP)] = [ 9(aQ/aP)dP

In particular, for ¢(¢) :=tlog(¢t) —t+ 1, t > 0, this becomes the Kullback—Leibler (KL) divergence of Q
from P. The ambiguity set 9ts(P) associated with Dy (-||P) is defined as

M5 (P) :={Q < P: Dy(Q|P) < 5}
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By duality arguments the corresponding distributionally robust functional can be written in the form (cf.,
(Bayraksan and Love 2015), (Ben-Tal and Teboulle 1987), (Shapiro 2017))

sup EolY] = inf {A8+pu+AEp[¢"((Y —u)/A)]}, (18)
QeM;(P) A0

where ¢*(y) = sup,cp{yt — ¢(z)} is the convex conjugate of ¢. Using this representation, we can obtain
an asymptotic expansion for (18) as a function of 6. This expansion can be helpful to suggest the form of
the expansion in (13) and (17). For this, we need to assume certain regularity properties of ¢ (¢) around
t=1.

Assumption 4 Assume that ¢(7) is two times continuously differentiable in a neighborhood of t = 1 with
k:=2/¢"(1) > 0.

Under this condition, we have the following expansion, which is obtained, in order to simplify our
exposition, under the assumption that the probability measure P has compact support. See also the results
in (Lam 2016), which provide additional correction terms under a fixed P. The uniform feature of the
statement below is helpful in the statistical analysis. Our development here will also be used in the expansion
of optimal solutions.

Proposition 3 Suppose that Assumption 4 holds, that P(|Y| < v) =1 for some v € (0,c). Then, for any
b() >0,

sup Eg[Y]—Ep(Y)—8'2k!/2\/Varp[Y] = 0 (51/2> , (19)
QEMs(P)

uniformly over Borel probability measures P supported on [—V, V] such that Varp[Y| > by. Moreover, there
is 8 > 0 such that for all < &
argmax{E¢p[Y]: Q € Ms (P)}

is unique.
Proof.  Note that we can write

sup EolY] = sup EplYZ],
0e; (P) Ep(Z)=1Ep(9(2))<8

where the sup is taken over the set of positive random variables Z satisfying the specified moment constraints.
We may assume that Ep [Y]_: 0 for simplicity since we can always center the objective function around
Ep[Y)]. In turn, by letting A = (Z —1)/8'/2, the previous optimization problem is equivalent to

5'/2 sup Ep[YA]. (20)
Ep(A)=0A>—8"1/2Ep(¢p(1+8'/24))<8

Since |Y| < v and Ep[Y] =0, then A = aY is feasible for any a > 0 provided that av < &5-1/2 and
Ep[¢p(1+8'/2A)] < 8.
In turn, since @ () is two times continuously differentiable at = 1, we have that
57'9(1+6"ay)) = a®?¢" (1) /2

as 0 — 0 uniformly in compact sets. Therefore, we conclude that there exists & > 0 such that for any

0 <&

sup Ep[YA]
Ep(A)=0A>—8"1/2Ep(¢(1+8'/24))<8

> sup Epla¥?) = /x (1 — &) - /Ep[r?].

 a>0.a2Ep(Y2)/2<(1-8)/9" (1)
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Since 8 > 0 can be chosen to be arbitrarily small, we conclude an asymptotic lower bound which retrieves
(19). For the upper bound, we apply the duality result (18) in the form corresponding to (20), we obtain

sup Ep[YA]
Ep(A)=0A>—5"1/2,6"1Ep(¢(148'/24))<1

= min {A+Ep[ sup {(Y+0a)A—A52¢(148'%A)}]}

A>0,0 A>—5-1/2
<min{A+Ep[ sup {YA—A8"'2¢(1+8'2A)}]}. 1)
2>0 A>—5-1/2

We will plug in
Ao = argmin{A + kEp[Y?]/42 : A > 0} =271 /kEp[¥Y2] >0

into (21) to obtain our upper bound. Using that Ay > 0 and that ¢ is convex with ¢” (1) > 0, we have that
the family of (continuous) functions

ss ()= sup {yA—2A8'?¢(1+5'7A)}
A>—-§-1/2

converges uniformly on compact sets to

X7 A2 Ky
50 (y) = sup{yA—AA"/Kk} = —=.
A 47

Therefore we obtain that

min{A +Ep[ sup {YA—A8"2¢(1+8'%A)}]}
A>0 A>—5-1/2

<Jo+Ep[ sup {YA—2o5 '2¢(1+8"2A)}] = V- \/Ep[Y?].
A>—§-1/2

These estimates, which are uniform given that |Y| < v, yield the estimate in the proposition. The uniqueness
is standard; it follows from the local strong convexity of ¢ (-) at the origin. O

Recall that 62(8) := Varp, (I(X,80)), and that g(-) is a mean zero Gaussian random field. Expansion
(19) immediately yields, at least when supg.g |/ (X, 0)| is P.-bounded, that

Fn(0,8,) = £, (0) + 6, k265(0) + 5. %€, (6). (22)

Consequently, we obtain the following result.

Theorem 3 Suppose that supg.g |/ (X, 0)| is P.-essentially bounded, that Assumption 1 and Assumption
4 hold, and that 6%(8) > 0 for all 8 € ®*. Then, we have the following types of asymptotic behavior of
the DRO optimal values.

(a-phi) If §, =0 (n™"), then

n'/2 (9, - ) ~ Jinf g(6).

(b-phi) If §, =n~!, then

n!/2 (5,,—ﬁ)weien(g*{g(e)—l—icl/zc(e)}. 23)

(c-phi) If 0(8,) =n"!, then
5% (B, — 0) ~ '/ inf &(8),
0cO*

so the bias term induced by the DRO formulation dominates the statistical error.
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Proof.  Proof of this theorem follows standard techniques (cf., (Shapiro, Dentcheva, and Ruszczynski
2009, proof of Theorem 5.7)). For the sake of completeness we briefly outline proof of case (b-phi). Note
that our assumptions imply Assumption 1, and hence 6%(0) is a continuous function of 8. Therefore there
is a compact neighborhood ® of ®* such that 62(8) > 0 for all & € ®. We can restrict the minimization
to @ for which the expansion (22) holds.

Consider the space C(®) of continuous functions g : ® — R equipped with the sup-norm, and functional

V(g) :=infy.g g(0), mapping C(®) into the real line. This functional is directionally differentiable in the

Hadamard sense with the directional derivative ata point u € C(®) givenby V'(u,h) =infy.,) h(6), where
O(u) := argming g 1(6). We have that ¥, = V(.%,) and O = V(f), where .Z,() := Z,(-,8,). By the
functional CLT and (22) it follows that n'/?(.%, — f) converges in distribution (weakly) to g(8) + k'/>G(8).
We can apply now the functional Delta Theorem to conclude (23). 0

Given that ¢(-) is only assumed to satisfy Assumption (4), without imposing any growth condition,
situations such as the (c-phi) case require imposing stronger moment conditions than just assuming
Varp, [l (X,0)] < eo. This can be seen in the KL-divergence case in which ¢ (t) =¢log(¢) —t+ 1. For fixed
0 > 0, the population version of the DRO problem requires that / (X, 60) has a finite moment-generating
function in a neighborhood of the origin. Therefore, if J, converges to zero sufficiently slowly and / (X, 0)
has infinite moments of order 2+ €, an expansion such as (22) may not hold. However, if ¢ (t) = (r — 1)2,
it follows that expansion (22) holds exactly with g, (6) = 0.

On the other hand, (Duchi et al. 2021, Theorem 2) provides a more general result for the case
(b-phi) since it does not require compact support (although it requires ¢ to be three times continuously
differentiable). The following example shows that the smoothness of ¢ () is important in deriving the
asymptotics in the previous result with §, = n~1/2.

Example 1 Consider ¢(¢) := |t — 1|, # > 0. In that case (e.g., (Shapiro 2017, Example 3.12)), for § € (0,2)
and essentially bounded Y,

sup Ep[Y]=(8/2)esssup(Y)+ (1 — 0/2)AV@Rp;_5/,(Y),
QEMs(P)

where
AV@Rpo(Y) = inf {t+a 'Ep[Y —1]4 }, a € (0,1].

TcR
Note that AV@Rp;(Y) =Ep[Y] and as « tends to one,

|AV@Rpo(Y) —Ep[Y]| = O0(1 — o), (24)

provided Y is essentially bounded.
Suppose that /(x, 0) is bounded on . x @, and hence

F(0,8,) = (8,/2) max (X, 0)+ (1 - 8,/2)AVE@Ry, 1_5,2(I(X,6)). (25)

Consider 8 , =n~'. Then the first term in (25) is of order O(nfl), and by (24) the second term is
Ep,[I(X,0)]+ O (n!). Consequently in that case ¥, = 8, +0,(n~'/?), and hence this corresponds to case
(a) in Theorem 1. This shows that the assumption of smoothness (differentiability) of ¢(-) is essential for
deriving the asymptotics of ¥,. Here, some additional terms in the asymptotics of ¥, appear when §, is
of order O(n~'/?), rather than O(n"). O

4.2 The Wasserstein Distance Case

We use P( x ) to denote the set of Borel probability measures on the product space . x .. Let
.Y x.% — Ry U{+eo} be a lower semi-continuous function such that c(x,y) = 0 if and only if x =y.
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This function measures the marginal cost of transporting a unit of mass from a source location to a target
location, respectively. The domain of of ¢ (-,) is

dom(c) = {(x,y) € ¥ x . 1 c(x,y) < oo}.
The optimal transport cost between P,Q € B(.) is given by
D (P,Q) :==min{E;[c(X,Y)]: m € P (S x.¥), nix =P, ny = Q},

where E;[-] is the expectation under a joint distribution 7 € B (. x .) and mx and 7y denote the marginal
distributions of X and Y, respectively. It turns out that the optimizer is always achieved, thus we write ‘min’
instead of ‘inf’. Let || - || be a norm in the space R¢. An important special case corresponds to the choice
¢ (x,y) :=||[x—y]||” for some p > 0, in which case D, (P, Q)l/ P is the so-called p-Wasserstein distance. The
reader is referred to the text of Villani (Villani 2003) for more background on optimal transport.

For any given P € 3(.¥’) and & > 0 we have the following dual result (cf., (Esfahani and Kuhn 2018),
(Blanchet and Murthy 2019), (Gao and Kleywegt 2016)) assuming that b (-) is upper semi-continuous and
h(X) is P-integrable,

sup Eg[h(Y)] =min{A8 +Ep[h,(X)]}, (26)
0:D(PQ)<é A>0

where

ba(x) == sup{b(y) — Ae(x,y)}, A > 0.
yes
Throughout the rest of our discussion, we will choose ¢ (x,y) := ||x —y||” for p € (1,00) and therefore write
D, (P, Q) for this choice of cost function. Further, we use ||-||, to denote the dual norm, namely,
yll, = sup{x"y: [lx] = 1}.

As in the case of phi-divergence, assuming that P is fixed and has compact support, for example, we can

obtain an asymptotic expansion for (26) as a function of 6. By writing El(,,p “Dir [-] we mean (Ep[-])P—1/P,

Proposition 4 Suppose that b (-) is continuously differentiable and the mapping
x = sup{[|Vh (x+4) = Vi (x)[| /(1 + A7) : A e R}

is bounded on compact sets. Then, for any by > 0,

sup  Ep[h(Y)] —Ep[h(X)] — 51/pE§3p71)/p[|’Vh(X)||f:/(p71)] —0 (51/p) ,
0:D,(P.Q)<6

uniformly over P € B([— v, v]*) such that Ep||Vh (Y)|| > bo.

Proof.  The proof of this result is similar to the one given in the phi-divergence case. Therefore, we
only provide a sketch. We start by observing that

sup ~ Eo[h(Y)] =Ep[h(X)]+ sup Ep[h(X +A)—-h(X)],
0:D,(PQ)<8 Epl|a| <8

where the optimization in the right hand side is taken over random variables A. We let §'/?A = A and note
that

sup  Eplh(X +4)—h(X)] =87 sup Ep[((X+8"7R)—(x))/8"7]
Ep[A]l" <8 Ep||A]"<1

1
=87 sup Ep [/ VU(X‘H(SUPA)’AW]'
salrer Lo
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Next, we can obtain a lower bound by considering a specific form of A suggested by the formal asymptotic
limit as 0 — 0. Note that

Ep[Vh(X)-A] < Ep[[VH(X)].[|A]],
and the equality is achieved if we choose any A, which is a constant multiple of
Ai (X) € argmax{Vh(X)-A: ||A]| =1},

(The function Ay (-) can be selected in a measurable way using the uniformization technique of Jankov-von
Neumann.) Next, if |A*|| =a|[VH(X)]|?, then

Ep([[VH(X)|. [|A*]|] = aBp[[[VH(X)[|7"]
and )

Ep (||A%||") = a”Ep || VH(X)||1P = 1.
Letting yp = Y+ 1 we have that y=1/(p — 1) and therefore

sup EP[V[)(X) A*} — EE)P*U/P[HV[](X)Hf/(p—])L
o3l

with
- - _ —1 _
A (X) = & (X) [ VH ) [V B, 7 v ) 2/
The denominator is well defined, since Ep||Vh(Y)|| > 0 and the random variable A* (X) is essentially

bounded uniformly over the family P € B([— v, v]?) and Ep||[Vh(Y)| > bo. Since the gradient Vh(-)
is continuous, then it is uniformly continuous over compact sets and, consequently, uniformly over A in
compact sets,

/0.1 th(x+t51/PA) —Vh(x)HAdt =o(1)

as 6 — 0. This yields that

1
sup  Ep [/ Vh(X +18"/PR)- Adr] > BV Vi (X)||7/ “’”] +o(1)
moafr<r L0

uniformly over P € ([ — v, v]?) and Ep||Vh (Y)|| > by. For the upper bound, we can apply the duality
representation, just as we did in the phi-divergence case. Using duality, we have that

1 _
sup Ep [/ Vh(X+t51/”A)-Adt] :r_nin{l +Ep
o)< >0

sqp/ol V(X +18/74) - Adt — A HAH”] }
A
Once again, we select a specific choice Ay given by
0<M—argm1n{l+Ep[sup{||Vh HAH—?LHAH HE }
The fact that A9 > 0 follows because Ep || VH(X)||, > 0. We then obtain

sup Ep [/1Vh(X+t51/pA)-A] <o +Ep

1 - -
sup{ | VO(X-+¢8'/78) - Adt o 3]}
B3 x o

The rest of the proof is similar to the phi-divergence case. We omit the details due to space constraints. [
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Similar results have appeared in the literature (cf., (Bartl et al. 2021)). An important difference
which is useful in our analysis is that the above result is uniform over a class P € P([— v, v]d) such that
Ep|[VH(Y)| > bo. In order to write the expansion of .%,(6,8,) we clarify that here we use V,/(x,0)
to denote the gradient with respect to x. Under suitable boundedness and smoothness assumptions, the
previous result yields

F(0,8:) = £,(0)+ 8 "EY VIV, (X, 012"V 48,7, (6).
We collect the precise statement of our result next. The proof is similar to that of Theorem 3 and thus
omitted. Related results are given in (Blanchet et al. 2019; Blanchet et al. 2022).
Theorem 4 Suppose (-, 0) is continuously differentiable, that

(x,0) = sup{|[VI (x+A,0) — VI(x,0)||/(1+]|A]"~") : A >0}
is locally bounded, that P, has compact support, / (x,-) is Lipschitz continuous and

inf Ep [|Vil(X,0)]] > 0.
0cO*

Then, we have the following types of behavior of optimal values .
(@-W) If 8,/” = 0 (n"'/2), then

1208 ) o mi
n'/* (B, — ©) ~ min g(6).

(b-W) If 8/7 = n=1/2, then

! (B~ ) ~ min {o(6) + B[4 (X, 0))2/7 V] |

(c-W) If o (5,3/”) =n"1/2, then
5 \/p (9, —0) w;nig E;”‘”/”[Hw (x,0)|/ P~ 11,
cO* *

5 GENERAL PRINCIPLE IN ACTION: OPTIMAL SOLUTIONS

We complete our discussion in this section, considering optimal solutions. Due to space constraints, we
focus only on the phi-divergence case. A key observation is that the uncertainty set is compact in the weak
topology and therefore, if Assumption 3 holds, the function .%,(+, §,) is differentiable and its gradient has
expansion (17). In fact, the derivative can be shown to exist if we are able to argue that, for d sufficiently
small, the worst-case measure is unique. This is precisely the strategy we will pursue in this section.
Throughout the section, we impose the condition that ®* = {0*}. Recall that 62(8) := Varp (I(X,0)).

Theorem 5 Suppose that Assumptions 2, 3 and 4 hold, that /(x,) is essentially bounded under P, and
02(6*) >0, and that 6, (v) is directionally differentiable at v = 0 (in the Hadamard sense). Let Z ~ N(0,%),
where X is the covariance matrix of VI(X,0*). Then we have the following.
(A-phi) If 8, =0 (n~"'), then
n'/? (6, —6.)~6.(0,2).

(B-phi) If §, =n~!, then

n'2 (6, 6.)~ 0. (0.2+x'/Vo(6")).
(C-phi) If 0(8,) =n"!, then

5 /% (0~ 0.) ! (0,x' Vo (67)).
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Proof. Applying the centering and scaling used to obtain (20) we obtain

Fn(0,8,) = £,(0)+8,/°D, (6.,8,),

where
2,(0,6,) = sup Ep

[0 (X,0) Al (27)
Ep, (A)=0,>—8, /2 6, *Ep, (9(1+8,/7A))<1

and .
ln(Xae) :l(Xve)*fn(e)
It suffices to show that
V%,(0,86,) — Vp(0)

uniformly over some region ||6 — 6,|| < & for some . Note that the optimization region in (27) is compact
in the weak topology and therefore, by Danskin’s Theorem (see (Shapiro et al. 2009, sections 5.1.3 and
7.1.5), Section 7), we have that Z, (-, §,) is directionally differentiable and by the uniqueness of the optimal
A, for 8, sufficiently small we have that

V2,(0,8,) =Ep [V, (X,0)A,(0)].

We can precisely characterize A, (8) from Proposition 3 over a region ||8 — 6,]| < & for which we can
guarantee Varp, [l (X, 6)] > 0. Note that such & > 0 can be found assuming that n > N (for some random but
finite almost surely N because of the Strong Law of Large Numbers and continuity since Varp, [l (X, 6,)] > 0.
We have, uniformly over |0 — 6.|| < &, for n > N,

B (8) = v/ X:6)

V" (1) Varp,[1(X,0)]

+€,(0).

On the other hand, defining _

we have that

Vp (6) =Ep[I(X,0) A(0)],
where
S [(x,0)
O =K T Vars 1%,9)
We obtain
Dn(0,8,) —Vp ()
=Ep [V, (X,0)A,(0)]—Ep [VI(X,0)-A(0)]
=Ep,[(VI:(X,0) — VI(X,0)) A, (6)] +Ep, [VI(X,0) (A, (68) —A(6))]

, [
+Ep,[VI(X,0)A(8)] - Ep[VI(X,0)-A(8)].
It follows that A, (6) — A(8) uniformly over || — 6, < &, and (V1,(X,0) —VI(X,6)) — 0 uniformly
in probability (in fact almost surely) as n — 0. Uniform convergence in probability over |6 — 0,|| < &
follows from these observations. [
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