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                       (a) Network layout                                  (b) Travel time reduction under two toll alternatives 
Figure 1: Sioux Falls test network and non-normality of alternative values. 

Fig. 2(a), (b) and (c) compare the RelOC between Bayesian R&S SNPP solved by MCLB-KG  and 
solved by GA or SAA-GA (point estimate of each RelOC with its ~95% confidence interval (CI) plotted). 
In all three cases, the MCLB-KG algorithms outperform GA or SAA-GA, approaching the best solution 
within fewer simulations and has a constantly better RelOC within the simulation budget. In fact, in 
deterministic case, MCLB-KG finds the true optimum within 80~100 iterations in most sample paths, while 
GA often stays in local optimum with RelOC values above 0.1 after reaching the 100 sampling budget. Fig. 
2(d) shows how many times of alternatives in each region j are measured (j=1,…,10) by each algorithm in 
three typical sample paths. As can be seen, GA tends to spend most time around certain area (near local 
optimum) while the MCLB-KG algorithm explores across the decision space more evenly. In fact, The 
global exploration of the MCLB-KG algorithm happens in earlier iterations accounting for larger 
uncertainties in the hyperparameters and then the algorithm quickly identifies promising regions to spend 
more iterations in.  In the stochastic setting, our algorithm also explores across the decision space while 
SAA-GA’s searching is much more localized, similar to the observation  in the deterministic case.  

Take case v=0.01 as an example, Figs. 3(a) shows the entries of posterior mean vector aN and diagonal 
entries of covariance matrix CN resulting from MCLB-KG. We see that the absolute values of the posterior 
means of model coefficients for most attributes are well above that of the sampled deviation terms, and the 
posterior variances of the deviation terms are smaller than those for the coefficients of toll attributes. This 
explains why the non-perfect additive linear models are useful for SNPP. They are also true for v=0.05 
(although the absolute values of aN entries decrease) and the deterministic case. Under larger v=0.05, the 
relative ranking among the posterior means of different model coefficients remain almost unchanged , and 
posterior variances of the toll attribute effects increase, which is not surprising. Based on these posterior 
means and e=2$, we compute and plot the marginal effects of toll rates for each tollable link, as shown in 
Fig.3 (b). The results suggest that most links have positive expected marginal effect on travel time reduction 
at all toll levels, but interestingly, the expected marginal effect of link 66 and 75 are positive at toll level 1 
and 2 but negative at toll level 3. Link 16 and 19 have negative expected marginal effect at all toll levels, 
indicating that the initial congestion level may not always be a good criteria for selecting candidate links. 
The notable variations of the marginal effects across links and toll levels justify the belief model used.  

We also note in the test that measurement decisions xKG,n are usually from the set {t1, …, tK0} by MC 
sampling, which is a bigger set in earlier iterations (n≤ 20). However, in later iterations (after enough 
observations that make the belief upon those hyperparameters relatively stable and outweigh the effect of 
non-informative priors), the MC step often selects only one alternative t1 (i.e., K0 =1). Interestingly, this t1 then often stalls for several iterations before a change is invoked by a relatively significant refinement of 
the belief in the linear model coefficients after sampling a new “promising” alternative from the set {s1, …, 
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