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ABSTRACT

We consider the problem of estimating via Monte Carlo simulation the misclassification probabilities of two
sequential multiple testing procedures. The first one stops when all local test statistics exceed simultaneously
either a positive or a negative threshold. The second assumes knowledge of the true number of signals, say
m, and stops when the gap between the top m test statistics and the remaining ones exceeds a threshold.
For each multiple testing procedure, we propose an importance sampling algorithm for the estimation of
its misclassification probability. These algorithms are shown to be logarithmically efficient when the data
for the various statistical hypotheses are independent, and each testing problem satisfies an asymptotic
stability condition and a symmetry condition. Our theoretical results are illustrated by a simulation study
in the special case of testing the drifts of Gaussian random walks.

1 INTRODUCTION

One of the prototypical applications of rare-event simulation is the computation of the error probabilities
of hypothesis testing procedures. In fact, the motivation for the celebrated, asymptotically efficient,
importance sampling algorithm of Siegmund (1976) for the estimation of gambler’s ruin probabilities
was the computation of the type-I and type-II error probabilities of Wald’s Sequential Probability Ratio
Test (Wald 1945). More recently, Chan and Lai (2005) and Chan and Lai (2007) proposed asymptotically
efficient importance sampling algorithms for the type-I error probability of truncated sequential tests based
on the generalized likelihood ratio statistic.

Our work differs from the previous papers in that we consider a sequential multiple testing problem,
where the goal is to solve simultaneously a multitude of binary testing problems. Specifically, we are
interested in controlling the misclassification rate, that is the probability of at least one error, of two
sequential multiple testing procedures that have been introduced in De and Baron (2012a) and Song and
Fellouris (2016). The first procedure stops when all log-likelihood ratio test statistics exceed simultaneously
either a positive or a negative threshold, and selects the alternative hypothesis in those streams with positive
log-likelihood ratios upon stopping. The second one assumes knowledge of the true number of signals, say
m, stops when the gap between the top m log-likelihood ratio statistics and the remaining ones is larger
than a user-specified threshold, and selects the alternative hypotheses that correspond to the streams with
the top m statistics.

Critical values for these testing procedures can be derived based on general, non-asymptotic upper
bounds for the corresponding misclassification probabilities that have been obtained in De and Baron
(2012a), Song and Fellouris (2016). However, due to the crudeness of these bounds, the critical values are
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very conservative and lead to sub-optimal performance compared to the one that could be achieved for
the given tolerance to error. This can be avoided if the error probabilities can be computed efficiently via
Monte Carlo simulation, in which case non-conservative critical values can be determined numerically.

In this work we propose a Monte Carlo approach, based on importance sampling, for the estimation
of the misclassification probabilities of interest. Our main contribution is that we establish the asymptotic
(logarithmic) efficiency of the proposed algorithms when the data streams that correspond to the various
hypotheses are independent and each testing problem satisfies a symmetric and an asymptotic stability
condition. To our knowledge, these are the first optimality results regarding the efficient simulation of
error probabilities in sequential multiple testing, even in the special case of independent and identically
distributed (i.i.d.) observations, where the corresponding test statistics become random walks. Indeed,
the problem of interest is to estimate the probability that a multi-dimensional stochastic process (random
walk in the case of i.i.d. observations) exits a set in a “wrong” way. This is fundamentally different from
the probability that the same process ever hits a “rare” set, which has been considered for example by
Glasserman and Wang (1997), Collamore (2002), Blanchet and Liu (2010). However, it is worth noting
that the proposed importance sampling algorithms are based on (finite) mixtures of measures, which are
known to be useful for estimating the probabilities of unions of rare events, as for example in Glasserman
and Juneja (2008).

The rest of the paper is organized as follows: In Section 2 we formulate the problem of interest. In
Section 3 we introduce and analyze the proposed importance sampling algorithm for a multiple testing
procedure without any prior information on the number of signals. In Section 4 we do the same for a
multiple testing procedure that knows a priori the number of signals. In Section 5 we present a simulation
study that illustrates our theoretical results. In Section 6 we discuss potential generalizations of our work.
Finally, we present a technical lemma and its proof in the Appendix.

2 PROBLEM FORMULATION

Consider K independent streams of observations, X* = {X* : n € N}, where k € [K] := {1,...,K}
and N := {1,2,...}. We denote by F,, the o-field generated by all streams up to time n, i.e., F, :=
o(X1,...,Xn), where X,, := (X}, ..., XX) is the observed vector at time n. For each k € [K], we
denote by P* the distribution of X* and consider two simple hypotheses for it:

HY :P* =Pk versus HY :P* =Pk ()

We will say that there is “noise” in the k" stream under P% and “signal” under P}. For each k € [K]
and n € N, the probability measures P’g and P} are assumed to be equivalent, i.e., mutually absolutely
continuous, when they are both restricted to the o-algebra F¥ := o(XF, ..., X¥) and we denote by \¥(n)
the corresponding log-likelihood ratio, i.e.,

dpP¥

M (n) == log 2Pk
0

(F3)- )
Moreover, we assume that the two hypotheses in each stream are well-separated, in the sense that

Pk ( lim \¥(n) = —oo) = P¥ ( lim \¥(n) = oo) =1, foreach k€ [K]. 3)

n—oo n—o0

We denote by P4 the underlying probability measure when A C [K] is the true subset of signals, i.e.,

K .
Pk, ifk¢g A
L k. k __ 0>
PA'_QP’ P _{P’f, ifkeAd @
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For any C' C [K] and n € N we denote by A*“(n) the log-likelihood ratio of P4 versus Pc when both
measures are restricted to J,,; from (4) it is clear that

M) = log TA(F) = 3 M= 3 N(n). )

P kEA\C jec\A

We assume that data are acquired sequentially in all streams and that the goal is to stop sampling
(simultaneously in all streams) as soon as there is sufficient evidence in order to identify the correct
hypothesis in all K testing problems of interest. Formally, a sequential multiple testing procedure is a
family of pairs {(T3, Dy) : b > 0}, where b is a user-specified parameter, T}, is an {F, }-stopping time at
which we stop sampling in all streams, and Dj, := (D},..., D) is an Fr,-measurable, K-dimensional
random vector with values in {0, 1}, which represents the decision upon stopping. Specifically, for each
k € [K] hypothesis H is selected on the event { D} = i, T}, < oo}, i = 0, 1. With an abuse of notation, we
will also identify Dj, with the subset {k € [K]: DF = 1} of streams in which the alternative hypothesis
is selected upon stopping.

If A is the true subset of signals, then a(b) := P4 (Dy # A) is the misclassification probability of
(T3, Dy), i.e., its probability of making at least one mistake. We will assume that a(b) — 0 as b — oo;
thus, the user can control a(b) at arbitrarily small levels with an appropriate selection of the parameter b.
In the absence of closed-form expressions, sharp bounds, or good approximations for «(b), Monte Carlo
simulation provides an attractive method for its computation. The plain Monte Carlo approach suggests
averaging independent realizations of the indicator of the event { D, # A}, generated under P 4. However,
it is well understood that this approach is inefficient when a(b) is very small as the number of simulations
required to guarantee a certain relative error is inversely proportional to a(b).

An alternative way to estimate «(b) via Monte Carlo simulation is based on Wald’s likelihood ratio
identity. For any probability measure P under which the stopping time 7T} is almost surely finite we have

ab) =E [I_Xgl;]__)b #+ A} ,

where E is expectation under P, and A, is the likelihood ratio of P versus P4 when both measures are
restricted to the o-algebra generated by all observations up to time 7p. This identity suggests that an
alternative way to estimate «(b) is to average independent realizations of &(b), generated under P, where

a(b) := A,V 1{D, # A}.

We would like to select P such that the second moment, and consequently the variance, of &(b) under P
goes to 0 at the fastest possible rate. From the non-negativity of the variance it is clear that for every b > 0
we have E [a?(b)] > o?(b), and consequently

lim sup —| log E [6[2([))] |
bsoo  |loga?(D)|

We will say that P is asymptotically efficient or asymptotically optimal (Asmussen and Glynn 2007) if

E =2
lim inf —’ log [a (b)] |

>1
b—oo | loga?(b)] ’

in which case the equality holds and lim inf can be replaced by lim. This notion of asymptotic optimality
is also known as logarithmic efficiency, and it is well known to be equivalent to

limsup———% =0, Ve>0.
oo 27(b)
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Our main goal in this paper is to propose logarithmically efficient importance sampling estimators for
the misclassification probabilities of two specific multiple testing procedures, which have been proposed
by De and Baron (2012a) and Song and Fellouris (2016). In order to do so, we need to make certain
assumptions on the distributions of the observed processes and the structure of the testing problems. In
particular, we will assume that

1. there are positive numbers {Z},ZF : k € [K]} such that for every k € [K] and € > 0,

1
ZPO (’ +ID‘>E><OO ZPk (’/\k(n)—I{“‘>e><oo, (6)
n
n=1
2. the null and the alternative hypothesis in each stream are symmetric, in the sense that
T =1F =1F for every k € [K]. (7

Condition (6) guarantees the asymptotic stability of the log-likelihood ratio in each testing problem,
in the sense that it satisfies a strengthened version of the Strong Law of Large Numbers. Indeed, from the
Borel-Cantelli Lemma it follows that (6) implies

1 1
Py < lim —\¥(n) = —I§> =1, P¥ ( lim —M(n) = zf) =1.
n—oo n n—oo N

The stronger notion of convergence described in (6) was introduced by Hsu and Robbins (1947) and is
known as complete convergence. It is satisfied by a large class of stochastic models with possibly dependent
observations, such as hidden Markov models and autoregressive models (see, e.g. Sections 3.4.6 and 3.4.7
in Tartakovsky, Nikiforov, and Basseville (2014)). In the special case that each M\* is a random walk, i.e.,
the increments {\*(n) —\¥(n—1);n € N} are i.i.d. under P¥, then it is well known that (6) is equivalent to
the finiteness of the second moment of A\¥(1) under P¥, where i = 0, 1 (Hsu and Robbins 1947, Erdos 1949).

Condition (7) is clearly satisfied when the distribution of A\F under Plf is the same as the distribution of
—\* under P’g. This is in particular the case in the fundamental problem of testing the means of Gaussian
1.1.d. observations, which we consider in more detail in Section 5.

3 INTERSECTION RULE

In this section we focus on the so-called “intersection rule”, (fb, l~)b), according to which we stop when
all local log-likelihood ratio statistics are either above b or below —b. Formally,

= inf {n e N: [X(n)| > b for every k € [K]},

e Lo N(T) >

Plo, it AR(T) < —b

In order to compute the misclassification probability of the intersection rule,
int(b) == Pa(Dy, # A),

we suggest an importance sampling approach that is based on a change of measure from P 4 to a uniform
mixture over measures of the form {Po, |CAA| =1}, ie.,

~ 1
Pi= | D Pavgy + D Paviiy | - ®)

j¢A keA
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That is, we suggest estimating «;,,+(b) by averaging independent realizations of
a(b) = A, I{D, # A},

generated under 5, where /~\b is the likelihood ratio of P versus P 4 when both measures are restricted to
the o-algebra generated by all observations up to time 7}, which takes the form

Ay = % Z exp{)\j(fb)} + Z exp{—)\k(fb)}

j¢A keA

Our goal in this section is to show that, under certain assumptions on the testing problem, this is a
logarithmically efficient importance sampling estimator for v, (b).

Lemma 1 For any b > 0 we have P(T}, < 0o) = 1. Moreover,

: log E [a2(b
limsupw < -1, liminfM > 2. ©))

Proof. Fix b > 0. In order to prove that Tb terminates almost surely under ﬁ, it suffices to show that
this is the case under any measure of the form Pc. Fix C' C [K]. Then,

Ty < Ty :=inf{n>1: () >band N (n) < —b forany ke C,j ¢ C}

and condition (3) guarantees that Tb, and consequently fb, is almost surely finite under Po. Now, we turn
to the proof of the two asymptotic bounds in (9). On the event {Db # A}, either there is a j ¢ A such

that \/ (Tb) > b or there is a k € A such that A\ (Tb) < —b, and consequently A, > € /K. Therefore,
a(b) < Ke~", which implies that

aint(b) = E[@(b)] < Ke™®, E[a*(h)] < K22, (10)
Taking logarithms, dividing by b and letting b — oo in these two inequalities completes the proof. 0

Remark 1 From (9) it follows that to establish the logarithmic efficiency of P, it suffices to show that

1
hm inf — log ajne (b) > —1. (11)

b—oo b
Indeed, this asymptotic lower bound together with the first inequality in (9) implies that
1
lim —|log a;ne(b)| = 1,
b—oo b
which, together with the second inequality in (9), guarantees the logarithmic efficiency property, i.e.,

lim \logE[ b]|

=1. 12
b—s00 \logamt(bﬂ (12)

Theorem 1 Suppose that assumptions (6)—(7) hold. Then, the mixture distribution ﬁ, defined in (8),
is logarithmically efficient for the estimation of the misclassification probability of the intersection rule,
i.e., (12) holds.
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Proof. Based on Remark 1, it suffices to show that the asymptotic lower bound in (11) holds under the
conditions of the theorem. In order to do so, we set

Lo(A) := %12 T/, Li(A) = min TF, L(A):=min{Lo(A), Li(A)}, (13)

and we adopt the convention that Lo([K]) = Li(()) := oo. Then, either there is some jo ¢ A such that
TJ = L(A), or some ko € A such that T50 = L(A). Without loss of generality, we assume the existence
of jo, and set C' = AU {jjo}. Clearly,

Qint () = Pa(Dy # A) > Pa(Dy, = C).

From representation (5) it follows that for every n € N we have A4“(n) = —\°(n). Therefore, from
Wald’s likelihood ratio identity we have

PA(Dy = C) = Ec [exp{-N*(T))}; Dy =C]|.
Then, for every n > 0 we have
Cini(b) = Eo [exp{ =M (T})}; Dy = €, XO(Ty) < (14 )b
> (0 pe (Dy = C N (T)) < (14 m)b)

and consequently,

ll)logamt(b) )+ %log[Pc(ﬁb:C,/\jO(Tvb)<(1+77)b>].

Since 7 is an arbitrary positive number, it suffices to show that the probability in the right-hand side goes
to 1 as b — oo. Since this is the probability of an intersection, it suffices to show that as b — co we have

Po(Dy#C) =0 and Pc (AJO (Ty) > (1 + n)b) 0.

From (10) it is clear that the first convergence holds; therefore it suffices to show that the second holds as
well. From the definition of the stopping rule 7}, it follows that

V(@) = 4y = | {INE - Dl < b} (V0T > (1 + )b}
ke[K]

Therefore, due to Boole’s inequality, it suffices to show that for every k € C' and j ¢ C we have

Po (Ak(Tb —1) < b, N(Ty) > (1 + n)b) — 0,
(14)
Po (=T, — 1) < b, M(Ty) = (1+m)b) 0.

Fix kK € C and j ¢ C. Then, from assumptions (6)—(7) we have

ZPCO I’“]>e><oo ZP0<’iAj(n)+Ij‘>e><oo.

If k = jo, trivially ZF = 770; otherwise, k € A, in which case we have
TF > Li(A) > L(A) = 7%,

where the first two inequalities follow from the definition of L;(A) and L(A) in (13), and the last from
the definition of jy. On the other hand, since j ¢ C' implies j ¢ A, again from (13) we have

T/ > Lo(A) > L(A) = 7%,
Thus, from Lemma 3 in the Appendix it follows that (14) holds, which completes the proof. O
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4 GAP RULE

In this section we assume that we know a priori that there are exactly m signals, for some 1 < m < K —1,

and we focus on the “gap rule”, (fb, ﬁb), which stops when the gap between the m-th and the (m + 1)-th top
log-likelihood ratio statistics is larger than some positive threshold b, and selects the alternative hypothesis
in the m streams with the top log-likelihood ratios upon stopping. Formally,

T, := inf {n > 1: A (n) = XD () > b} ,
Dy = {ir(Ty),....im(TH)},

where A (n) > ... > A¥)(n) are the ordered log-likelihood ratio statistics at time n, and i1 (n), . . . , ix (1)
are the corresponding stream indices, i.e., A\*)(n) = X%*(")(n) for every k € [K]. For the estimation of
the misclassification probability of the gap-rule

gap(b) := Pa(Dy # A)

for some A C [K] such that |A| = m, we propose an importance sampling approach based on a change
of measure from P 4 to a uniform mixture over {Pc : |C'\ A| = |A\ C| =1}, i.e,

A 1
=K —m) > Puanikhui) (15

keA j¢ A
Specifically, we suggest estimating a4, (b) by averaging independent realizations of
a(b) == A, I{Dy # A},

where Kb is the likelihood ratio of P versus P 4 when both measures are restricted to the o-algebra generated
by all observations up to time 7y, i.e.,

We will show that, under the same conditions as the ones we imposed in the previous section, this is a
logarithmically efficient estimator of argay(b).

Lemma 2 For any b > 0 we have ﬁ(fb < o0) = 1. Moreover,

log E [a2(b
lim sup 710g agap(b) < -1, liminf —‘ o8 [oz ( )] |

b—00 b b—o0 b

> 2. (16)
Proof.  Fix b > 0. A similar argument as in the proof of Lemma 1 can be used to show that the gap
rule terminates almost surely under P. On the event {D;, # A} there exist kg € A and jo ¢ A such that
Mo (Ty) — AFo(T;,) > b, and consequently

~ 1
Ay > —— €.
b= m(K—m)6

V

Therefore, a, < m(m — K )e_b, which clearly implies
tgap(®) = E[@(B) < m(m — K)e,  E[a2(1)] < (m(m — K))? e, (a7)

Taking logarithms, dividing by b and letting b — oo in these two inequalities implies the asymptotic upper
bounds in (16). ]
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Theorem 2 Assume that (6)—(7) hold. The importance distribution ﬁ, defined in (15), is logarithmically
efficient, that is,

|log E [a()] |

=1.
b—oo |log agap(b)|

Proof. From (16), and by similar argument as in Remark 1, it suffices to show that
.1
hgglorolf 3 log atgap(b) > —1.
Fix b > 0 and recall the definitions of Lo(A) and Li(A) in (13). Then, there exist kp € A and jo & A

such that Lo(A) = 7% and Li(A) = Z¥. We set C = (A \ {ko}) U {jo}. Clearly, |C| = m. Then, for
any 1 > 0 we have

gap(b) = Pa(Dy # A) > Pa(Dy = C)
= Ec [exp{~(W"(T}) = X(Ty)}; Dy = C|
> Ec [exp{=(M(T) = N (T)}; Dy = C, Mo (Ty) — X0 (Ty) < (14 )b
> e~ (+mb [1 —Pe(Dy # C) — Pe ()\jo (Ty) — A (T}) > (1 + n)b)}

From (17) it follows that Pc(ﬁb # C') — 0 as b — oo. Since 7 is arbitrary, by a similar argument as in
the proof of Theorem 1, it suffices to show that as b — co we have

Po (Ajo(fb) Ao (T}) > (1+n)b) =0

At time T}, — 1, there exist k € C, j ¢ C such that \¥(T, — 1) — M (T, — 1) < b. Thus, by Boole’s inequality
it suffices to show that for every k € C' and j ¢ C' we have

Po (/\k(fb — 1) = N (T — 1) < b, NO(Tp) — AP(T}) > (1 + n)b) ) (18)

Fix k € C and j ¢ C. Due to assumption (6) we have
ZPC( (1) = W) - (T 47| 2 €] < x,

Z Pc < (Xo(n) — Ao (n)) — (Z7° + 7F0)| > e> < 0.
If k # ko and j # jo, then k € A and j ¢ A, and from (13) we have
IV + 17 > Ly (A) + Lo(A) = TFo 790

Clearly, if either kK = kg or j = jp, then Tk + 77 > Tko 4+ 790 still holds. Thus, by Lemma 3 in the
Appendix we have that (18) holds, which completes the proof. 0
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5 A SIMULATION STUDY

Our goal in this section is to illustrate the theoretical results of the previous two sections with a simulation
study. To this end, suppose that, for each k € [K], {X* : n € N} is a sequence of independent random
variables with common density f* relative to some o-finite measure z*. In this context, for each stream
k € [K] the hypothesis testing problem (1) takes the form

HéC k= fé“ versus Hf k= ff,

where f(’f and flk are densities with common support. Further, the log-likelihood ratio process \*, defined
in (2), becomes a random walk. Thus, assumption (6) is satisfied if and only if )\k(l) has a finite second
moment under both P} and P¥, and Z} and Z¥ reduce to the Kullback-Leibler numbers between f§ and

ff, i.e.,
k AN k FEN i
Iy = [ log | %5 ) fodu® and Iy = [log|( = | frdu".
f1 fO

The assumption (7) requires that the two hypotheses are symmetric, in the sense that I(’f = If for every
k € [K]. This assumption is satisfied in the fundamental problem of testing the drifts of Gaussian random
walks, that is when f§ = N(0F,02) and fF = N(6%,62) for some o > 0 and real numbers 6§ # 65. In
this case, the distribution of \¥ under P} is the same as the distribution of —\* under P4, and

(0F — 05)*

1§ =
0 202

=1},

We will illustrate our theoretical results in this context. Although this is not needed for the logarithmic
efficiency of the proposed algorithms, we will further assume that the hypotheses are homogeneous and
set 9’5 =60y =0, Glf = #; = 0.5 and 0, = o = 1. This is a convenient assumption, because in this case the
misclassification probability of the intersection rule, cv;y:(b), does not depend on the true subset of signals,
A. The same is true for the relative error of the proposed estimator of cv,.(b), i.e., the standard deviation
of the estimator divided by the estimate itself. In Figure 1a we plot this relative error against the estimate
of |log,g aint ()| for different values of b when K = 20 and K = 100.

The symmetry and homogeneity of this testing problem also guarantees that the misclassification
probability of the gap rule, ayqp(b), is the same whenever the true subset of signals has size m and K —m.
Therefore, for a given (even) K it suffices to simulate the gap rule for m = {1,..., K/2}. In Figures 1b
and 1c we plot the relative error of the proposed importance sampling estimator against the estimate of
|log1g agap(b))| for K = 20 and K = 100, respectively.

From Figure 1, we can see that even when the misclassification probability of the intersection rule is
as small as 1072°, the relative error of the proposed estimator is roughly 1% when K = 20, and 2.5%
when K = 100. On the other hand, when the misclassification probability of the gap rule is as small as
10720, the maximum relative error of the proposed estimator is achieved when m = K/2 and is roughly
2.5% when K = 20 and 10% when K = 100. Therefore, it is clear that the difficulty of the estimation
problem increases as the number streams increases.

6 DISCUSSION

It is easy to see that the logarithmic efficiency still holds if we employ non-uniform mixtures over
{Pc : |[CAA| =1}, and {Pc : |C'\ A] = |A\ C| = 1} for the estimation of an:(b) and agep(b),
respectively, and it would be interesting to understand the potential gains of such a non-uniform mixture.
One direction of future work is to consider the computation of alternative error probabilities, such as the
familywise type-I and type-II errors that have been considered by De and Baron (2012b), Bartroff and
Song (2014), Song and Fellouris (2016). Finally, it is interesting to extend the results of the current paper
to a more general framework where the processes {\*} are not necessarily log-likelihood ratios.
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Figure 1: The x-axis is the estimate of |log;q cvint(b)| in (a) and |log;( cgap(b)| in (b) and (c). The y-axis
is the relative error, that is the standard deviation of the proposed estimator divided by the estimate itself.
Each curve is computed based on 100, 000 realizations.
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A APPENDIX
In this Appendix we state and prove a general lemma that was used in order to obtain asymptotic lower
bounds on the error probabilities of interest.

Lemma 3 Let {&;(n) : n € N} (4 = 1, 2) be two stochastic processes on some probability space (€2, F, P).
The two processes can have arbitrary dependence structure. Suppose that there are positive constants
Z1 > Iy > 0 such that for every € > 0 we have

ZP (‘;&(n) —11‘ > e) <oo, and P ( lim l52(”) :I2> =1

n—oo N
n=1

Then, for any random time 7" with P(7" < co) = 1 and any ¢ > 0 we have
lim P(6(T) b, &(T+1) = (14 ) 0.

Proof.  Fix any c € (0,q), and let n, = [b(1 + ¢)/Z3| be the smallest integer > b(1 + ¢)/Z. Notice
that P (&1(T) < b, &(T + 1) > (1 + q)b) is upper bounded by I, + I, where

L:=P&((T)<b, T>np), Wp:=P(&T+1)>(1+qgb T <mnyp).

Thus it’s sufficient to show as b — oo, I — 0 and I, — 0. For the first term, we notice that for any
n > ny,
b I I

<
g 1+c ™ 1+c

b
n

Let ¢ = l%rcl'l > 0, then

I :n; P(&(n) <b, T=n)< n; P <;£1(n) < z> < n; p <r,11€1(”) - 1ch>
%F <Tll§1(n) “h= _€> <> P (‘iél(n) —Il‘ > f) .
n>ny el
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As b — oo, we have n;, — oo. Since by assumption &; convergences completely, we have I, — 0.
For the second term, since ¢ € (0, ¢), there exists € > 0 such that for large enough b we have

(I+qb  (14+g)b /
o rem 2 TR

As a result,

I, < P<1max £2(n) > <1+q)b) < P(l max £(n) > <1+e/>12).

<n<ng Ny 1<n<ny

By Lemma A.1 of Fellouris and Tartakovsky (2016), we have as n;, — oo,

P (1 max &a(n) > (1+ e’)lé) — 0,

Ny 1<n<ny

which implies II; — 0. Thus the proof is complete. O
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