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ABSTRACT

Motivated by our recent extension of the Two-Stage Sequential Algorithm (eTSSO), we propose an
adaptation of the framework in Pasupathy et al. (2015) for the study of convergence of kriging—based
procedures. Specifically, we extend the proof scheme in Pasupathy et al. (2015) to the class of kriging—based
simulation—optimization algorithms. In particular, the asymptotic convergence and the convergence rate
of eTSSO are investigated by interpreting the kriging—based search as a stochastic recursion. We show
the parallelism between the two paradigms and exploit the deterministic counterpart of eTSSO, the more
famous Efficient Global Optimization (EGO) procedure, in order to derive eTSSO structural properties.
This work represents a first step towards a general proof framework for the asymptotic convergence and
convergence rate analysis of meta—model based simulation—optimization.

1 INTRODUCTION

In the last decade, simulation has been adopted as a means to iteratively evaluate the performance of the
solutions generated by search algorithms (Fu et al. 2008). In the literature, this coupling is referred to
as simulation—optimization. This approach has been proven particularly effective when complex functions
are of concern, and the search algorithm has to rely upon the performance estimation produced by the
simulation (typically treated as a black box oracle) at selected points (candidate solutions) since a closed
form of the function is not available (Fu et al. 2008).

In this work, we specifically refer to the family of simulation—optimization problems trying to find
the point x* satisfying x* € arg min,cx f (x), where X represents the design space (i.e., the feasible region
of the problem), and f (x) is the function whose measurements (with or without noise) can be obtained
only through simulation. More specifically, the scope of this manuscript is the one of meta—model based
simulation—optimization and, in particular, we will focus on kriging—based simulation—optimization.

The basic idea behind this family of algorithms is to exploit the information coming from the simulation

by iteratively improving the estimate of a model of the response surface to optimize. Since this response
surface is constructed upon a simulation model, it is referred to as meta—model. These procedures typically
use the meta—model to compute an indicator (e.g., the Expected Improvement, Knowledge Gradient) which
guides the search, iteratively suggesting the next point(s) to sample with the objective to identify the global
optimum.
The Efficient Global Optimization Algorithm (EGO) represents one of the most famous of this family of
procedures when the function f (x) is deterministic. It uses the Expected Improvement, to choose the next
point(s) and a ordinary kriging model to fit the response. Stochastic Kriging Optimization (SKO) extends
EGO to the stochastic case by adapting both the meta—model form as well as the criterion to guide the
search.
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Despite the important interest that kriging has raised both in the simulation and optimization community,
the analysis of the convergence properties of kriging based algorithms represents an active field of research.
Results on the asymptotic behavior of the EGO algorithm are provided in Locatelli (1997), and, more
recently, Bull (2011) provided the analysis of the convergence rates of meta—model based search in a more
general framework including the EGO.

The authors have previously worked in the stochastic settings by proposing the Two Stage Sequential
Search Optimization algorithm (TSSO) (Quan et al. 2013) and, lately, they have been further improving
the approach resulting in the extended—TSSO (eTSSO) (Pedrielli et al. 2015). This paper provides a
theoretical understanding of the eTSSO algorithm, by taking a different perspective on kriging—based
simulation—optimization. Specifically, we look at eTSSO as a stochastic recursion algorithm having EGO
as deterministic counterpart. In particular, the parallelism between kriging—based search and stochastic
recursion as well as the relationship between eTSSO and EGO are investigated to adapt the framework in
Pasupathy et al. (2015) for the convergence analysis of kriging—based optimization algorithms.

The remainder of the paper is structured as follows: section 2 gives the main notation and terminology
to support the preliminaries provided in section 3 where both the deterministic as well as the stochastic
kriging-based approaches are presented. Section 4 presents the proposed adaptation of the framework in
Pasupathy et al. (2015) to the case of stochastic—kriging based simulation—optimization. Section 5 offers
some numerical evidence of the asymptotic convergence and convergence rate of the studied stochastic
algorithm, while section 6 concludes the paper.

2 NOTATION AND TERMINOLOGY

In this section, we present some of the main definitions that will be used throughout the work.
We will refer to x as a vector of real numbers in a generic d—dimensional space X C R9. ¢; is defined in
R and it denotes a unit vector whose i—th component is 1 and any other component is 0.

For a sequence of random variables, we say {X, } 21, ¥ to mean that the stochastic sequence {X,} converges
to x with probability 1.

For a sequence of real numbers {a, }, we say that a,, = o (1) if lim,_,ea, =0, and a, = O(1) if 3c € (0,00)
with |a,| < ¢ for large enough n. Finally, we say that a, = © (1) if 0 < liminfa, <limsupa, < c.

We also adopt the following definitions to characterize the convergence behaviour of the analysed algorithms.

e —x| _
[ —x*]|

Definition 1 (Linear convergence) {x,f} exhibits a linear({) convergence to x* if limsup,_,.,
e (0,1)

The following definition characterizes the control of the sample size sequence we created for the
stochastic algorithm eTSSO.

Definition 2 (Geometric growth of a sequence) A sequence {my} exhibits geometric growth if my; =
c-my, k=1,2,... for some c € (1,00).

3 PRELIMINARIES

We consider a single objective minimization problem defined over a compact set X. The deterministic d—
dimensional objective function f : x € X € R — f(x) € R is here observed running simulation experiment(s)
at point x. Our goal is to find a global minimum of f: X — R, where X C R¢ solving:

P : min f (x)
s.to xeX
In order to find a solution to P, we use a search procedure based on a meta—model of the response, whose

parameters are updated, as the search progresses, based on the simulation results. The model guides the
search predicting the function values at points where no simulation has been conducted yet.
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3.1 Deterministic Problem

We start with the case in which the simulation response is obtained without noise, i.e., in the case of
deterministic optimization. In particular, suppose we wish to minimize an unknown function f, choosing
design points x; and the estimated minima x;. We will refer to 7 as the statistical model estimating the
behavior of the unknown function f. This model can be interpreted as our belief about the unknown
function (Bull 2011). In this paper, we refer to the Efficient Global Optimization (EGO) algorithm, which,
iteratively maximizing the expected improvement, generates a sequence of random design points {x;} and
estimated best solutions {x}i} taking value over the compact space X. At iteration k, the filtration %,
defined as the sigma algebra o (x;, f (x;) : i < k), represents the set of available information. According to
the EGO, given .%;, we will choose as estimated best solutions at iteration &, x;;, the point, among those
already sampled in the set S C X, having the best function value up to that iteration. The next point to
sample is selected in order to maximize the following Expected Improvement function (Jones et al. 1998):

Ely, (5, 7) = Ex [£ () — [ ()| ] (M

where, as already stated, x; represents the sampled point with the minimum associated function value f (xz)

up to iteration k, and f (x) is the predicted function value at the non sampled point x. Typically, the function
f is modeled as a stationary Gaussian process and we consider the values f (x) of the non-sampled points
X to be jointly Gaussian with mean and covariance parametrized through a constant 7 and a d—dimensional
vector 6, namely:

Ex[f (x)] = 1, Covz[f(x),f ()] = TKp (x~) 2)

Having chosen a certain statistical model for f, each point x € X\'S is associated with the following
predictor:

FONfa)izi) ~ A (f (x:0) 5% (x:6))

where:
. 1Tv-1¢
4 (0) := Tyi1 3)
Fr(x,0) = (8) +vI V(= i 1) 4)
and
1—17v—1y)?
57 (x,0) =1 <1 —Iv-ly4 (ITV—11)> (5)

where, 1 is a vector having all elements equal to 1, V = (Kg (x; — x;))%_, is the spatial variance-covariance
matrix and v = (Kg (X411 —x,-))fle represents the correlation vector. Following Yin et al. (2011), we use a
Gaussian kernel in equation (2), :

X; —X;) Hexp( 6, x,l—xﬂ)z) (6)

Under assumptions 1-4 page 2883 in Bull (2011), which are satisfied in the present context, the author
proves convergence rates for EGO. In particular, the author uses the Reproducing Kernel Hilbert Space
2 (X) of functions over the space X constructed from the kernel K and establishes the convergence rates
of the loss function Ly (El, , %3 (X),R) := SUD| £1] 1y, o) <R Ex [f (x) — minf] over the ball of radius R, Bg,

in 27 (X) after k steps as (Theorem 2, page 2887, (Bull 2011)):

L(El Ay (X) R = swp _ Er £ () =717 =0 (k14). )
() <R
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Under this result, considering the definitions in section 2, EGO exhibits linear convergence rates. In

~ ‘o Tipg e =x*ll ( 1 l/d)
particular the rate is %1_1}1010 o] =0 (1 k) .

3.2 Stochastic Problem

In the stochastic context, a simulation is only able to return a point estimate of f (x;) for each replication run
at the point x; € X C R? and not its true value as in the deterministic case presented in section 3.1. In this
setting, the authors refer to their recently proposed eTSSO (Pedrielli et al. 2015), a two—stage algorithm
which uses the first stage to select a new point and subsequently assesses the number of replications required
to re—evaluate the model parameters. The Modified Nugget Effect Kriging (MNEK) model (Yin et al.
2011) is used to estimate the function values at the non—sampled locations x € X ¢ S. Subsequently, the
point x; is added to the set S if it maximizes the modified expected improvement function El, (x;,.-%y), the
stochastic version of (1).

Again, we assume that f (x;) are realizations of a random process and a statistical model 7; represents the
stochastic counterpart of 7 in section 3.1, namely:

f)=Z(x)+&(x), xeX (8)

where Z describes the mean and & describes the random noise process. As in the deterministic case, we
further model Z (x) as a Gaussian process with covariance function 72V, where 72 is the process variance
and V the matrix of process correlation; formally, Z (x) is a GP (i (x),7?V).

As already mentioned in section 3.1, a commonly adopted correlation function V = (Kg (x; — x j))f:1 is the d—
dimensional separable version of the power exponential family of functional forms which is characterized by
smooth response (equation (6)). The noise & (x) is assumed to be distributed with zero mean and covariance
function G€2V§, where Ve denotes the matrix of sampling correlations. Error variances are generally not
constant and they may depend on x (i.e., the heteroscedastic case is considered). With independent sampling
(i.e., no CRN), V¢ is diagonal, and equation (8) reduces to the independent sampling noise model (Yin
et al. 2011). The general form of equation (8) is similar to the form proposed in Ankenman et al. (2010).

As shown in Yin et al. (2011), the predictor for (8) at the point x, given k points have been already
sampled, is:

) e R » {1—1T(v5+v)‘1v][ )
Wi, x,0) = Ve+V) ei+1" (Ve+V i| fi )
J (Wi,x,0) ; v (Vet+V) et 1" (Ve +V) T i

where, W, represents the total number of simulation replications performed up to iteration k. f is the

k—dimensional vector of the averaged function values at the already sampled points. v is the correlation

T —6-d? —6-d?
P e Gd e @

vector, specifically, v(Wj,x,0) oy w), where, d,,, represents the euclidean distance

between point x at which the prediction is performed and the already sampled locations x;, i = 1,... k.
The vector e; has size k (being k the number of sampled points) and its elements are all equal to 0 except
the i—th element which is equal to 1. The optimal MSE results (Yin et al. 2011):

! T /
(1-mve) ] (v
R A A T w—— (10)

st(Wi,x,0) :i=co+7° | 1— |v+1 V1] VT

v+

where V' =V + Ve, and ¢ is the nugget effect value which usually can be estimated from the sample
variance as &y = 62 /Wi x, where W, represents the number of simulation replications allocated to point
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Algorithm 1: eTSSO Algorithm

Initialization: Choose T, ryin, S : S| = No, mio = rimin and Wy = Np - my;
fori=1...,Ny do
Run m; replications and return fp (x;), 652 NEDE

1

2

3

4 end
5 Fit the MNEK model to the set of sample means and apply cross—validation to verify it.
6 Update T =T —Wp, k= 1.

7 while Wk—l <T do

8 Select x; € argmax,cxgs Elz, (x), S < SUxg;

9 Run r,,;, simulations to obtain ( JACHAE 63,( (xk)>;
10 Use OCBA to determine (Afék and update the budget m; according to (12);

11 Wi =W +my;
12 if (mg — rimin) > 0 then

13 Apply equations (13)—(14) to allocate m;; to the sampled points i € S;
14 Run the simulation experiments according to the budget;

15 Fit the kriging model according to the updated information;

16 k=k+1;

17 end

18 end

i up to iteration k. We will use my = Wy —W;_; and my = Wy — W, _1, i €S, to refer to the number of
simulation replications allocated at iteration k£ and the number of simulation replications allocated to point
i at iteration k, respectively. In the rest of the paper, we will avoid the notation (Wj,-,-) when it is clear
we refer to the stochastic model and s,% will be referred to as extrinsic variance.

Algorithm 1 summarizes the steps of the eTSSO procedure. In its first stage, eTSSO, computes the
function Elz, (x;,-%) over the set of non—sampled points X\ S (Pedrielli et al. 2015):

Xy € arg m)?é(SEIﬁk (xi, Zk) :==Eg, [max{f(x,’:) —f(x) ,0}] (11
X

here, f (xz) represents the response at the sampled points with the lowest average function value f up to
iteration k, and f (x) is a random variable with the mean given by kriging mean function and the variance
given by the spatial prediction uncertainty s,% (x,0). The point x; is sampled with r,,;, replications (with
rmin being an input parameter), and added to the set of already sampled points S.

At the second stage, eT'SSO uses the Optimal Computing Budget Allocation (OCBA) technique (Chen
et al. 2000) to assign the available simulation replications. Specifically, the sequence of simulation
replications at each iteration is dynamically updated according to the following stochastic rule:

62
my = |m_ <1+A2§’k>J (12)

G§7k+si(xk)

where, 6;1( refers to the estimated variance of the sampled point receiving more budget according to
OCBA, whereas s,% (x¢), formulated in (10), refers the location maximizing the function Elz, (x;,-%i). The

k
total budget used up to iteration k is W, = Y, my. The budget at the first iteration is set to the minimum
k=0
number of replications to sample a new point, i.e., mg = ry;;. Since Ny points are chosen for the initial

MNEK model fit, Wy = Ny - mg and the remaining budget is 7 <— T — Wj. At the generic k—th iteration the
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budget my is allocated to the points in S using OCBA. In particular, equation (13) determines the relative
allocation between non-best designs and equation (14) is used to derive the relative allocation between the
best design and non best designs. If we refer to m;, as the budget allocated to point i at iteration k, we
have (Chen et al. 2000):

N 2
Gy (xi) / Op,i >
mig/mix = =——<— | > (13)
/me (ng,k(xj)/&,j
A mizk
mpy = & i (Xp) Y 4 (14)

)
XES:x#xy 65 k (xi)

At iteration k, x; is the design point with the lowest sample mean, my; is the related number of replications
and 6 4 (xp) is the related sample standard deviation; m; is the number of replications performed at location
i and 6 4 (x;) is the estimated standard deviation at that point. &y is the difference between sample mean
at point i and the lowest sample mean.

4 MAIN RESULTS

We can interpret the EGO in Jones et al. (1998) adopting the perspective of stochastic recursion algorithms.
In particular, at the k—th iteration, manipulating the definition in (1), we have:

X1 = Xg +dist (x,t, arg %?{‘SEI@ (x)) (15)
X

where the function dist (-, -) is the vector of the distances between the components of x; and the candidate
point xy1.

According to algorithm 1, we can interpret eT'SSO as the stochastic counterpart of (15) and formulate
the related iteration as:

X1 = X, +dist <X,§‘,arg max Elz, (x)) (16)
xeX\S

where, 7 refers to the model in (8) which replaces 7 in (2).
The main difference between (15) and the typical recursion in a deterministic search algorithm, resides
in the filtration .%;. According to the traditional update:

X1 = X+ h(xg) 17)

whereas, in (15), the entire sequence of the visited points is considered at each step k =1,...:
Xir1 =8 ({xi}f'(:l) +h <{xi}f:1) (18)

here, g ({x,-}L) := X} € argminyes f (x) and h ({xi}fﬂ) := dist (x;,argmax,ex\s Elr, ).
In eTSSO, we estimate the components in the iteration (18) as it follows:

X = G (Wi (X0 ) +H (Wi (X)) (19)

where, G <Wk, {X,-}le) := X} € argmin,cs f (x), whereas H (Wk, {X,-}L) =

= dist (X,;‘7argmaxxex\g Elﬁ-k). W, represents the total simulation budget used up to iteration k.

In the following, we will exploit the proof framework proposed in Pasupathy et al. (2015) for stochastic
recursion, in order to study the eTSSO algorithm having the EGO as Deterministic Analogue (Jones et al.
1998). The following assumptions are required in the scope of showing our results.
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Assumption 1 X is a compact space.
Assumption 2 Each dimension in the space is defined between [0, 1].
Assumption 2 simply requires normalization of the function domain X.

Assumption 3 The initial sample size is such to produce an initial fit of the MNEK model satisfying
cross-validation criteria.

Assumption 4 The Gaussian correlation function is adopted to model the spatial variance covariance matrix
V.

Assumption 4 is a sufficient condition for the existence of the derivative processes and it ensures that
the various variance—covariance matrices are positive definite, i.e., non singular. These will be used in
Lemma 1, which characterizes the expected improvement function in (1).

Assumption 5 The parameters 7 and 6 of the MNEK model are assumed known.

Assumption 6 The number of replications m; assigned at each iteration satisfies my > My—1, Vk=1,2,...

and my — o as k — co. Moreover, for any € > 0 there exists a J; € (0,1) and a k; > 0 such that

v L (m_y,€) < (8:)*, Vk > ke, where . (-,-) is strictly decreasing in m;_; and non—increasing in &.

Assumption 7 The true function f to be optimized over the compact space X has a unique minimum x*.
The following lemma characterizes the function /4 (x) in the EGO iterates.

Lemma 1 There exists k € R such that, for any (x,y) € X, ||a(x) —h(y)|| < k|]x—y]].

Proof.  To guarantee the result, we have to prove that, given two sequences {xi}le and {ii}le corre-

sponding to the filtration .%; and .%, respectively, which are close in terms of euclidean distance between the
related points, the resulting processes /i (x) | f (x;);, and h (x) | f (%i),, are also close. From the definition in
equation (15), these sequences are generated according to the expected improvement. As a result, requiring
close sequences corresponds to guaranteeing the function Ely, is Lipschitz continuous.

We can formulate the expected improvement as (Locatelli 1997):

Ely (5 73) = su(x2,0)9 (W) L (F )~ (0)) (1 s (W)) o)

where ¢ and @ represent the pdf and cdf of the normal distribution, respectively. Such a function is

Lipschitz continuous in case fl; (6) and si(x;, 0) have the form of equations (3) and (5), respectively.

dEInk (xi;._%{)

To show Lipschitz continuity we have to guarantee that < oo, Vx € X. Since we consider

Gaussian processes, the components ¢ (W) and @ <W) are the pdf and cdf of a

normal distribution with finite mean and variance 0 < fi; (8),s7(x;,0) < oo, and finite derivative. More
attention needs to be paid to the derivatives of fl; (0) and s (x;,0). We rewrite in explicit form equation
(5):
d d 1/2
k k —-% 6_,(x,~,—xh,-)2 - Zl e,(xg,-—x,,,-)z |

s(xn,0)=t1—| )Y Y e =~ e = The 1)

h=1g=1

It is apparent that under assumption 4, equation (21) is infinitely differentiable with respect to x;. The
finiteness of the derivative, however, depends on the values of rh_g], V(h,g) representing the terms of
the matrix V (h-th row, g—th column). Hence, the derivative will exist finite as long as the matrix V is
non-singular, i.e., if assumption 4 holds. The same can be proven for the mean component. We then
conclude function Ely, (x;;.%) is Lipschitz continuous. O
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Lemma 2 The EGO algorithm which uses the Gaussian correlation form satisfies limy_,.. x;, = x*. Moreover,
the convergence is uniform in {xi}f.vz"l, i.e., it is independent from the specific initial set of points chosen
to generate the first model estimate.

Proof. From (21), we observe it is possible to bound the term s;(x;, 0) from above as follows:

k k _ 9 : _ d 0. —x 2

From Lemma 1, we have EI, (x;;.%) is Lipschitz continuous. Hence, Ely (x;;.%) is finite over the design
space and, given two points, |Ely, (x;; %) — Ely (x;;.%)| is finite as well. We can then consider the
following:

f(xp) — i (6)

Ely (xi; Z) < si(xi, 0)9 < st(x1,0)

) < si(x;,0)/V2m < t/\V2m, (23)

where the last two inequalities are derived from the normality property and equation (22), respectively.
According to (22) and (23), we can use the results in Locatelli (1997). Indeed, we note that in (22),
the variance in the new point x; is a weighted sum of the estimates at the already sampled points, and
weights are a function of the euclidean distance between the candidate point and the sampled points. This
is consistent with the form recognized in Locatelli (1997), which we extended to the d—dimensional case
due to assumptions 2—6 and by replacing linear with euclidean distances. As a result of (23) and Lemma
1, we can apply Lemma 1 in Locatelli (1997) (page 60) using the Lipschitz constant ¢ = 7, leading to the
following result ((Locatelli 1997), page 61):

lim max |xi,xj]| = (24)
k—yoo i,

Hence, the set of points at which the function is observed if the algorithm is never stopped, is dense in X,
proving convergence of the algorithm.

Concerning the uniform convergence result, there exists a number of initial points Ny such that the
convergence is guaranteed independently from the specific initial set (Bull 2011), and, under Assumption
3, we satisfy this condition. O

Now, we are ready to characterize the behaviour of eTSSO as the stochastic counterpart of EGO.

Lemma 3 As the number of iterations k — oo, under assumptions 67, the MNEK model 7; approaches
its deterministic counterpart 7.

Proof. If assumption 6 holds, let us consider £ = Tr (vaé), where Tr(-) is the trace of a matrix, and

let 8 = 1/7%. The function Tr <G§Vg§> satisfies the properties required to .#: being an error function, it
is strictly decreasing in W;. The assumption is stating that there exist a finite number of iterations such
that . < (53 / l//z)k. This means that at each iteration, the algorithm produces estimates of . which are
decreasing with 8¢ /y?. To show this holds, let us rewrite the covariance matrix:

1 e(_e'd122) e<_9'd12k) 652()6]) O
, e(ie'd%l) 1 e(ie‘dgk) Wl’krz
Vi=vave=|° SR TS I SR (25)
. . . . GZ(Xk)
¢
Jod) 0 oo P
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Here, d;j represents the euclidean distance between two points (i, j), W; x represents the number of replications
performed at location i up to iteration k according to the eTSSO budget allocation scheme. Having assumed
knowledge on the kriging variance (assumption 5), the diagonal elements of the matrix Vg are bounded by

decreasing values of 0/ l//z, where 6, = ( ) and l//2 = 12 (S refers to the set of sampled points).

max, cs W, 4
-1 .
Apparently, 6, € (0, 1); moreover, ((maXijS ijk) TZ) — 0 as k — oo, since max,,es W x — oo Vk. Hence,

Ve 22 0. O

Lemma 4 As the number of iterations k — oo, f (x|.%) ~ N (,u‘gk (x), Gﬁ% (x))

Proof.  As the number of iterations k — o we can apply Lemma 3 and the resultin (Stein 1999) (Appendix
A). f(x|.%;) has normal distribution with mean and variance:

T
R f—seo _ L [1=1Tvly _
f (Wi, x,6) B (VTV le;+ 1"V 1[1TV11]ei fx) (26)
T
ksoo 1-17v=hy | 1-17v—1y)
s,%(Wk,x,G);WCZ 1— V+1(1TV_11 1V+(1TV_11 (27)

corresponding to the deterministic predictor and variance in (Yin et al. 2011) equivalent to (3)—(5). ]

At this point, we want to characterize the stochastic iteration in (16). In order to do so, we study
G(-,-) as well as H (+,-). If we consider G(-,-), at each iteration, the best point is the one having the best
sampled mean and not the best true value, which cannot be evaluated, and the following property holds.

Property 1 (Convergence of G (Wi, X;)) Forany 8 >0, and withk — oo, sup.exPr{ (G(Wi,X;) — g(x})) > 6}
o172
—o(w(x)"?).

Proof. Here, W, (X,j) is the total budget allocated to point X;". Due to the geometric growth of the
replication in equation (12) Wy — o0 when k — oco. Due to Lemma 3, we simply exploit the Law of Large
numbers to argue that the sample average will converge to the true function value provided that the sampling
effort goes to infinity. In fact, we know that x* will be sampled infinitely often due to the fact that OCBA
rule is used to allocate the budget to each point to sample at each iteration. Due to the results in (Chen
et al. 2000), we know that the best point will be sampled infinitely often (Theorem 1, page 258). As a
result, Property 1 holds. 0

The next results focus on H(W;,x) in order to characterize the eTSSO efficiency and consistency.

Theorem 1 Let k — oo (i) As Wy — oo, the estimator H (W, x) satisfies, for any A > 0, that
supyexPr{||[H (Wi,x) —h(x)[| > A} = O (W, %). (ii) If the sample sizes {Wj,} satisfy W;j — oo, then

wpl
[|H (Wi, x) = (x) || = 0.

Proof. Result (i) is a direct consequence of Lemma 3 and Lemma 4 when o = % The sequence {Wi’k}
satisfies W; x — oo due to equation (12), and we can now simply recall the results in Lemma 2 to prove part
(ii). O

At this point, we can exploit the results in Pasupathy et al. (2015) to study the efficiency of Algorithm
1 in section 3.2. Before presenting the main result, we note the following.
Property 2 (Characterization of H (W,x)) Let k — o, then the estimator H (Wg,x) satisfies

supyexE (H (W,x) — h(x)) = © ((2-min (i) ).
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Proof. As already stated, Wy — o when k — co. Under assumption 6 and the result in Lemma 1 Elz,
is lower semi—continuous. Lemma 1 guarantees the function is finite over the space X. We can use the
results in Attouch (1984) to say that El; epi—converges to EI; when Wy — co. Concerning the optimal
location, Theorem 1, page 258 in (Chen et al. 2000) guarantees infinite budget will be allocated to the best
point. Then, given epi—convergence, we can simply apply Theorem 3.4 in Robinson (1996), to say that
the sequence Elz — Ely, and the sequence of selected points X € argmax Elz — x;. This convergence
is determined by the model and the variance covariance matrix in equation (25). Hence, as a consequence
of Lemma 3 and Theorem 1, the property holds. O

A2

Theorem 2 (Convergence rate of Algorithm 1) Let us define ¢ := 1+ #ﬁ(m and (= (1—1) 4 Given
E xSk

that EGO exhibits linear convergence, for any € > 0 satisfying £+ € < 1 and as k — oo, the following holds
for E; = || X — x*|:

ife, € (1,67%), Ec=ow, ' (28)

ife, > 072, Ek:0<(c,j1/2(£+s)1) Wk“/2> (29)

Proof.  According to Bull (2011) the error decay rate of EGO, under assumptions 1-4 page 2883, is

(= (1- %)]/d. According to theorem 1, we have that sup.exPr{||H (Wi,x) —h(x)|| > A} = O (W, %)
with oo = 1/2. From (12), we observe that the coefficient ¢ for the geometric increase of the budget at

each algorithm iteration satisfies ¢; < 2, also ¢ *== 1. Since the budget increase is stochastic, we need to
consider both the case ¢ € (1,6‘2) and c; > ¢~2 in (Pasupathy et al. 2015) and, considering the definitions
of ¢ and ¢, we use Theorem 6.5 page 17 in Pasupathy et al. (2015) to prove the result. O

It has to be noted that, in assumption 5, we stated that the parameters 6 and 72 of the MNEK model are
known in advance. However, convergence is affected by the quality of the estimators (Kleijnen et al. 2012).
If MLEs are adopted, in deterministic settings, Bull (2011) proves convergence is guaranteed assuming to
be able to produce a bounded estimate of 6. Intuitively, when the bias is consistent, the optimal location
should still be identified.

S EMPIRICAL RESULTS

We empirically observed the convergence of eT'SSO in the location and the function estimation, by evaluating
the number of iterations to let the euclidean distances |x —x*| and |y —y*| converge to 0, respectively (where
x* is the reachable optimum in a finite grid (Kleijnen et al. 2012)). This analysis provides empirical
evidence of eTSSO convergence even when the model parameters are sequentially estimated. We present

a 1-d, a 2—-d tetra—modal, and the 3—d Hartmann function. For the 1-d case, we used the function:
F(x)=(2x+9.96) cos(13x — 0.26) + & (x) .

We applied a normal random noise having variance 67 = & - (x;), with § = {0.1,1.0,10.0}.

We noticed that the convergence rate is affected by the noise level. In particular, in the case 6 = 0.1,
the location is identified after 168 simulation replications (corresponding to 6 iterations of the eTSSO
algorithm), 7733 (corresponding to 13 iterations) in the case 6 = 1.0 and 32094 (corresponding to 15
iterations) for the case 6 = 10.0. It is also noteworthy how good performances are already reached for
much lower budgets: in the low noise case, an error of 0.001 in the location is reached after 80 simulation
replications (i.e., two algorithm iterations), for 6 = 1.0, 136 replications are required (i.e., four iterations)
and in the case of § = 10.0, 1094 replications were required, corresponding to 10 iterations.

For the 2—d case, we considered the following tetra—modal:

flxn,x) ==5(1— (20— 1)*)(1 = (20— 1)*) (4 +2x; — 1) (0.05@’“—‘)2 —0.05(2”2—‘)2)2 +E(x).
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Table 1: Parameters A;; and P;; of the Hartmann-3 function

Aij P
3 10 30 03689 0.117 0.2673
0.1 10 35 04699 04387 0.747
3 10 30 0.1091 0.8732 0.5547
0.1 10 35 0.03815 0.5743 0.8828

Table 2: Theoretical versus Empirical convergence rates.

Average Empirical Convergence Rate | Average Theoretical Convergence Rate

0=0.1 6=1.0 6=100| 6=0.1 0=10 0 =10.0
1-d | 0.891667 0.95378788  0.9619742 | 0.265934 0.120082 0.1253412
Tetra—Modal | 0.842135 0.97017507 0.96720977 | 0.313284 0.269857 0.2251032

Hartmann-3 0.587 0.46614123 1.28771458 | 0.235702 0.229416 0.22369009

Both dimensions of the test function, x; and x,, are scaled to [0,1]. The global minimum is located at
[0.85,0.5] and has the value —7.098. We applied to the function a normal random noise with variance

652 =6 (|x1| + |x2|) and we tried three noise scenarios, namely 6 = {0.1,1.0,10.0}.

In this case, the convergence is reached after 272 simulation replications (7 algorithm iterations) in the
case 6 = 0.1, 1071 (17 iterations) replications are required for the case 6 = 1.0, while 115852 replications
are required when 6 = 10.0 corresponding to 44 iterations of eTSSO. As in the previous case, however,
reasonable result with an error in the order 10e(—3) are obtained already with a number of replications
equal to 220 (i.e., two iterations), 352 (i.e., six iterations) and 5955 (i.e., 13 iterations) for the three noise
levels 6 = {0.1,1.0,10.0}, respectively. For the 3—d case, we adopt the following Hartmann-3 function:

+&(x).

4 3
fxr,x,x3) ==Y oexp | — Y Ajj(x; —P;)
i=1 i

Here, 0 <x; <1 for i = 1,2,3; parameters o« = (1.0,1.2,3.0,3.2), and A;; and Pij given in Table 1.
The function has a global minimum at x* = [0.114614,0.555649,0.852547] with f(x*) = —3.86278; the
function has three additional local minima. We applied to the function a normal random noise with variance
652 =0 - (|x1|+ |x2| +|x3|) and we tried the following set of values for &, {0.1,1.0,10.0}.

A similar behavior with respect to the previous cases was observed. Nevertheless, the increased dimension
leads to a slower convergence rate in the optimum location. Specifically, in this case, the convergence of
|x —x*| was reached only with budget 250000 (corresponding to 16 iterations). This has to be brought back
also to the noise of the Hartmann—3 which is larger than in the previous cases. Table 2 shows the average
convergence rate derived from the iterations of the algorithm where, as theoretical counterpart, we use

W,:l/ %, We considered k = 1,...,K*, being K* the iteration at which the algorithm reaches convergence.

6 CONCLUSIONS

eTSSO is a kriging—based algorithm recently proposed by the authors extending the TSSO. Its efficiency
builds upon a stochastic dynamic sampling rule which geometrically increases the budget to assign to each
algorithm iteration. Inspired by the proof framework in Pasupathy et al. (2015), we propose to apply it
to characterize consistency and efficiency of the eTSSO iterates. To do this, we exploit the properties of
the EGO algorithm and interpret eTSSO as its stochastic counterpart. This paper is a first step towards a
general approach for the performance analysis of meta—model based simulation—optimization algorithms.
According to the main theorem 2, eTSSO is efficient only in case the coefficient for the geometric increase
of the budget satisfies ¢; € (1,(‘2). The stochastic nature of the budget allocation does not guarantee
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this. Nevertheless, ¢ € (1,6*2), and this makes the eTSSO allocation closer to the efficient case and the
empirical results sustain this argument. Further research will generalize the study to meta—model based
stochastic algorithms and consider sequential parameters estimation.
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