Proceedings of the 2015 Winter Simulation Conference
L. Yilmaz, W. K. V. Chan, I. Moon, T. M. K. Roeder, C. Macal, and M. D. Rossetti, eds.

SIMULATION SELECTION FOR EMPIRICAL MODEL COMPARISON

Qiong Zhang
Yongjia Song

Department of Statistical Sciences and Operations Research
Virginia Commonwealth University
1015 Floyd Ave
Richmond, VA 23284, USA

ABSTRACT

We propose an efficient statistical method for the empirical model comparison, which is typically referred
to as a simulation procedure to evaluate multiple statistical learning algorithms. First, we use experimental
designs to appropriately construct the training and test sets for estimating the empirical performances of
these models using the mean square errors. Second, we apply the idea of Bayesian fully sequential ranking
and selection to optimally allocate the simulation budget according to the value of information. To make
the procedure computationally tractable, we assume a normal-Wishart prior distribution, and propose a
new approximation scheme for the posterior distribution by matching it with a normal-Wishart distribution
using the first-order moment. Numerical experiments are conducted to show the superiority of the proposed
approach on empirical model comparison problems.

1 INTRODUCTION

Empirical model comparison is typically referred to as a simulation procedure to evaluate multiple statistical
learning algorithms, see for example, Caruana and Niculescu-Mizil (2006). In this procedure, statistical
learning algorithms are applied to fit a large number of observational data sets of different types (e.g.,
complete or missing, large or small, etc.), and their predictive performances are evaluated through criteria
such as area under curve (for binary response), mean square error (for continuous response), etc. The goal
is to select the best algorithm in terms of the predictive performances.

In addition to model evaluation based on observational data sets, another field where the empirical
model comparison procedure is widely applied is computer experiments (Sacks et al. 1989). Computer
experiments refers to a number of runs of computer codes based on mathematical models for real systems,
e.g., climate change, automobile crash, etc. Figure 1 illustrates the idea of empirical model comparison in the
computer experiment setting. Instead of observational data, the input data sets for computer experiments are
usually pre-specified using certain statistical designs. The outputs are obtained by running computer codes
based on a complex mathematical model. A data set in computer experiments consists of the pre-specified
input points and their corresponding outputs. A surrogate statistical model (Tai et al. 2006) is then built
for this data set. Choosing an appropriate surrogate model is critical for computer experiments, and the
choice is often made by empirically comparing the predictive performances of a set of candidate models.

In computer experiments, the computational effort is a fundamental concern. Running computer
experiments could be extremely time consuming, so the data points available for empirically comparing
surrogate models are usually limited, which leads to high variability in the empirical comparison results. To
stabilize these comparison results, the predictive performances of surrogate models are usually evaluated
by replicating the training and test procedure, using, e.g., multi-fold cross-validation, leave-one-out cross-
validation, bootstrapping, etc. (Tai et al. 2006). However, these replications over a large number of surrogate
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Figure 1: An illustration of computer experiments.

models could also be computationally expensive. Therefore, controlling the variability of comparison results
under limited computational budget is a critical issue for computer experiments.

To address this issue, we focus on two strategies to balance the variability and the computational costs.
First, we aim to reduce the variability of the estimated prediction errors by experimental design-based data
splitting for training and test (Zhang and Qian 2013). Second, we aim to avoid unnecessary replications in
empirical model comparison. For example, as shown in Figure 2, it is clear that the predictive performances
of models 1-4 are significantly better than models 5-9. Therefore, replications on models 5-9 are not
necessary, and more replications should be conducted on models 1-4 to further reduce the variability in
these models. This observation motivates us to apply the ranking and selection procedure (Powell and
Ryzhov 2012).

Ranking and selection tackles the problem of choosing a single alternative or multiple alternatives from
a candidate set based on their random performances. The idea of ranking and selection is to replicate more
on “promising” candidates. In the literature, ranking and selection is studied under two different streams.
In the frequentists’ perspective, ranking and selection is based on the indifferent-zone approach (Kim and
Nelson 2001, Kim and Nelson 2006), see, e.g., Hong and Nelson (2009) or Kim and Nelson (2007) for a
more extensive survey. This procedure has recently been applied in a parallel computing setting (Luo et al.
2014). From the Bayesian perspective, ranking and selection is studied under the “value of information”
approach, see, e.g., Chick (2006), Powell and Ryzhov (2012) for overviews of the framework. Recently,
the sequential selection procedures based on optimizing the expected opportunity cost according to the
information obtained has been widely studied (Chick and Frazier 2012, Xie and Frazier 2013, Qu, Ryzhov,
Fu, and Ding 2014).

In this paper, we study the empirical model comparison problem under a Bayesian framework, and
develop an algorithm by customizing the fully sequential ranking and selection based on value of information
(Powell and Ryzhov 2012). We focus on computer experiments with continuous outputs. In this case,
the mean squared error (MSE) is used to evaluate the model performance by averaging the prediction
errors of multiple test points. According to the Central Limit Theorem, the MSE approximately follows a
normal distribution. However, due to the randomness of the input points, the correlation structure of the
candidate models is unknown. Therefore, results in Powell and Ryzhov (2012) cannot be applied directly
in our setting. For ranking and selection with unknown correlation structure, Qu et al. (2014) recently
proposed an iterative procedure based on the normal-Wishart distribution (Gupta and Nagar 2000). To
keep the procedure computationally tractable, the updating formula in Qu et al. (2014) is developed by
approximating the posterior distribution as a normal-Wishart distribution via Kullback-Leibler divergence.
In this paper, we propose a different approximation scheme to match the posterior distribution to a normal-
Wishart distribution, using the idea of moments matching. Numerical results show the superiority of our
approach on empirical model comparison problems.
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Figure 2: An illustration of model comparison according to their predictive performances (higher value
means better performance). A 95% confidence interval of the predictive performance is provided for each
model.

2 METHODOLOGY
2.1 The Setup for Empirical Model Comparison

We aim to select the best model among K surrogate models: {1,...,K} based on their predictive performances.

For each model k, the predictive performance is estimated empirically using a data set T = {(Xl-,z,-)}l.i‘l,

where {Z,-}Bl are the outputs, and each x; € R” is a p-dimensional input vector. In this paper, the data
set T is split into a training set D, and a test set D,;. We use the MSE as the criterion to evaluate the
predictive performance, that is, the model with a smaller MSE is considered to have a better predictive
performance. For ranking and selection, the best alternative is usually assumed to be the one that achieves
the largest quantity. To be consistent with the ranking and selection literature, we denote a sample from
the k-th model in the ranking and selection procedure as the negative of the MSE:

. 1
V= — Y -l (1
|D”| i€Dyg

where #(-) is the predictor that is built based on the training data D,,. We further denote Y as a vector
containing (§1,...,9x) . Given the data set D;, according to the Central Limit Theorem, when |Dy,] is
large enough:

?|Dtr — %(."L?R)’ (2)
where A
u=Ep, (Y|D,) 3)
is the conditional mean vector of SA{, and
~ —1
R = [varp, (Y|D,/)] “)
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is the precision matrix of Y. Since the conditional distribution of SA(]D” is determined by ut and R, (2) can
be written as: A
Y|u,R— A (p,R). Q)

The variability of the training data set Dy, is carried by u and R. We assume that g and R follow a
normal-Wishart prior distribution:

.u|RN</VK(907qOR)v RNWK(bOaBO)v (6)

where given R, the conditional distribution of  is a multivariate normal distribution with mean vector 6°
and precision matrix ¢°R, and R follows a Wishart distribution with parameters »° and B®. The conjugacy
property of the normal-Wishart distribution allows us to update the distribution after each new observation
in a computationally tractable way (DeGroot 2004).

2.2 The Normal-Wishart Updating Procedure by Replicating All K Models in Each Iteration

We first consider the case when the computational budget allows us to replicate all K models in each
iteration. Assume that the setup in (5) and (6) holds for all the previous n iterations, and let the parameters

of the prior distribution in the n-th iteration be ¢", ", 8", and B". In the (n+ 1)-th iteration, we generate

data set 7"+1) and split it into a training data set D" and a test data set D"V (If a new data set 70"+1)

is not available, the training data set D,(fH) and the test data set D,(fH) can be generated by randomly

splitting a fixed 7' in each iteration). The MSE for all K models are calculated and collected in Y1),
Given the entire vector Y"1, the posterior distribution of  and R in the (n+ 1)-th iteration is:
P RIY) o p(Y 1, R)p" (1R) " (R). ()
According to the normal-Wishart distribution,
A 1 . N
p(¥"! | R) o< [R|~F exp{ — 5 (¥ =) RO — ) }, ®)
n 1 qn n\T n
P'(HIR) < |[R[zexpq — 5 (1 —6") R(u—6"), )
and
Y -K—1 1
P"(R) < |R| 2 exp{ - 5zr(B"R)}. (10)

As noted in Qu et al. (2014) and an earlier literature (DeGroot 2004), the normal-Wishart distribution
has the nice property that the posterior distribution of it and R in (7) is still a normal-Wishart distribution.
Thus, parameters in the (n+ 1)-th iteration can be updated by:

qn-‘rl — qn+1 (11a)
anrl =p"+1 (11b)
ngh ?nqtl
gntl - 49 TY (11c)
q"+1
n
B! :B”Jri,,qJr (0" =Y (en — YT (11d)
q
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2.3 A Bayesian Updating Procedure Based on Moments Matching

The normal-Wishart distribution provides a very convenient way of updating our beliefs about the alternatives
based on simple statistical estimation. However, this convenient way of updating requires the complete
observation of Y"*! at each iteration, which could be time-consuming when the number of alternatives
under comparison is large. Motivated by the fully sequential Bayesian ranking and selection procedure
(Powell and Ryzhov 2012, Frazier, Powell, and Dayanik 2009), we may just choose the most promising
alternative to simulate at each iteration. However, the flexibility of choosing only one alternative at a time
will cause a significant challenge: the updating formula (11) cannot be applied in this case (Qu et al.
2014). Indeed, suppose in iteration n+ 1 we only compute the MSE of the k-th alternative, )?Z“. It follows
a conditional distribution .4 (u, (R™1),;!), where  is the k-th element of y, and (R™!)y is the k-th

diagonal element of R~!. Using Bayes’ rule, the posterior distribution of 1 and R given )?ZH is:

n+1 A1 o MoKl 71 n 1 7q7n _gm\T _n
P (RIS <RI exp { = Ser(BR) R Fexp { = L-(u—0") TR(u—0") |

an 12)
_1\—1/2 _»(ykJrl — )’
(R exp{ 2Ry }

From (12), we see that the posterior distribution is no longer a normal-Wishart distribution. Although the
conditional distribution of u given R is still a multivariate normal distribution, the marginal distribution
of R is not a Wishart distribution, and therefore, the conjugacy property of normal-Wishart distribution
cannot be applied.

To develop an updating formula based on (12), Qu et al. (2014) created an optimal approximation of
conjugacy based on the Kullback-Leibler divergence between the posterior distribution (12) and a normal-
Wishart distribution. This makes their learning model still computationally tractable, allowing their updating
formula to be embedded into the fully sequential ranking and selection framework with a known correlation
structure in Frazier, Powell, and Dayanik (2009). However, there exists a challenge about determining
the step size for b" in the updating procedure of Qu et al. (2014). Besides, matching two distributions
through Kullback-Leibler divergence is a very strong condition. The Kullback-Leibler divergence of two
distributions is equivalent to a distance measure of two distributions over the moments of all possible
orders. In contrast, the parameters required in the updating formula only involve the first order moments.
Therefore, a complete matching of two distributions may not be necessary. In our approach, we only match
the first order moments between the posterior distribution (12) and a normal-Wishart distribution. This also
makes the learning model computationally tractable, and there is no issue on determining the step size for
b".

Based on (12), we provide the conditional expectation and conditional variance of (t given R and )72”’1
in Proposition 1. Before formally presenting the result, we first introduce the notation here:

e For any vector a of size K, ay is the k-th element of a, and a_;, € RK~! is the vector consisting of
all the components of a except ai.

e For any K x K symmetric matrix B, By is the k-th diagonal element of B, B. ; is the k-th column of
B,B_;; € RX~1 is the vector made by excluding the k-th element of B. i, B_; _; is the submatrix
of B that corresponds to all but the k-th component, and also,

B_iiBi—«

B =B k- B,

Proposition 1 (a) Given R and )32’*1, u follows a multivariate normal distribution with mean

an+1
(R—l) ylz+ _61?

E[MRJAZH] =0"+ q"+1

R e ; 13)
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and variance matrix iRszrl, whose elements are given by:
S —1mp-1
gk = (" +1)7 (R )

(iR.yZJrl)k,fk = (qn + 1)71(R71)k,7k

and

B B R R
N [

(b)  Let Egr be the expectation taken with respect to R.

1 -
ER (ER)?”H yz+1) mBn (14)
where
B A+1 2
i = By + "—|—1(n -6)
7" Bi_x
k=B ) =Bp _;+ 1 B;Zk G -6,
and -
= q
Brik, k= 7" Bn—k\k
n
+ (1+ S B -6 ) (0" = 3K —2) "B+ (B B By )
Furthermore,
]ER((R—I)—I(R ) |An+1) — (Bn)k—len ) (15)

According to Proposition 1, we match E(u[{™") and E [(¢"*!)~!var(u|R,$")|5{"'] under the
probability distribution in (12) with the corresponding moments of a normal-Wishart distribution. In
Proposition 2, we give the updating formula according to this normal-Wishart distribution. To guarantee
that E(u| A"“) and E [(¢"™1) " var(u|R, 1)} "] based on the normal-Wishart distribution of the (n+1)-
th iteration are equal to those based on the probablhty distribution in (12), we propose the following updating
formulas.

Proposition 2 Let ¢"*! = ¢" + 1 and b"*! = b" + 1, the updating formulas of "' and B"*! based on

moment matching are given by:
n An+l Gn

R L S 4 16
B, ¢'+1 (16)
and K
+1 __ — P
B =k 4

Based on this new updating formula, we apply the “look ahead” strategy in Powell and Ryzhov (2012)
and Qu et al. (2014) to select the best alternative to sample at each iteration. The idea is to calculate the
expected value of information for each alternativfe k at each iteration n:

Y (S") = E" [max 6/ k" = k] —max 6", (18)

l l
where [E" is the conditional expectation given the posterior distribution at iteration n, and k" denotes the
alternative to measure at iteration n. The expected value of information can be calculated based on the

predictive distribution of 8"*!, which depends on the updating formula for 8! given a new sample § A”“.
We adapt this strategy in our approach using our updating formula in Proposition 2.
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3 NUMERICAL EXPERIMENTS

We present numerical experiment results to demonstrate the effectiveness of the proposed approach. In our
experiment, we compare the following four different settings:

I Proposed: At each iteration, the updating formula in Proposition 2 is used, and the alternative to
simulate is chosen based on the value of information.
I Qu: The Bayesian fully sequential ranking and selection procedure based on the value of information
proposed in Qu et al. (2014) is applied.
Il Random: At each iteration, the updating formula in Proposition 2 is used, but the alternative to
simulate is chosen randomly.
IV All: At each iteration, all alternatives are simulated, and the standard updating formula (11) is
applied.

The performances of the four methods are compared using their corresponding opportunity costs at
each iteration. As in Qu et al. (2014), the opportunity cost of method m in iteration »n is defined by

(19)

m __ n
C, fmlilxuk—

nu;rgmaxk 0y
where u" is a vector of K elements, each of which is calculated by averaging the first n samples.

3.1 Data Generated From Multivariate Normal with A Normal-Wishart Prior

We first consider an example where the samples are exactly generated from a multivariate normal distribution
with a normal-Wishart prior distribution. The purpose of this example is to show the performances of
the four methods, “Proposed”, “Qu”, “Random”, and “All”, when the distribution of the samples exactly
matches our assumption. In this example, we compare K = 30 alternatives. For the k-th alternative, we
generate the sample )?,(("H) from the marginal distribution of a multivariate normal with a normal-Wishart
prior distribution. The parameters of the prior distribution are specified as 1) b = p = 60, 2) the k-th
element of 6 is 0.1 x (k—1)/K, and 3) matrix B has diagonal elements By = k+ 1 and off-diagonal
elements By, = 0.3~/ After generating 10 samples from each model, we estimate the sample mean and
sample covariance matrix to obtain the parameters in the prior distribution. We apply the four methods for
N = 1000 iterations, and we show the opportunity costs in each iteration in Figure 3.

From Figure 3, we can see that the opportunity cost for the proposed method is significantly smaller than
“Qu” when the number of samples is small. As the number of samples gets larger, their differences in the
opportunity costs become smaller, and eventually the two opportunity costs become the same. Comparing
the four methods all together, we can see that both option “Qu” and “Proposed” perform much better than
the random selection procedure, but not as good as option “All”. However, option “All” is significantly
more computationally expensive since all alternatives are simulated at each iteration.

3.2 Empirical Model Comparison with Borehole Example

Next we test the four methods, “Proposed”, “Qu”, “Random”, and “All”, for empirical model comparison
on the borehole function (Morris, Mitchell, and Ylvisaker 1993), a widely used example for illustrating
various methods in computer experiments. The function models the flow rate of water through a borehole
in the following form:

27x1 (x2 — x3)

z= ’
2x6X X
log(xa/xs) |1+ i 4]

(20)

where z is the response of the function.
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Figure 3: The opportunity cost comparison for the four settings when the data is generated from a multivariate
normal distribution with a normal-Wishart prior.

The borehole function is well-known to be challenging to approximate. The mean squared errors given
by the surrogate models are usually significantly larger than 0. Therefore, the sample mean squared error
can be well approximated by a multivariate normal distribution when the test data set is large enough.

We generate the input points Xs from a sliced Latin hypercube design (Qian 2012, Zhang and Qian
2013) with two slices and 100 data points. After calculating all the input-output pairs, we use the data set
that corresponds to one slice of the Latin hypercube design as the training set, and use the rest of the data
set as test set. We consider 15 Kriging predictors (Tai et al. 2006) using the training set, and compute their
MSEs using the test set. These 15 Kriging predictors are constructed using different covariance functions
and tuning parameters. To be more specific, they come from three covariance functions, exponential,
stationary taper and wendland (see R package fields), and each covariance function is applied with five
different tuning parameters: 0.1, 0.3, 0.5, 0.7, and 0.9. For the prior distribution, we run 10 samples
initially, and use the sample mean and covariance as 6° and B®. We apply the four methods for N = 200
iterations. From iteration to iteration, we regenerate the sliced Latin hypercube design for the training data
points and the test data points. So the randomness of the MSE comes from the randomness in these data
points. We show the opportunity costs in each iteration in Figure 4.

From Figure 4, we can see that as the number of samples increases, the opportunity cost for the
proposed method quickly decreases and becomes close to the opportunity cost for option “All”. For options
“Qu” and “Random”, although their opportunity costs are smaller than “Proposed” when the number of
samples is relatively small, when the sample size increases, their performances are outperformed by the
proposed method. The computational results in this example show the superiority of the proposed method
on empirical model validation over the naive method (“Random™) and the state-of-the-art method by Qu
et al. (2014).

We provide some insights on why option “Qu”, which uses the approximation of the normal-Wishart
distribution via the Kullback-Leibler divergence, is outperformed by the proposed method in the borehole
example. First, the randomness of the training set is described by the Wishart distribution, and the randomness
of the test set is described by the normal distribution. According to (1), when the test set is large enough, the
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Figure 4: The opportunity costs for the four methods on their MSEs using the borehole function.

normal distribution in (6) is a good approximation. However, the Wishart distribution in (6) is only a rough
approximation. Therefore, the more accurate approximation based on the Kullback-Leibler divergence may
be overfitting compared to a less accurate approximation given by moment matching. Second, we observed
in our numerical experiments that option “Qu” had some singularity issues when computing the precision
matrices. This may explain the oscillation effect shown in Figure 4.

4 CONCLUDING REMARKS

We have presented an efficient statistical method for the empirical model comparison according to the
predictive performance based on the MSE. We have applied the Bayesian fully sequential ranking and
selection procedure based on the value of information, to optimally allocation the simulation effort for a
set of candidate models. Following Qu et al. (2014), we have assumed a normal-Wishart prior distribution,
and we have proposed a new approximation scheme by matching the posterior distribution with a normal-
Wishart distribution using the first-order moments. Our preliminary numerical study has shown that our
approximation scheme is effective on empirical model comparison examples in computer experiments. As
an extension, this type of sequential learning strategy can also be applied to sequentially select design
points in computer experiments.

A Proof of Proposition 1

Proof.  First, we consider the distribution of t given R and ﬁ;’“. Let u" be a random vector following a

multivariate normal distribution with mean 6" and precision matrix g"R. We further denote ¥, as a normal

random variable with mean ﬁZH and variance (R™!)j. Assume that Y is independent with u”. Given R
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and j A"+1
1{71 Yyr — @n
‘unJrl — ikl kn k (21)
R, ¢"+1
is a random vector whose the probability distribution is proportional to (12). Since u"*' is a linear

combination of normal random vector u" and Y, it still follows a multivariate normal distribution, whose
mean and variance can be easily derived as in (a).
We now prove (b). The conditional distribution of R given y"+1

pRIFE) = [ p(uRIsEdn = [ [ (eI )y
o ]R\MT*K(R”) ik exp{—ztr(B”R)}
O — ) q" n n
/exp{ M}dﬂk/exp{—z(ﬂ_e ) 'R(u—6 )}dﬂk
K—1 an+1 2 n _ pn\2
& exp{ - Juw) | f exp{ e ) }duk

K] 1 . q ()’)\n+1 Gn)z
(R l)kk exp{—ztr(B R)}exp{—z(q —T—l)(R‘kl)kk}'

Since £y g1 involves R™ !, we try to represent p(R[§}"!) in terms of R™!.

" B 7bn27K B 7b,1721(71 —q (An+l On) 1 B _1
PRIFE ) o R 2[R el exp { 2+ DR g 5t (Bfk,fk [(R™) ] )
(R [(R™) e - 1 1 (R [(RTY) e TR s
i (R )k Bk 3B (R )k " (R)? '

First, we are interested in p (R™")_ x| (R™ )i, (R*I)_k‘k,szH), so we put (R™1)_; terms together in
p(RF*1), and obtain:

-1 —1\2
p ((Ril)fk,k}(Ril)kIa(Ri ) k\ka)A’ZJrl) ~ N <Bk,k](;:( )kk’ (RBkk)kk (Rl)kk> .

Now we calculate p (R, R™) ) = [ p (R s (RN, (R™1) ) d(R™) 4. Putting all
irrelevant terms outside of the integration, and using the multivariate normal density function, we have:
- - gy 2 L "G -6 By
R D, R ) < (RN, 2 ex k =
1% (( )kk ( ) k|k> ( )kk p{ (Ril)kk [ 2(q I 1) 2

_ —1
B (R 1}:—"") Bk —tr (B—k.—k(R_l)kk)] } '
ik

This means that both (R™!) and (R™!)_; are inverse-Wishart distribution:

_ K-b"+2 1
R ~exp{2
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B_.B'
(R_l)—k\k ~p! (B—k.—k — %,b” —2K— 2)

n An+1_9n2
(R—1>kkNW—l <Bkk+q (y];n_'_l k) ,bn—?)K) .

From the properties of above distributions, we can see that (b) holds.

B Proof of Proposition 2

Proof.  First, based on (15) in Proposition 1, (16) can be derived by taking expectation of the right hand
side of (13) with regard to R. Second, the update in (17) is derived to guarantee that

(B —K+1)" B =Er { (") varu (R, 515
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