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ABSTRACT

Equity Indexed Annuities (EIAs) are popular insurance con-
tracts. EIAs provide the insured with a guaranteed accu-
mulation rate on their premium at maturity. In addition,
the insured may receive extra benefit if the return of the
linked index is high enough. There are a few variations of
EIAs. We consider two types of EIAs: compound ratchet
and simple ratchet. Under the geometric Brownian motion
assumption for the equity index, plain compound ratchet
options is known to have closed form solutions, but plain
simple ratchet option is not. In this paper, we derive a
closed form solution for plain simple ratchet option. For
more exotic options, Monte Carlo methods are usually used
for their valuation. To improve their efficiency, we propose
two control variates based on the analytical solutions for the
price of plain ratchet options. The effectiveness of the pro-
posed control variates is examined via numerical examples
of a typical contract.

1 INTRODUCTION

An Equity Indexed Annuity contract provides the policy-
holder with a guaranteed minimum annual return and offers
participation in the equity market. The returns to be credited
are based on the index-linked return, which is tied to the
performance of an equity price index such as the Standard
and Poor’s 500, the participation rate and the guaranteed
minimum return. The participation rate determines how
much of the index increases will be used to compute the
index-linked return. With the guaranteed minimum return,
the downside risk of the equity market is limited. EIAs
usually have a maturity ranging from one to ten years, with
seven years being typical.

There exists a few variations of EIA contracts. The
major contract types include point-to-point (PTP), ratchet
(which comes in simple and compound versions), and high
water mark; see Hardy (2003) for more information. The
ways to calculate the index-linked return is usually called
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indexation method or indexing. For PTP EIAs, the indexing
is based on the growth of the two time points, which is
the simplest indexation method. High water mark EIAs
have the feature similar to a lookback option. They choose
the maximum index level over the entire term of an an-
nuity for calculating payoff at maturity. Under the ratchet
contract design, the indexing is usually evaluated annually
based on the index growth during each time period. With
a compound ratchet (CR), the returns in each time period
are compounded, while the returns of each period of a sim-
ple ratchet (SR) are summed arithmetically. These types of
contracts are more popular than the traditional life insurance
products. Hence, their fair value and hedging strategies are
crucial for life insurance companys. The valuation meth-
ods of EIAs has been discussed in a few papers: Tiong
(2000) valued a contract slightly different to the usual con-
tract design under the assumptions within the Black-Scholes
framework. Lee (2003) used the method of Esscher trans-
forms (similar to exponential twisted change-of-measures)
to derive the explicit pricing formulas for four types of
EIAs embedded with path-dependent options. The effects
of stochastic interest rates and mortality were explored in
Lin and Tan (2003).

In this paper, we focus on valuation methods for ratchet
EIA contracts. In particular, we will discuss valuation
methods for the following 4 types of ratchet EIA contracts.
For most ratchet EIAs, the index participation is evaluated
annually. To simplify the presentation, we assume this
convention.

Let T be the maturity of a ratchet EIA contract and
S(¢) be the linked-index at time # < T. We set

. )

which are the annual returns of linked-index. The effective
annual returns of the EIA contract are defined as
R; = 1+ min(max(a(R, —

1),/),¢) 2)
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where f is the guarantee rate, c¢ is the cap rate, and « is
the participation rate in the linked-index.

With these notations, we are ready to define the pay-
offs of the first two types of ratchet EIA contract under
consideration.

Definition 1 The payoff at maturity T of a com-
pound ratchet EIA contract is

T
Rer = HRM (3)
t=1

when the initial investment is 1.
Definition 2 The payoff at maturity T of a simple
ratchet EIA contract is

1 t=1

M~

Ry =1+

t

when the initial investment is 1.

Some ratchet EIA contracts offer not just annual guar-
antee rate f, but also a guarantee at maturity. This type of
guarantee is sometimes called “life of contract” guarantee.
Let the initial investment is P, of which P(1 — f3) is deducted
at beginning for covering expenses and insurance premium.
A typical value for 8 is 90%. If the maturity guarantee
promises an annual guarantee rate g, then the payoffs of
the other two ratchet EIA contracts are defined as follows.

Definition 3 The payoff at maturity T of a com-
pound ratchet EIA contract with maturity guarantee is

P-max(R.,,B(1+g)7), 5)
when the initial investment is P.

Definition 4 The payoff at maturity T of a simple

ratchet EIA contract with maturity guarantee is
P-max (R, B(1+¢)7), (6)
when the initial investment is P.

Hardy (2004) also discussed the valuation methods for
the four types of ratchet EIA contracts defined above. The
methods she considered included closed form formula, tree
approach, and Monte Carlo simulation. She derived a closed-
form formula for plain compound ratchet EIAs, and argued
that plain simple ratchet EIAs are not analytically tractable
and proposed a pricing method utilizing a non-combining
trinomial tree. For compound and simple ratchet EIAs with
maturity or “life of contract” guarantee, Hardy used Monte
Carlo methods as valuation tool. In this paper, we derive a
closed form solution for plain simple ratchet option. Based
on the closed form solutions for simple and compound
EIA contracts, we are able to suggest two effective control
variates for pricing ratchet EIAs with maturity guarantee.
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The paper is organized as follows. In Section 2, we
describe the risk neutral valuation formulas for the contracts
under consideration and derive the pricing formulas for
compound and simple ratchet EIA contracts. In Section 3,
we use the payoffs of compound and simple ratchet EIAs
as control variates for valuation of ratchet EIA contracts
with maturity guarantee. Finally, Section 4 offers some
concluding remarks and some directions for future works.

2 VALUATION FORMULAS FOR COMPOUND
AND SIMPLE RATCHET CONTRACTS

Most of the previous research (Hardy 2004, Lee 2003, Tiong
2000, Gerber and Shiu 2003) adopted the Black and Scholes
assumptions (Black and Scholes 1973) for the linked-index
and interest rate. That is, the linked-index S(z) follows
the geometric Brownian motion and the interest rate r is
constant. In particular, under the risk-neutral measure or
martingale measure, it assumes

ds(r)
dB(1)

rS(t)dt + oS(r)dz(1),
rB(t)dt,

(7

where z(¢) is a standard Brownian motion, o is the volatility
of the linked index (which is constant), and B(¢) denotes
the money market account.

Assume the market defined in (7) is complete, then based
on the risk neutral valuation principle (see, for example,
Harrison and Kreps 1979 and Harrison and Pliska 1981),
the prices of the EIA contracts considered in Section 1 can
be represented as expections. More specific, the price of a
compound ratchet EIA contract is

Ver = E[eirTRcr]a 3
and the price of a simple ratchet EIA contract is
Vi = E[e " Ry]. 9)

For a compound ratchet EIA contract with maturity

guarantee, its theoretical (no arbitrage) price is

E[e”"TP-max(R.,,B(1+¢)7)], (10)

when the initial investment is P; and for a simple ratchet

EIA contract with maturity guarantee, its theoretical price
is

Ele”"TP-max(R,,,B(1+g)T)], (11)

when the initial investment is P.

Suppose the linked-index pays a continuous dividend
yield at a constant rate d per year. It is well known that,
under the risk neutral measure (pricing measure), log(R;)
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are independent normal random variables with parameters
r—d— 0'2/2 and ¢ (Hull 2006). Now using (2) we can
get

R, = (1 —a) + amin(max(fy,R),cq), (12)
where fo =1+ f/a and ¢ = 1 +c¢/a. Set
X; = min(max(fo,R;),cq)- (13)

Then it is easy to see that X;’s are independent censored
lognormal random variables with censored values fy and cg.
We use (3) and (8) to obtain

Ele™T ﬁ(l —a+aX)]

Vcr -
t=1
e T(1—a+aEX)T, (14)
and use (4) and (9) to obtain
T ~
Voo = Ele(1-T+Y R))]
=1
= ¢ T[(1-aT)+aTEX]]. (15)

Therefore, we just need the explicit formula of EX| to derive
the explicit formulas for V., and V,.
To compute EX;, we first write

EXi = faP(R1 < fo) +E[R1; fa <RI <cq]+caP(R1 > cq).

r—d—o2/2+0N(0,1)

Then, by representing R as e and letting

1 —r+d o©
dy = logfo —r+d + =, (16)
(o 2
and
1 —r+d
by =-Bla—IHE O (17
c 2
we obtain
P(Rl Sfa) = PN 071 Sdl):q)(dl),
PRy >cq) = P(N(0,1)>dy) =P(—d>),
and
2
E[Rl;foc <R, SCa] _ /d r—d—62/2+az¢(z)dz
1
= ¢ ®(dy—0)—D(d, —0)]
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where ¢(-) and ®(-) are the density function and the cu-
mulative distribution function of standard normal random
variable, respectively.

Combining these three terms, we get the explicit formula
for EX;:

fa®(d)) +cq®(—dr)+e @ (dy — 0) —D(d) — )] (18)

With (18), (14), and (15), the following two propositions
are straightforward. Note that the pricing formula for the
compound ratchet EIAs had been derived in the literature;
see, for example, Hardy (2004).

Proposition 1 The explicit pricing formula for the
compound ratchet EIA contracts is

Voo = e {l—ata(fa®(d)+ca®(—d)
+e"D(dy — 0) — P(dy — o))}

Proposition 2 The explicit pricing formula for the
simple ratchet EIA contracts is

Ver e {1 —aT +aT (fo®(d)) + ca®(—dy)

+¢®(dy — 0) —D(d; — 0)])}

We use the formulas in Proposition 1 and 2 to compute
the theoretical prices of typical ratchet EIA contracts. Tables
1 and 2 summarize the results. From these results, it is easy
to see that simple ratchet EIAs is cheaper than compound
ratchet EIAs.

Table 1: Theoretical price of a typical compound ratchet
EIA contract (T =7, P=100, f =0, 6 =25%, r = 6%,
and d =2%.)

a\c 0.10 0.15 0.20 0.30 0.40
0.6 | 85.937 93.008 98.152 104.111 106.654
0.8 | 87.601 96.600 104.043 114.568 120.591
1.0 | 88.660 99.004 108.216 122.891 132.897
1.2 | 89.391 100.714 111.290 129.512 143.465

Table 2: Theoretical price of a typical simple ratchet EIA
contract. (T =7, P=100, f=0, 0 =25%, r = 6%, and
d=2%.)

o\c 0.10  0.15 0.20 0.30 0.40
0.6 | 83.685 89.115 92.846 96.964 98.661
0.8 | 84.996 91.738 96918 103.727 107.384
1.0 | 85.820 93.448 99.685 108.740 114.396
1.2 | 86.383 94.642 101.666 112.525 119.987
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3 CONTROL VARIATES FOR RATCHET EIAs
WITH MATURITY GUARANTEE

In this section, our goal is to compute the prices of compound
and simple rachet EIA contacts with “life of contract”
guarantees. There are no known explicit pricing formulas
for these insurance products. Thus, numerical methods are
used to compute there values. We shall use Monte Carlo
methods to do the task.

We begin with a description of the parameters of the
ratchet EIA contracts under consideration. The contract
maturity 7 =7, initial investment P = 100, floor rate f =0,
the volatility of the linked-index o = 25%, interest rate
r = 6%, dividend rate of the linked-index d = 2%, net
investment ratio B = 90% and the guarantee rate at maturity
g = 3%. These parameters are typical and were also used
in Hardy (2004).

We simulate 1000 independent runs of (Ry,---,R7).
From these 1000 simulated paths, we can easily obtain 1000
independent replications of e "7 P-max(R.,, B(1+¢)T) and
e "TP.-max(Ry,B(1+¢g)T). Based on these independent
copies, standard point estimates of E[e~"7 P-max(R.,, B(1+
2)")] and E[e”"T P-max(Ry,, B(1+g)7)], and their standard
errors are computed and presented in Table 3 and Table 4.

Table 3: Theoretical price of a compound ratchet EIA con-
tract with “life of contract” guarantee computed by naive
Monte carlo method. The upper table contains point esti-
mates and the lower table contains their standard errors.

a\c 0.10 0.15 0.20 0.30 0.40
0.6 | 86.344 93496 98.647 104.710 107.364
0.8 | 87.989 97.107 104.634 115.161 121.326
1.0 | 89.048 99.501 108.874 123.627 133.624
1.2 | 89.788 101.231 111.941 130.437 144.388
06 | 029 0453 0580 0.764 0.864
0.8 | 0318 0498 0.673 0.961 1.170
1.0 | 0330 0526 0.733 1.116  1.429
1.2 | 0338 0547 0.771 1.239 1.654

Table 4: Theoretical price of a simple ratchet EIA contract
with “life of contract” guarantee computed by naive Monte
carlo method. The upper table contains point estimates and
the lower table contains their standard errors.

o\c 0.10  0.15 0.20 0.30 0.40
0.6 | 84.567 90.194 94.148 98.612 100.452
0.8 | 85.874 92.865 98.255 105.502 109.478
1.0 | 86.661 94.627 101.091 110.582 116.647
1.2 | 87.184 95.829 103.141 114.419 122.326
06 | 0239 0336 0416 0.525 0.582
0.8 | 0250 0359 0454  0.605 0.705
1.0 | 0256 0374 0477 0.655 0.789
1.2 ] 0259 0382 0494  0.688  0.847

1001

The accuracy of the point estimates in Table 3 and
Table 4 are not very satisfactory. Of course, the accuracy
of these point estimates can be improved by increasing the
number of simulation runs. But, we prefer to apply the
variance reduction techniques of control variate (see, e.g.,
Bratley, Fox, and Schrage 1983 and Law and Kelton 2000).
In particular, we take advantage of known pricing formu-
las for the rachet EIA contacts without “life of contract”
guarantees and select two control variates

C = eirTRgcr_Vcra (19)

and

G = e_rTRsr — V. (20)

Using the same 1000 replications of (Ry,---,Rr), we
can also obtain 1000 independent replications of C| and C;.
Let A; and A; be any real numbers and set

Y()L] ,/12)
W(llalz) =

e "TP-max(R., B(1+¢)") — MC) — 1Cy
efrTP-max(RS,,ﬁ(l —|—g)T) —AC — G

Since EC); =0and EC, =0, it is easy to see that E[Y (A1, 1)]
and E[W (A1, A2)] equal to the theoretical prices of the com-
pounded and simple ratchet EIAs with “life of contract”
guarantee. Therefore, they provide alternative means of
computing the prices. The optimal (variance-minimizing)
weights of the control variates can be represented by the
related covariance terms (Law and Kelton 2000) and are
estimated by the sample covariances.

It turns out that these two control variates are quite
effective. Table 5 and Table 6 show the results. These
results indicate that the accuracy of the estimates has been
improved significantly with the selected control variates.

Table 5: Theoretical price of a compound ratchet EIA con-
tract with “life of contract” guarantee computed by Monte
carlo method with control variates C; and C,. The upper
table contains point estimates and the lower table contains
their standard errors.

o\c 0.10 0.15 0.20 0.30 0.40
0.6 | 86.121  93.182 98.320 104.273 106.812
0.8 | 87.731 96.712 104.156 114.676 120.696
1.0 | 88.757 99.080 108.290 122.964 132.967
1.2 | 89.475 100.775 111.349 129.571 143.522
0.6 | 0.018 0.019 0.020 0.021 0.021
0.8 | 0.016 0.017 0.017 0.018 0.018
1.0 | 0.015 0.016 0.016 0.016 0.016
1.2 | 0.014 0.015 0.015 0.015 0.015
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Table 6: Theoretical price of a simple ratchet EIA contract
with “life of contract” guarantee computed by Monte carlo
method with control variates C; and C,. The upper table
contains point estimates and the lower table contains their
standard errors.

o\c 0.10  0.15 0.20 0.30 0.40
0.6 | 83.906 89.322 93.053 97.173 98.869
0.8 | 85.170 91.898 97.078 103.886 107.545
1.0 | 85.965 93.579 99.817 108.871 114.527
1.2 | 86.510 94.755 101.779 112.637 120.099
0.6 | 0.021 0.023 0.024  0.025 0.025
0.8 | 0.019 0.021 0.021 0.023 0.023
1.0 | 0.018 0.020 0.020 0.021 0.021
1.2 | 0.018 0.019 0.019 0.020 0.020

To further quantify the effectiveness of each control
variate, we define variance reduction ratio as follows.

VRR Var(naive estimator)

2

~ Var(estimator with control variate(s))

Because most of the computational effort was used to gen-
erate the sample paths of (Ry,---,Rr), the additional work
needed to compute C; and C; is minor. Therefore, it seems
reasonable to use VRR as a proxy of computational gain.
Table 7 shows the results for the compound ratchet EIA
contract with ‘life of contract” guarantee; and Table 8 shows
the results for the simple ratchet EIA contract with ‘life of
contract” guarantee. C) is every effective for the compound
ratchet EIAs and C; is very effective for the simple ratchet
EIAs. The combination of C; and C, are most effective in
reducing the estimator’s variances.

Table 7: VRR when C; and C, were used as control variates
for computing the price of a compound ratchet EIA contract
with “life of contract” guarantee. The upper panel contains
VRR when C and C; were used simultaneously, the middle
one contains VRR when C; was used only, and the lower
one contains VRR when C, was used only.

o\c | 0.10 0.15 0.20 0.30 0.40
06 | 1745 3445 5320 864.6 1066.4
0.8 | 2184 471.0 8064 15619 22394
1.0 | 254.1 576.0 1051.6 2291.7 3703.5
1.2 | 283.4 666.1 12593 3011.8 5299.2
0.6 | 113.6 246.8 405.1 7014  891.7
0.8 | 1489 349.6 6245 1290.1 1908.8
1.0 | 1759 434.1 821.9 1894.0 3169.8
1.2 | 1973 508.5 9924 24915 45494
0.6 | 432 445 38.2 31.3 27.6
0.8 49.1 470 37.9 25.6 21.1
1.0 | 525 479 37.2 23.1 17.3
12| 549 48.1 36.4 22.1 15.0
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Table 8: VRR when C; and C, were used as control variates
for computing the price of a simple ratchet EIA contract
with “life of contract” guarantee. The upper panel contains
VRR when Cj and C; were used simultaneously, the middle
one contains VRR when C; was used only, and the lower
one contains VRR when C, was used only.

o\c| 010 015 020 0.30 0.40
0.6 | 129.5 220.1 309.2 4463 5255
0.8 | 164.6 299.0 4463 7224 9355
1.0 | 1915 366.5 5687 985.0 1364.9
1.2 | 215.1 4236 678.0 1227.6 1778.8
0.6 | 128.7 1219 81.0 50.3 41.1
0.8 | 1542 1169 705 37.1 27.6
1.0 | 1647 1099  65.0 32.0 22.1
1.2 | 170.1 1056 61.3 29.8 19.3
06 | 825 1585 2391 3722 4527
0.8 | 1103 221.6 351.0 6119 8222
1.0 | 1343 2803 4549 8433 12123
1.2 | 155.5 331.1 549.6 1055.8 1587.9

4 CONCLUDING REMARKS AND FUTURE
WORKS

In this paper, we introduced four types of ratchet EIA con-
tacts: compound ratchet, simple ratchet, compound ratchet
with “life of contract” guarantee and simple ratchet “life
of contract” guarantee. We derived the explicit pricing for-
mulas for compound ratchet and simple ratchet contracts.
To our best knowledge, the pricing formula for the simple
ratchet contract is new in the literature. For the products
with “life of contract” guarantee, we suggest using their
counterparts without “life of contract” guarantee as control
variates. The numerical results show that these controls are
quite effective. This also suggests that Monte Carlo meth-
ods can be a very efficient computational tool for pricing
complex insurance products.

Our study also provides computational tools for an-
alyzing the trade-off among various parameters when the
insurance companys design ratchet EIA contracts. For ex-
ample, the following information can be obtained from our
study:

1. The cost difference between compound or simple
ratchet;

The effect of participation rate ¢ on cost;

The effect of ceiling rate ¢ on cost;

The effect of floor rate f on cost; and

The effect of the “life of contract” guarantee rate
g on cost.

Nk e



Hsieh and Chiu

Finally, we suggest a few directions for future research:

1. Simulate the linked index under a more compli-
cated model, such as local volatility or regime
switching Markov model and test the efficiency of
the proposed control variates.

2. Expand the model to include the surrender (with-
draw) model. The surrender behavior of the insured
usually depends on interest rate level and the per-
formance of the linked index.

3. Expand the model to include the mortality model.

4. Expand the model to include stochastic interest
rate model.
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